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ON CERTAIN CHAIN IN TWO DIMENSIONAL 

LAPLACE TRANSFORM 1I 

By S. R. Yadava 

1. Introduction 

The well known Laplace transform of a function f(x,y) is given by Humbert 
[4] as: 

。00。

F (P, q)=pqjj e-Px-싼(x， y) 값 dy, Re(p, q) > O. 
00 

SymboIicaIly, (1. 1) is denoted as 
f(x,y) 꽉 F(p, q). 

(1. 1) 

This. paper is in continuation of my paper [6] , where 1 have proved two 
theorems in transform (1 .1). In this paper, further 1 have proved four theorems 
and many new results have been obtained by the appIication of these theorems. 

2. THEOREM 1. 

Let 
f(x, y) 등승 rfJ1 (p, q) , 

넣y rfJ1 꽃， 송 ) 늠 rfJ2(p, q) , 

then 

f(i,l) 퓨 냈a ifJ2 

2 2 p- q-
깅 ’ 4)' 

Re(p, q)>O. 
。00。

PROOF. Let 와(p， q)=pqj J e-þu-qv f(u , v) du dv. 

ν_... .'f' 1난， 웹=(xj)-흉∞fe(넣-꽃) f(u, 
xy \ / , l n 

From (2.2) , we obtain 

ifJ
2
(p , q) = pq 뿔-px-qY(xy)-흉 dx dy f fe(넣-융) f(u, v) d쩨· 

o 0 o 0 

(2.1) 

(2.2) 

(2.3) 
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Changing the order of integrations, which is justified [1, p.503] under the 

<conditions mentioned in the theorem and evaluating the inner integral thus 

obtained we get the desired result on simplificatio:o, 

ApPLICATIONS. 

1. Let f(x, y) = xC1 yC2 GX I a l' …, au 
cxy i 

l bl, ---, bu l • 
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[5] 

provided χ+v<2(r+s)， arg C 1<( r+s-융-웅) π， Re(ck +bj +l)>O, 

.k = 1, 2 ; j = 1, 2, …， κ 
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‘ Ll-Cl, -cl+웅， -C2' -C2+웅， al' "', au 

bl
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•••••••••••••••••• '" •••••••••••••••••• …, b) , ‘ 

provided μ+ν <2(r+s)， larg cl <(r+s-조- ~ )π， Re( cb+b;+上 )>0，
2 2 / \ k 

.k=I, 2; j=l, 2, …, r. 

2C1 2c., _1'.f> .·.x ‘ y:G;t; ? ? I a1’ CX ‘ Y‘ 

" a .. \ ..,2(c, +c,) 
U\__ /. 

77-τE「2c
b1, "', b,/ π-P--' q 

r. s+4 
xC 

u+4,v 
2

4
c I C l-c1, -c1 + ~， -C"J -c...,+ ;. ,a" "', a, "τI v l' ''1' 2' - "2' -- "2 T 2 ’ l ’ 

þ~q“ j b1, ------------------------------------------, b / , U 

provided μ+v<2(r+s)， largcl<(r+s-걱- ~ )π， Re(cb+b;+ ~ ì>o, ‘ 2 2 / \R 
.k= 1, 2; j=I, 2, …, r, Re(p,q)>O. 

2. Let 

( 10(2‘ I x) , y>x 
f(x, y) = ‘ ) 

10(2‘ I y) , y<x. 

rp1(p,q)=e -(밟)， 띠， p.14낌 
π"f pq ("f P +"fq 

짜(p， q) =.; J1".1" r /. , . • ~?; , [2, p. 139] 
ι ‘ I {1+ (ν p+νJ、。

p+q .. r J 0(2x) for y> x 
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3. Let 

f(x ,y) = 

x 
「α극-1) for y>x 

(h(p, q)= 

y 
rca+1) 

l η ‘ , a>-l, Re(p, q)>O, [2, p.136] 
(p十 q)“

for y<x. 

a> -1. [2, p. 160], 
(4p) 

2a 

• • .. 
조， ", y>x 
Ca+1) 

Za 

녔주1)' Y강， 
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·‘· 、/ π p~- 、 ‘ p 
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rL a”
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a-l 

f(x， y)=~츄강’ y>x 

o . y<짜 

￠1(p， q) = (-요，(1 , a>O, Re(p, q)>O. [2, p.13히 
φ+q)" 

￠φ， q)= 쩌 r(a-융) 2(l一2a)
<< - - p( a-홍) ZF1\a， a-울 ; 2a ; 뀔 ， a>웅， [2, p. 160] 

r(a-융 ) D ( ___ 1 . <") _ • p2 _ q2 
•” ‘“ " - , ... -

2‘In/(a-1) 2‘ l\“’ ~ 2 “ ’ p2 

.. .. 
X(2a-2) 

rCa) y>x 
a> 웅， Re(p, q)>O. 

