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Some fixed point theorems in a metric space.
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1. Introduction,
Let T be a self-mapping on a non-empty complete metric space (X, d).

Let ai, i=1, 2, ---, 5 be non-negative real numbers such that .Zi 2;{1 and for any distinct x,y in X,
{1) d(T®), T(M)=ad(x,y) +ad(x, T(y)) +asd(y, T(x)) +asd (x, T(x)) +asd (y, T(¥)), where

ai=ai(x,y).
It is the purpose of this paper to obtain some fixed point theorems for a self-mapping T in (1)
‘with a: replaced by a:(d(x,¥))/d(x,¥).

5
It is introduced [4] self-mappings ai, i=1,+,5, on [0,00) such that ae=as, as=as, > a: (tt) <
=

for all t>>0 and each a: is upper semicontinuous. _

It is assumed that for any distinet x,y in X, (1) is satisfied with a; feplaced by a: (d(x,y))/d(x,¥).
"We proved that T has a unique fixed point for each a; is lower semicontinuous from right.

2. Theorem, Let T be a generalized nonexpansive mapping on a complete metric space. Suppose
-@2=as, as=as. Then T has a unique fixed point.

Proof. Let xo=X. Define xon1=T (X2n), Xeni2=T(X2n41), n1=0,1,2,-. We may assume that
‘XnFXn+1 for each n, From that T is a generalized nonexpansive mapping with ai=a;(xo, x1).
d(x1, x2) =d (T (x0), T(x1))=(a1+a¢)d(xq, Xl) +az d(xo, x2) +a5 d(x1, x2).

Since d(xo, x2) =d (%0, x1) +d (x1, x2),

(1) d(xi,x2) <—:§1—_H1£i_-§‘—‘~d(xo, x1). From the hypothesis, az+a4<r/2<1/2 and

=14
ai+az+tas r—az—a4 r—x .,
@ I—m—a = 1—a—as <max[ g xE[O,l/Z]]ér.

‘From (1) and (2), d(xi1, x2) =rd(xo, x1). By induction,
(3) d(Xn+2, Xny1) =rd(xns1, Xn) n=0,1,2, -+ and d(Xn41, X») =r*d{xo, x1) n=0,1, 2, -

"Since r<1, ﬁod (Xn41, Xn) <<co and therefore {x,} is Cauchy.

By completeness of (X,d), {xs} converges to some point x in X. Since Xn,13rxs for each n, we
mmay assume that Xan,1x, Thus there is a subsequence {k(n)}of {n} such that xoxm 17 x for



each n, Let n=1,
(@) d(x, T(®)=d(x, X 1) +d@im 1, T(®) =d (&, X +1) +d(T am), T ().
From the hypothesis with ai=ai(x2km, %),
(5) (T (xzhem), T(x)) Sard (Xekcm, %) +azd (Xorcm, T (%)) +asd (x, Xakom +1) +24d Kok, Xakom +1)
+asd(x, T (%)) =d (x2kem, %) +1/2d (x2kmy, T (%)) +d (%, X2kem 1) +d X2k, X2kom 41) +r/2d(x, T (x)).
By (4), (5) and letting n—oo, d(x, T(x))=rd(x, T (x)). Since r<1, T (x)=x, If TG =y,d&y)
=d(T (&), T(¥)) = (a1+az:+as)d(x, y)<ld(x,y), a contradiction.

Let X be a complete metric space. Let T be a self-mapping on X. T is called a generalized non-
expansive mapping if there exists symmetric functions @i, i=1,2,+- 5 of XxX into [0, 0] such
that

(a) r=sup Lsglai(x, y) X, yEX} <. and

(b) for any distinct x,y in X,

d(T ), T)) =ad(x,y) +axd (x,T (v)) +ad (y,T (x) +asd (x, T (x)) +asd (v, T (¥)), where ai=ai(x,Y)..
Theorem. Let T be a self-mapping on a complete metric space (X,d). Suppose that lower semi-

continuous from the right functions &, i=1,2,+5 of (0,00) into [0,00] such that

0)) i%ai () <t, t>0;

(2) for any distinct %,y in X,
d(T (), TH))=ad(x, y) +axd(x, T(¥)) +asd(y, T(x)) +ad(x, T(x)) +asd(y, T(y)), where ai=
ai(x,y)/d(x,¥).

Then T has a unique fixed point.

