
Kyungpook Math. J. 
Volume 14, Number 2 
December, 1974 

ON BIRECURRENT KAHLER AND ALMOST TACHIBANA MANIFOLDS 

By Mahendra Pal Singh Rathore 

1. Introduetion 

We consider a differentiable manifold V2n of class C∞ endowed with a vector 

valued linear function F such that for an arbitrary vector field X 
def 

(1.1) a) X+X=O, b) X --- F(X) , 

then F is said to give an almost complex structure to V 2n and V 2n is called an al

most complex manifold. 

AGREEMENT. All the equations which follow hold for arbitrary vector fields 
X， Y， Z， T， aζ ...... etc. 

Let the almost complex manifoldV;n be also endowed with the Hermitian 

metric g: 

(1. 2) g(호， Y)=g(X,Y) 

then V 2n is called an almost Hermite manifold with the structure (F,g). 

Let us put 

(1. 3) 'F(X, Y)=g(호， Y). 

Then 'F is skew symmetric. An almost Hermite manifold V 2n for which 

(1. 4) (VF) (Y, X)=O, 

or 

(1.5) 

where 

(1. 6) 

(VF) (y, X) + (V F) (X, Y) =0, 

(VF)(Y， X)북또(DxF) (Y) , 

is called a Kähler and an almost Tachibana manifold respectively with a Riemannian 

connexion D. 
Let K be the curvature tensor of V 2η with respect 

manifold , we have 

(1. 7) a 
(1. 7) b 

(1. 7) c 

K(호， Y， Z) + K(X, y , Z) =0, 
K(X, Y , Z) =K(X, y , Z) , 

K(X , Y , Z)=K(X, Y ,Z). 

Let Ric be the Ricci tensor in V2n• Then we have 

‘ 

to D. Then for a K김hler 

、
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(1. 8) a 
(1. 8) b 

(1. 8) c 
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(1. 8) d "Ric(X, Y)북뜯:g(r(X) ， Y). 

From (1. 6) , we have 

(1. 9) (DXDyK) (Z, T , W)- (DDxyK)(Z, T , W)=(V'V'K)(Z, T , W, y ,X) 

The projective ~urvature tensor W휴 in V2η is given by 

1 
(1. 10) W*(Z, T , W) =K(Z, T , W) _ ~<) .. .L τ\ [Ric(T, W)Z-Ric(Z, W)TJ 

1n V 2n' the Ricci identities are given by 
(1. 11) CVV'F)(Z, X , Y) - (V'V'F)(Z, Y , X) =K(Y, X , Z)-효f그， Z) ， 

(1. 12) (V'V'P)(Z, T , W , X , Y) - (V'V'P)(Z, T , W , Y , X) = 

K(Y, X , P(Z, T , W)) - P(K(Y, X , Z) , T , W)) 

- P(Z, K(Y, X , T) , W) - P(Z, T , K(Y, X , W)) , 

where P is K or W용. 

The manifold V 2n is said to be P-recurrent manifold if 

(1. 13) (V'P)(Z,T , W， Z)=α(X)P(Z， T , W) , 

where α is the recurrence 1-form. 

The manifold V2n is called a P-birecurrent manifold if 

(1. 14) (V'V'P)(Z, T , W , Y; X) =a(Y, X)P(Z, T , W). 

where a is a birecurrance 2-form. 

The manifold V2n is called a Ricci birecurrent manifold if 

(1 .15) (V'V'Ric)(T. W , Y , X) =a(Y, X) Ric(T, W). 

From the above equation. we have 

(1. 16) (VV'r)(T,Y , X)=a(Y, X) r(T). 

