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MATRIX TRANSFORMATION IN THE CESARO SEQUENCE SPACES 

By Kim-Pin Lim 

Let A二 (a，，.k) be an lnfmite mat rix of complex numbers a” * (”, *=1, 2, ---) and 

X. Y t wo subsets of tbe spaces of complex sequences. We say that t he matri x A 
defines a matrix transforrnat ion from X in to Y , if for every sequence x= (xμEX 

∞ 

t he sequence A ( x) = ( A.( x )) is in Y. 、，vherc AnCx ) = ~_an . k자. \\’le denotc the c1ass 
R=1 

of all mat rix transformat ions from X in to Y by (X. Y). 

In [IJ. Leibowitz has shown that the Cesà ro sequence spaces cesp (1 <þ <∞) and 

ces∞with t he norms 

IIx ll상홍(공홍; I x. l y) p for l <þ <∞ 
and 

’ ” IIz ll '~、=sup -;;- L: l.t,1 for þ=∞， 
" ’‘ *=1 

f ∞ I , ’ 、p 、

are Banach s따ces. where ces.=l x = (x ,) : ε (-!- ε I xμ ) <∞) and 
þ 1 ‘ 11 =1 \ " k= I' -R' J 

r ’ ” 、
ces∞= lx = ( x,) : sup -;;- ε 1-", 1 <∞ f . In t his note. by taking a new slightly ‘JQ ' K~ 11 n k= l ' R ' -

different norm. we determine the matr ices of the c1asses (ces
þ

• loJ and (ces
þ

• c} 

\vhere 1∞• c are respectively the s때ces oi bounded and convergent complex seq 

uences. .r.,'Ieanwhile. we also determine all cûnrinuous Iinear functiona ls 0 0 ∞Sþ 

for all l<þ<∞ and givc a precise ex pression for j띠 witb respect to this ne;v 

norm. ‘vherc f is a cont inuous linear func tional 00 ce앙· 

l\ow in the linear spa r:e cesp' we defi ne 

and 

II x ll히휠÷뜯 Ix.1 )") ρ for l <þ<∞ 

IIx lμ、=sup÷ε I x， 1 for þ=∞ 
':;'0 ι r ‘ 

where ε denotes a sum over tbe range Z드k<2' +l. Note that in ca5e ρ=∞， 
r 
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ces∞ is only a partic미ar case in 찌 Therefore. we consider only the case 1 <Þ 
〈∞.

It is easy to check that 11 IIp is a norm on cesþ" Furthermore. ce5" endo,,-ed 

wilh this norm i5. in fact. a Banach spacc. For. if (",(0) is a Cauch)' sequencc 
( i ) 

mcesγ then. obvious1y. ( x ..... J ) is a Cauchy 앞q uence III ces，∞，. Since cesoc: is com. 

plele (5ce [히) . x(i)-xEces∞ as i→∞(i. e . • s비〕 옥εIx/)- _" I-' O as i-'∞). 
':20 2 

(n) _(m)II./~ '" T herefore. t>O. there exist5 a positive integer χ。 such that llx -x llp< e P V1ι ”‘ 

능N. Therefore. for every t. 

zE;(4rε |xin)-t(m)1Y 되1 ..，c')_x(m) lI~ <0. 
r= u 、 z

Keeping ι and t fixed. let m→∞ then. we ha ve 

EEr」rε 1xX”) XL|1P Eε. for n늘N. ,=0 \ :::! 
.. 

I 

Since this is true for any t. it follows tbat 

~(~L: Ix}") -x,1 Y 드ε for ’1능N. 
r=O、 2' r ‘/ 

Moreover. 

(휠(송F lXk1Y)소드(흘(운F lxi’)1 +광F |xi!) -xklr) 
i 

<(휠(씁 IX~i) l y)소+옳(운F lxii) - xk !꺼숭 

<IIßJ llp+낱 for ，εN 

(1) 

(2) 

(3) 

( i ) 
From (2) and (3) show that x →xEcespCi-∞). Hence. cepp is a Banach space. 

Moreover. it is easy to cbeck that. for any 1 <P<∞. lI x llp드2 11 xlμ. By bounded 

inverse theorem (see [4. p.119]). I! IIp and 11 lI 'p are equivalent. 

Finally. ’ ith regard to notation. the dual space of cesp' i. e. the space of all 

continuous linear functionals on ce:장. will he denoted by ces*p and we write. 

