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Abstract
Lagrange proved that any positive integer is the sum of at most four squares.
We consider a elliptic function f.(v|7) of periods 1. © derived from f-functions. From the imp-

ortant number-theoretical interpretation 85 =1+8‘:_,<1'fol we obtain A¢(n) the number of repres-
=1 "~ mir
47m

entations of n as a sum of 4-squares.

Definition 1, We define the 4 following f-functions in the notation of Tannery and Molk.

01(v|7) ==i32 (—1)nq (n+}) e n+iv,
63 (v)7) =3q (**%) e @n+Driv,
05(v|7) = Tqneersiva,
Bu(v19) =T (~rgreteiny,

where the sumation are extended over n from-oco tooo and, q=e*¥, im >0, For every value of in

this half-plane the functions are entire functions of v.

The zeros of 3(z : q) are,

Z=exp [21:1 (n+7-+( 2~) )]
=—qm* m=(Q, 1,42, -

Since 37{q[?"~! converges, we can define F(z), as a function of z.
a=1

Definition 2. F(2) -_-'ﬁ‘l(l +q?m1z) (1+q2m1z7Y),
m=

F(z) is regular at all z with the exception z=0, and whose zeros concide with those of 83(z : q),
F(z) is a doubly periodic function without singularities, and must be a constant.

Lemma 1. 6(z: Q) = 3 q%"=T() T (1-+a212) (1+a* 12

where T(q) is free of v and T{(q) =Tf1(1 —qim)
Lemma 2, From Lamma 1 we obtain



=omqd T (1—q?)3,
m=1
az=zq*j'[ A=a) (g,
b= (1-gm) (L+a )7,

04='°ﬁ' (1—g¢*) (1—¢?1)?,

In view of az“ég)lr) =4ri 80,,,,(v|r) , with g=0 orl, v=0 or 1.
Lemma 4.
0
0y ——0
or 31' 8 0a(0]7)
Caﬁ—-4ﬂ-'1('—7—‘—- )_._41;|¢.a4.. log =, 0ﬁ (Ol‘t’) .............. scrsasesesrsasse (1)

Theoram. The number As(n) of representatxons of a natural number n as a sum of 4 squares is
given for by the formulae.

Ay(n) = 83d
din
4xd
(proof) By putting v=—%— in Def 3, we have, by Lemma 3,
1
’ 04 517) \2 ’ 2
(;42:{42(_%]1)__.( %4 (2 ) ) :( gzﬂza ) ZWgh eeereernerees teteseneresssnesseessaeaene @)

01(% IT)
And finally for v=(1+7)/2

f4( 1;1 | )_fzz( 521 I,)z(%x;'_ _gi_)q(% z_;)z - @)

—=720,4 + 120,
This equation together with (2) gives the important result
05t =20784-04¢
With q=e%** we have
—a%.—:—aaq— . -—g-g—:ziq—-a—aa—
and thus instead of (1)

0 04(0, @)
—_— el
Ca=—n%q aq log 5200,0)

Now after (Lemma 4) .
02(0.0 Ta+qg)? T(1~gim)?
2(0,9 1 "
o T T

and hence

Cas=4n? - m84m‘1 ol mqm—l
“=4 q[4 8’"2_:1 1—qm™ +2:§1 1—-q"'}



Observing now, after (Def 1)

) 4 o o0
Oo=(Z ) =1s & L —sf M
—1+8'>:‘1 — —1+8212mq’""

m30(mod 4) m30(mod 4)
(Za?) =148 Tm

=1 mlr
4Xm
Lemma 3, (Euler’s Identity)
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{proof)
7thGa03=0\" T‘]: 1( (1+q2™) (1+q2m-1) (1 —g2=-1))2
=01’j:1( (1 +q2m) (1 _q4m—2) ) 2=01'H (q) .
But
H@@ =j1;(1 +q2m) (1—q#m-2),
=T 1+ (1+g2) (1-g*),
=T (+a*) (—a¥9,
and

H(g) =H(g?).
Since H(q) is continuous in q, and q*—0 as k—oo, we have H(q) =H(0) =1. n0:0:0,=06y',
Definition 3.

) =2 7‘3%, a=2,3, 4.
“Thus their squares fo(»|7r) are doubly periodic meromorphic functions, in other words elliptic func-
tions of periods 1. They all have poles of 2nd order at v=0, They are even functions, so that
their residue is 0 at these poles. Their Laurent expansions begin in all cases with 1/42 Therefore
any difference
a2 (v|7) ~f52 (vl7)
is doubly periodic, free of poles, and thus a constant. Let us put

[Le1n—t201n =Ca

and determine this constant; Since 8.(v) is even, =2, 3,4, and 61(v) odd we have "

’" v2 2 0«:" .
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:_”%_(1.*. (_%‘;_'_._ “:];T‘ i‘:," )p2+.........)

and
0:1” 65”

o b5

where the dash refers to differentiation with respect to v, e.g, On both sides we have power series

Caﬁ =

in q, convergent for |q|<{l. The coefficients must agree. If we write the left-hand member as

gt ad+at+al=3"Aq (0) q"
nlyn2yndyné n=0
—c0

then A(n) gives the number of representations of n as a sum of 4 squares, where representations
are counted separately if they differ in the arrangement of the summands, and also(n) and (—n)
have to be counted as different summand.

Corollary

If n is even then

Yd = 3d + 2% d= 3%d
d ln d|n d|n din

4%d diodd diodd d:odd