An almost Hermite manifold V 2n is said to be [1) 

I ‘ 'P(1) birecurrent manifold (first order and second kind recurrent) if 

(1.17) (V'V'P) CZ,T ,W ,X ,Y)+(V'PJ ((V'F)(Z.Y) , T ,W.X) 

+ (V'P)((V'F)(Z, X) , T , W. Y)+ P((V'V'F)(Z, X. Y) , T. W) 

=a(X, Y)PCZ, T , W) , 

1I. P(1 ,2) birecurrent manifold if 

(1 .18) (V'V'P)(Z, T, W , x , Y)+(V'P)((DyF)(Z) , T , W ,X) 

+ (V'P)CZ, (DyF) (T) , W , X)+(V'P)((DxF)(Z) , T. w. Y) 
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+ (VP)(Z, (DxF) (T) , W , Y)+P((DXF)(Z) , (DyF) (T) , W) 

+P((VVF)(Z) ,X , Y , f , W)+P((DyF)(Z) , (DxF) (T) , W) 

+ P(Z, (VVF)(T, X , Y) , W)=a(X, Y)P(Z, T , W) , 

m. P (1, 2, 3) bireC!urrent manifold if 

(1. 19) (VVP)(Z, f , W , X , Y)+(VP)((DyF)(Z) , f , W, X) 

+ (VP)((DxF)(Z) , f , W ,Y)+(VP)CZ, (DyF)(T) , W , X) 

+ (VP)CZ, f , (DyF)(W) ,X)+P((VVF)(Z, X , Y) , f , W) 

+ P((DxF) (Z) , (DyF)(T) , W)+ P((DyF)(Z) , (DxF) (T) , W) 

+PCZ, (DxF)(T) , (DyF)(W))十 (VP)(Z, f , (DxF) (W) , Y) 

+P((DxF)(Z) , f , (DyF) (W)) + (VP)(Z , (DxF) (T) , w, Y) 

+PCZ,CVVF)(T, X , Y) , W)+P(Z, (DyF)(T) , (DxF)(W)) 

+ P((DyF) (Z) , f , (DxF)(W))+P(Z, f , (VVF)(W, X , Y)) 

=a(X, Y) P(Z, T, W). 

2. Birecurrent aImost Tachibana manifold 

THEOREM 2. 1. For a P (1 )-birecurrent almost Tachibana manzfold, we have 

(2. 1) (VVP)(X, T , W, Z , Y)+(VVP)(Y, T , W , X , Z) 

PROOF. 

(2.2) 

+ (VVP)(Z, T , W, X , Y)+P((VVF)(Y, X ,Z) , T , W) 

=a(Z， Y)P(호， T， W)+a(X, Z)p(y, T , W)+a(X, Y)P(Z, T , W). 

From (1.5), we have 

(VVF)(Y, X , Z)+CVVF)(X, Y , Z)=O. 

Interchanging Y and Z in (1. 17) and then X and Z in (1. 17) and adding these 

two equations thus obtained with (1. 17) itself and making use of (1. 5) and (2.2). 

we get (2. 1). 

COROLLARY 2.1 •. For an (1) bz'recμrrent almost Tachibana manzfold, we haνe 

(2.3) a (VVK) (호， T， W, Z , Y)+(VVK)(Y, T , W,X ,Z) 

+ (VVK)(Z, T , W, X , Y)+K((VVF)(Y, X ,Z) , T , W) 

=a(X, Y)K(Z, T , W)+a(X, Z)K(Y, T , W)+a(Z, Y)K(X, T , W) , 

(2.3) b (VVRic)(X , W , Z , Y)+ (VVRic)(Y, W , X , Z) 

+ (VVRic)CZ, W, X , Y)+ Ric(('VVF)(Y, X , Z) , W) 

=a(X, Y)Ric(Z, W)+a(X, Z)Ric(Y, W)+a(Z, Y) Ric(호， W), 

(2.3) c (VVr)(Z, X , Y)+(VVr)(Y, X , Z)+(VVr)(Z, X , Y) 
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+r(('V'V F)(Y), X , Z) 

=a(X, Y) r(Z)+a(X,Z) r(Y)+a(Z,Y) r(호). 

PROOF. Putting K for P in (2. 1) and contracting, the proof follows. 

THEOREM 2.2. If an almost Tach z"bana ma찌fold Z"S pr띠'ecHve (1) bz"recurrent 

manifold and (1) bire，αerrent manifold for the same recαrrence 2-form a, then ü Z"S 

a R z"câ birecχrrent manzfold provz"ded 

(2.4) a ('V'V F)(Y, X , Z) =0, 

or 

(2.4) b K(Z, X , Y)=K(Z, X , Y). 