o , y<x, 

5. Let n 

, (iz -c) “ b I 

늠/ X 、 n/7 -、 2F 1(c,c-a: b+1: 꽃)， y>x 

Xa"p-cl_ / ’ 
1;•- .-• zF1lc,c-b: a+1: 슴)， y<x. 

rP1 (p , q) = lc-a) q(C-b)φ十q) -c, a> -1, b> -'-1, Re(p, q)> α [2, p. 1251 

f(x, y) = 
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rþ2(P, q)= 
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r(a+융) r(b+융) rca+b-c+ 1)νpq 
(b-c) La rca+b+ 1) q\V vJp 

X 2F1\c， a+웅 ; a+b+1 ; 월 I , 

a>-융， b>-윷， c<(a+b+ 1). 따 p.160] 

• 4(a+b-c) r(a+ 응) r( b+ ~ ) r(a+b-c+ 1) 
2(ò-c) L2a 

πrca+b+ 1) qW\V V) P 

X 2F 1l c, a+웅 ; a+b+1 ; 휩2 

【/삼(atEfb 一、 2F 1 c,c-a; b+1; 파)， y>x 
• • 
• • 3a “ 2(b-c)) .~ 

rcα+br(b-c) 2FlV,c-b ; a+1 : 꽃j， y<x, 

a>-웅， b>-융， c<a十b+1， Re(p, q)>O. 

3. THEOREM 2. Let 

then 

11(x,y) 쉰 rþ(p, q), 
( 1 1 

12(x, y) 딛 ‘/혀 11\ P’ τ I ’ 

쟁자(씁， 
2 y 

4 
팍 fF ￠(P2， q2), 

(3.1) 

(3.2) 

(3.3) 

ψ?’ovt"ded 12(x, y) is absolμtely integrable in 0드x<∞， 0드y<∞， Re(p, q)>O. 

PROOF. From (3.1), we obtain 
000。

rþ(p, q)=þq e-þ%-qy ft(x,y) dx dy. (3.4) 
o 0 

From (3.2), we have 

ν퍼 11(움， 웅)=M l J e-w-%(μ v) dμ dι 

。o c。

u v 
.•• fl(x， y)=(xy)-흥 e x f f2(μ， v) du dv. 

o 0 

Making use of this equation, we obtain from (3.4) 
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• 

∞∞ l ∞∞ 

øCÞ. q)=pq e-px-qy (xy)5 dx dy e x Yf2(u.v)dχ dv. 
o 0 o 0 

Changing the order of integrations 

conditions mentioned in the theorem 

which is justified [1. p.503J under the 

and evaluating the inner integraI thus 

obtained. we get the required result on simpIification. 

APPLICATION. 

Let f1(x， y) =꿇 νx+y 

f )2 -n흥 
Ø(P. q) = / ~_ / c "r _ , ' [2. p. 138J - vpq(p - q) 

, π‘싫 . y>x 
f 2(x. y) = ~ <) 

/=r , y<x. 

p2+q2+띠 프 r Y. y>x 
pq(p+q) ' .. lx. y<x ’ 

[2, p.136J 

Recp, q)>O. 

Now we extend the results of theorems 1 and 2 respectively as: 

4. THEOREM 3. Let 

Then 

f(x. y) 팍 Ø1(P, q), 

:슬 Ø2(P, q) , 7옮 ø1 꽃， 꼼 
츄/꾀 ø2 꿇2 ’ 4융)팩CÞ， q), 

••••••••••••••••••••••••••••••••••••••••••••• 

••••••••••••••••••••••••••••••••••••••••••••• 

.. 
츄 vxy øn- 1 

1 

4x2 ’ 
1 

4i 'i='i Øn(P, q). 

f(x2"-', y2n-1) 딛객-에화 화 
npq r n\4 ’ 4 (n=2, 3, …, n) 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

provided 초.. f(X2"-2, y2"-2) and f(x2"끼 y2"-2) , n=2, 3, "', n, are absolutely 
vxy 

쩌tegγabl e z'n O<x <∞， 0드y<∞， Re(p, q)>O. 
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5. THEOREM 4. Let 

f1(x, y) 팍 øcp, q), (5.1) 

Then 

• 1' fl 1 
f 2(x,y) 륜 "';pq fl~ P’ τ /, 

11: Þ( 1 1 
져(x， y) 븐 j찮2표2 , Jig l , 

•••••••••••••••••••••••••••••••••••••••••• 

•••••••••••••••••••••••••••••••••••••••••• 

자(x， y) 갚 「프τ. ‘ ~ f 1 1 
J n-l\4p2' 4q 2)" 

때강(풍， 
q 

y-
4 

삼 뚱 Ø(p2"τ q2”-2) 

(5.2) 

(5.3) 

(5.4) 

(n=2, 3, …, n) (5.5) 

provided fn(x, y), n=2, 3, …, n , are absolutely z'ntegrable t'n 0드x<∞， 0드y<∞， 

Re(p, q)>O. 
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