Proof. Let x0=X, xns1=T (xn), $»=d (Xn, Xns1), n=0, 1, 2, -, First, we shall prove that T has a
fixed point. We may assume s, >0 for each n, By(2),
(@) ses1=s0d (T (x1), T (x0)) =a1(s0)s1+2(s0)s0+4(s0)d(xo, x2) +as(s0)so. Since d(xo, x2) =So+s1,
from (a)

ai(st) +as(s1) +as(sy) ..
(b) si= S—m ) —ms) Similary

ai(s1) +as(s) +as(s)

si—az(s) —as(s;)
By symmetry of x,y in (2), we may assume a1=az, as=a4, From (b), (c) and induction,
(d) sny1=a(ss), n=0,1,2,+-, where

(0 ==

__aa(t) tas(t) +as(t)
@)= lt-—az(t) —ag(t) t>0.

From (1),a(t)<t for t>0, {sa} is decreasing and therefore converges to some point s in[0, co).
If >0, then s=lim sp,1=lim supe(s,), (¢) Since « is lower semicontinuous from the right, fronr
(e), s=a(s), a contradiction. So, s=0

Next. Suppose that {x.} is not a Cauchy sequence. Then exists r>>0 and sequences {p (n),q(n)}
such that for each n=0,1,2,++, (f)p(n)<<a(m)>n, d(p(n),q(n))=r and d(xpm-1, %¢(0)) <r. Let

n=0, c»=d(Xpm,Xgm). Then r=Cr=d(xpm-1, x¢m) +d  d&xpem—L Xpm) =r+spem-1



‘Since {ss} converges to 0, {ca} converges to r from the right.
By (2), cad(Tpm), T(Xem)) =ai(cn)spm +a2(cn) Sqm +a3(cn) d(Xpmy, Zgm +1)
+as(en)d(xgm, Xpm +1) 5 (Cn) Cn.
By letting n—co,
2= (a0 (r) +as(r) +as(r))r contradict to (1). Hence fx.} is Cauchy sequence.
Since (X, d) is complete, {x.} converges to some point x in X,
Since each sn >0, there exists a subsequence {xpm} of {xa} such that xsum5“x for each n.
Let n=0, dn=(x, %kw). Then from (2),
Ad@rm+1, Tw) =d(Txam), T@)=[r(dn)sim +a2(dn)d(x, T(x)) +as(dn)d(zewm, T(x))
+ a4 (dn) d (X, Xecmy +1) +a5(dn) dn] /dn.

4] (dn) + (dn
dn

So d(x, T(x))= ) d(x, T(x))+0(m), where {0(n)} coverges to O,

Since az(t) +as(t)<t/2 for £0, d(x, T(x))=d(x,T(x))/2.
Therefore T (x) =x. If T has two distinct fixed points x1, x2, in X, then d(x, x2) =d (T (x1), T (x2))
= (as(d (x1, x2)) +au(d (x1, x2) ) +as (d (x1, x2) ) <{d (%, x2), a contradiction.
Hence T has a unique fixed point in X.
Theorem. Let (X,d) be a nonempty compact metric space.
Let T be a continuous function of X into it self. Suppose that there exists non-negative real-valued
-decreasing functions @, +--, @5 on (0, o0) such that
(a) e taz+--+as=1
(b) ar1=a2 and as=au
(c) for any distinct %,y in X,
d(T(x), T()<ad(x, T(x))+axd(y, T(y))+asd(x, T(y)) +aud(y, T(x)) +asd(x,y).
‘where ai=ai(d(x, y)).
Then T has a unique fixed point.
Proof. Let F be the function on X by F(x) =d(x,T)), x=X, Then F is coutinuous on X. So
F takes its minimum value at aome xp in X, We shall prove that xo is a fixed point of T,
:Suppose not. Let
x1=T (x0), x2=T (x1), x3=T (x3),
bo=d (%o, x1), bi=d(x1, x2), bz=d(xs, x3).
Then bo>0, bi>0. From (c),

(5) (1—a2(bo) —as(bo))b1< (a1 (bo) +as(bo) +as(b))bo.
Let m(t) =1—as(t—as(t), n{t) =a1(t) +as(t) +as(®), t>0.

From (a), m(b)>0. So (6) bi<< ;((};‘L)) <bu.

Similarly,

(7)) < :1833 <bi, where u(t) =1—ai(t) —as(t), v({) =az(t) +as(t) +as(t), 0.
v (b1)n (bo)

From (6) and (7), b< Wm(&.)‘b"‘



Let b=min {bo, b1}.
Then v (b1)n (be) ~u (b1) m(bo) =v (b)n(b) —u(b)m(b)<0,

v (b1) n (bo) - e 1
Hence M<L Then by<bi, a contradiction to the minimality of by,

So T has a fixed point.
If x,y are distinct fixed points of T, from (¢),d(x,y) =d(T (x), T(y))<d(x,y). a contradiction.

Hence x=y.
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