PROOF. From (1.10) , we have 

(2.5) W*(Z, T ,W)=K(Z ,T ,W)-검잃") [Ric(T, W)Z - Ric(Z, W)T] 

From (2.5) , we have 
(2.6) ('V'VW*)CZ, T , W , X , Y)+ ('VW*)(( 'V F)(Z, Y) , T , W , X) 

+ ('VW*)(( 'VF)(Z, X) , T , W , Y)+W*(( 'V'VF)(Z, X , Y) , T , W) 

= ('VVK) (Z, T , W , X , Y) + ('VK)(('VF)(Z, Y) , T , W , X) 

+('VK)(( 'VF)(Z , X) , T , W , Y)+K(( 'V'i7F)(Z, X ,Y) , T ,W) 

=「r4τ \ [('V'VF)(Z, X , Y)Ric(T , W)+ ('i7 F)(Z , X)(( 'VRic)(T, W , Y)) 

+('V F)(Z, Y)( 'i7Ric)(T, W , X)+ ('i7'VRic)(T, W , X , Y)Z 

-(('V'VRic) (Z, W , X , Y)+ ('VRic)(('V F)(Z, Y) , W , X) 

+ ('i7Ric) (('VF) (Z, X) , W , Y)+ Ric(( 'V'V F)(Z, X , Y) , W))T]. 

From (1. 5), (2.2) and (2.6) , in an almost Tachibana manifold, we have 
(2.7) ('V'VW*) (Z, T , W , X , Y)+( 'V'VW*)(X , T ,W , Z , Y) 

+ ('i7'VW*)(Y , T , W; X , Z)+W*(('i7'VF)(Y , X , Z) , T , W) 

= ('V'i7K) (Z, T , W , X , y)+('V'VK)(X , T , W ,Z , Y) 

+ ('i7'VK)(Y , T , W , X , Z) +K(('V'VF) (Y , X , Z) , T , W) 

-「rlTτ- [(’V'VRic)(T, W , X , Y , Z) Z + ('V'VRic)(T, W , X , Z)Y 

+ ('V'VRic)(T, W , Z , y) 효 + ('V'V F) (Y, X , Z) Ric(T, W) 

- (('V'VRic)(Z, W , X , Y)+ ('V'VRic)(X, W , Z , Y) 

+ ('V'VRic)(Y, W , X , Z)+ Ric(('V'V F)(Y , X , Z) , W)) T]. 

Let the manifold V2n be projective (1) birecurrent and (1) birecurrent manifold. 

Then from (2.1) , (2.3) , (2.4) and (2.7) , we have 

(2.8) (('V'VRic)(T, W , X , Y) -a(X, Y) Ric(T, W) Z 

+ (('V'VRic)(T, W , X , Z) -a(X, Z) Ric(T, W) Y 

、
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+ ((ÿ'ÿ'Ric)(T, W , Z , Y) -a(Z, Y) Ric(T, W)) X ==α 

Since the equations hold for arbitrary vector fields X , Y , Z , T , W etc. Hence from 

(2.8) , we get 

(2.9) (ÿ'ÿ'Ric)(T, W , X , Y) =a(X, Y) Ric(T, W) , 

which proves the statement. 

THEOREM 2. 3. 

then we have 

(2.10) a 

If an almost Hermzïe manzfold is P (1) birecurfent man하"old， 

μIhere 

(2'10) b 

K(Y , X , p(Z, T , W)) -p(Z, K(Y, X , T) , W) 

-p(Z, T , K(Y, X , W))-P(K(Y호， Z) ， T , W) 

=A(X, Y)P(Z , T , W) , 

A(X， Y)복운a(X， Y) -a(Y, X). 

PROOF. Interchanging X and Y in(1. 17) and subtracting the resulting equation 

thus obtained from (1. 17) and making use of Ricci identities (1.11) and (1. 12) , 

we get (2.1이 a. 

THEOREM 2.4. In order that P(1) bz"recurrent manzfold be P-birecχrrent 

ηza썼펴ld， we must have 

(2.11) P(K(Y, X , Z)+ K(Y, X , Z) , T , W) =0 

PROOF. 
(2.12) 

Barring Z in (1. 17) and using (1. 1), we have 
(ÿ'ÿ'P)(Z, T , W , X , Y)-(ÿ'P)((ÿ'F)(Z , Y) , T , W , X) 

-(ÿ'P)((ÿ'F)(Z , X) , T , W , Y)-P((ÿ'ÿ'F)(Z , X , Y) , T , W) 

=a(X, Y)P(Z, T , W). 

Let the manifold be P birecurrent, Then from (1.14) and (2.12) , we have 

(2.13) P ((ÿ'ÿ'F) (Z, X ,Y) , T , W)+(ÿ'P)((V'F) (Z, Y) , T , W , X) 

+(ÿ'P)((ÿ'F)(Z, X) , T , W ,Y)=O. 

‘ 

Interchanging X and Y in (2.13) and subtracting the resulting equation thus 

{)btained from (2.13) and making use of (1.11), we get (2.11), which proves the 

statement. 

THEOREM 2.5. If an alηzost H ermite ηzanzfoldis P (1, 2) birecurrent manzfold, 

then we haνe 

(2. 14) K(Y , X , P(Z, '1', W))-p(Z, T, K(Y, X , W)) 

-P(Er호， Z) ， T, W)-p(Z，효f표， T) ， W) 

=A(X, Y)P(Z , T , W). 
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THEOREM 2.6. lf an almost H ermz'te manifold is P (1, 2, 3) biγecurrrmt 

manzjold, 

(2. 15) 

then we have 

K(Y , X , P (Z, T , W))-P(효f호， Z) ， T , W) 

-P(Z， K(Y표， 1) ， W)-P(Z , T , K(Y , X ,W)) 

=A(X, Y)P (Z, T, W). 

The proof of theorems 2. 5 and 2. 6 folIow from the proof. of theorem 2. 3 by 

making use of (2. 18) and (2. 19). 

THEOREM 2.7. ln order that P (1 .2) bz'recurrent manzjold be P-birecur1’ent 

manzjold, we must have 

(2.16) P(K(Y, X , Z)+ K(Y, X , Z) , T , W) 

+ P(Z, Ì{.=-(=Y표， T) +K(Y, X , T) , W)=O. 

THEOREM 2. 8. 1 n 0γder that P (1, 2, 3) birecμrrent man하'old be P-birecurrent 

ηza껑~jold， we must have 

(2.17) P(K(Y , X , Z)+K(Y , X , Z) , T , W) 

+P(Z, K(Y , X , T)+K(Y , X , T) , W) 

+P(Z, T , K(Y , X , W)+K(Y , X , W))=O. 

THEOREM 2.9. ln order that P(1. 2) birecμrrent manifold be P (1) birecμrrent 

manifold, we must have 

. (2.18) P(Z, K(Y , X ,T)+K(Y , X ,T), W)=O 

THEOREM 2. 10. ln order that P (1, 2, 3) birecμrrent manzjold be P (1, 2) 

birecμrrent ηzanzfold， μle must have 

(2.19) P(Z, T , K(Y , X , W , +K(Y, X , W))=O 

The proof of theorem 2. 7 to 2. 10 is similar to the proof of theorem 2. 4. 

3. Birecurrent K값lIer manifold 

THEOREM 3. 1. A birecμrrent Kähler manifold of any order ((1) , (1, 2) , (1’‘ 

2, 3)) z's a bz'recutγent manzfold. 

PROOF. From (1. 7) b and theorems 2.4, 2.7 and 2.8, the statement follows: 

THEOREM 3.2. Every recurrent Kähler manzjold wz'th the l-form α satz'sfying 

(3.1) (Vα)(X， Y)+α(X)α(Y) #0 

z's a birecurrent Kähler manzfold but the converse z's not true necessarily. 

‘ 
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From (1. 13), we have PROOF. 
(3.2) (VVP)(Z, T , W , X , Y)=((Vα)(X， Y)+α(X)α(Y))P(Z， T , W). 

Comparing (3.2) and (1. 14), we get 

(3.3) a(X, Y)= (Vα)(X， Y)+α(X)α(Y) ， 
l 

which proves the statement. 

235 

THEOREM 3.3. The 2-form a is symmetric in a birecurrent Kähler ηzanifolá 

wzïh llon-vanishing scalar cμ7ψature R. 

PROOF. Let the manifold V2η be a birecurrent Kähler manifold. Then from 

(1. 14) , we have 

(3.4) (VVK)(Z, T , W , X , Y) =a(X, Y) K(Z, T , W). 

From (3.4) , we have 

(3.5) (VVRic)(T, W, X , Y)=a(X, Y) Ric(T, W). 

From(3.5) , we have 

(3.6) (VVr)(T, X ,Y)=a(X,Y) r(T) 

or 

(3.7) (ÐyÐxr)(T)-(ÐDyXr)(T)=a(X,Y) r(T). 

From (3.7), we have 

(3.8) a Y(X,R)-X(Y,R)-([Y, X J. R)=(a(X,Y)-a(Y, X)) R, 

where 

(3.8) b 

From (3.8)a, we get 

(3.9) 

which proves the statement. 

(ctr)보똥R. 

a(X, Y)=a(Y, X) , 

THEOREM 3. 4. 1 n a bz't’ecurrent Kähler manzJti!d, the 2-form A z's hybrid in 

both the slots: 

(3.10) 

PROOF. 
(3.11) 

A(호， Y)=A(X, Y). 

Interchanging X and Y in (3.6) and using Ricci identity, we have 

K(Y,X , r(T))-r(K(Y, X ,T))=A(X,Y) r(T). 

Barring X and Y in (3. 11) and using (1. 7)c, we have 

(3.12) K(Y, X , r(T))'-r(K(Y， X， T))=A(효， Y) r(T). 

Comparing (3. 11) and (3. 12) we get 

(3.13) ‘4(호， Y)-A(X， Y)=O 

Since 

r(T) 낯 0, 

-
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which proves the statement. 

THEOREM 3.5. Let us define 

(3.14) 'A(X，Y) =A(호， Y). 

Then the tensor)당~'eld 'A is hybrz'd. 

(3.15) 'A(X , Y)=' A(X, Y) , 

and 'A is syηzmetric. 

(3. 13) 'A(X, Y)='A(Y, X). 

PROOF. 

(3. 17) 

Barring X and Y in (3.14) and using (1.1), we get, 

, A(호， Y)= -A(X, Y)=A(X, Y)=' A(X, Y). 

From (3.17) , we have 
(3.18) 'A(X,Y)=-A(X,Y)=A(Y, X)= ’A(Y, X) , 

which proves the result. 

• 

THEOREM 3.6. In a birecurrent Kiihler manzfold, 1-form α and 2-form A 

.satisfies the relatz'on: 

(3.19) (VA)(X, Y , Z)= α(Z) A(X, Y). 

PROOF. 

(3.20) 

Let us put 

(3.21) 

Form (3.11) , we have 

(VK)(Y, X , r(T) , Z)+K(Y, X , (Vr)(T, Z)) 

-(Vr)(K(Y, X , T) , Z) -r((VK)(Y, X , T , Z)) 

= (VA)(X, Y , Z) r(T)+A(X, Y)(Vr)(T , Z). 

(Vr)(T, W)= α(W) r(T). 

Then from (1. 13), (3.21) and (3.20) , we have 

(3.22) ((VA)(X, y , Z)-α(Z)A(X， Y) )r(T) =0, 

which yields (3.19) , since r(T) ~ O. Hence proof. 

THEOREM 3.7. In a bz'recαrrent Kiihler manzfold, we have 

(3.23) α(호)A(Y， Z)+α(Y)A(Z， X)+α(Z) A(X, Y)=O. 

PROOF. From (3.3) , we have 

(3.24) A(X, Y)=(Vα)(X， Y)-(Vα)(-Y， X). 

From (3.24), we have 

(3.25) (VA)(X, Y , Z)=(VVα)(X， Y , Z)-(VVα)(Y， X， Z). 

Adding two other equations by taking cyclic permutation of X , Y and Z in (3.25), 
we get 

(3.26) CVA)(X, Y , Z)+(VA)(Y, Z , X)+(VA)(Z, X , Y)=O. 

From (3.19) and (3.26), we have 
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(3, 27) α(Z)A(X， Y)+a(X)A(Y, Z)+α(Y) A(Z, X)=O. 

Barring X , Y and Z in (3.27) and using (3.10), we get (3.23). Hence proof. 
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