A,(n)= max,la" .• 1 

where for each n the maximum is taken for k in [2'
’ 

2'+1). 
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THEOREM 1. Let 1 <P <∞ Then AE(cesp， l，∞) il mld 0η Iy il N(A)= 

/ ∞ 、

= s3P (감(2껴(n))') , <00∞ zιv싸써’끼써her 

PROOF. Suppose N(A) <∞. For each n, we have 
∞ ∞ 

온l[a”， ιxkl =ζ。F 1Qη. ，"， 1 

This shows tha t AE(cesp' t∞) 

s휠2' A써윷온 Ix,l) 

드(횡(2' A，(η))')τ(흙(강온 Ix샤F 
드N(A)llxl lp <∞ 
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Conversely, suppose that Aε(ccsρ， l。。)， then we have IIm s%P | AR(x) l <∞ for 

each xεcesp' Thus, for each η and each r능0， the functional 

4 , rt(x)= pan,ktk 

are m cesp""', smCe 

1/,,(x) 1 드A，(n) ζ Ix, I:'O:2' A,Cn) lI xll , 
f ‘ 

It follows from the Banach-Stcinhaus theorem for Banach space (5ee, [4 , p. 115J) 

that, for each n. lim ε 1. ‘ (x) = A , (x) is in ces,*, whence 
1-’∞ r=O ’ ‘ 

IA/x) I :'O: I IA"I내x li þ• (4) 

For each 1l, \ve takc anγ integer t> 0 and define xεcesþ by x,=O for k능l+ l， 

and xs(r) =2꺼 a，，， s(r)lq lsgn a;ι*) ， x,=O(k "o s(r)) for 0:'0:γ드t where s(r) is such 

that lan , s(r) l =m~x lan
’
,1. By (4) . W~ get 

l침?QAf(싸I! A" I : (흙2껴'(11)) 

50 that (흙2껴'(n))으IIAη 11 

Since th is inequality is true for any integer t> 0, \ve have, for each n, 

(흘。2여Arq써τ드IIA"II<∞ (5) 
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.Moreover. we have 
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This implies that 

때드(휠2찌A/(7샤)τ. (6) 

Together, (5) and (6) imply 

II An ll = (활qA/(’‘))' 
SInce lin1 SgP | A,I(x) 1 〈∞ for each xEces

þ
, applying the Banach-Ste;nhaus the0 

rem agam , 、ve have 

S5PllAxl|=sep (횡2었11))τ〈∞ 

vlhich provcs the theorem. 

We now characterize the class (ces
þ
, c). 

THEOREM 2. Lel ! <P<∞. T hen Aε(cesp' c) if a1.d O1lly if 

(i) ι.k→a.cn-→∞• k fi.ted) 

(ii) N(A)=s~p (홍2%rq@))τ〈∞· 

PROOF. Suppose Aε(cesþ• c). Then A ,,(x) ex ists for each 1/.으! and lim A,, (x) 
n- ∞ 

exists, for every .%Ecesp' Therefore. a simiJar argument to that in Theorem 1, 

we have the condition (i i) . The condition (i) is obtained by taking x=e.E∞Sp 

th 
、，\'here e;. is a sequence with 1 in the k'" place and zeros elsewhcre. 

On lhe other hand, suppose that the conditions (i) and (i i) are sat isfied. Then 

a similar argument to that in T heorem 1, we get. for each 11는1. 

1A.(x) I <∞ for each XEcesþ• 

Furthermore, the condi tions (i) and ( ii) imply 

(휠2껴 (m~x la.l)q)τ드N(A) <∞· 
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where the maximum is taken for k in [2'. 2'+1). By using the fact that 
∞ ∞ 

ε (2'maxla. \)' is bounded . it is c1ear thatL; a.x. is abs이utely con、 ergen t. for 
r=O r ‘ k=l 

each xE cesp' Moreover, for each xE cesp’ 
E> o. we can choose an integer 11’o능l 

such that 

r릎(운은싸 IY<I. 
1'hen, we have 

∞ ∞ 

ζ lan .• - a.ll x,1 = ε ε lan .• - a.l lx. 1 
k= 2"" r=m~ T 

∞ • 
:5: E 2'B，(n)소ε Ix.1 

r= ",* ~ r 

:5:(휠2’QB，' (n) )τc휠.(송은fx. 1 )p)τ 

:5:M ' 

‘vhere B,(n) = max, 1 a. ‘'. α'， 1 

/ ∞ 、-

and 111= su머 ε 션B，' (，샤 ) Q :5:2N(A)<∞. 
” 、 r=n’

∞ ∞ 

It follows immediately that lim ,L; an.,x. = ,L; α，x" for each xEcesþ • T his shows 
t→。o k= l ’ I= l y 

that AE (cesp' c) which proves the theorem. 

U sing the methαIs of T heorems 1 and 2, we can easily determine the dual space 

ces/ of cesp(1 <p<∞)， and also the norm of any element of ces감 

THEOREM 3. Let l <p <∞. Tlzen 

( i) fE없p‘ if alld only if there is 0 sequence (a，)Eμ Slκh that 

∞ 

f (x) =솥la없 (7) 

alld 

띠=(횡2%?x l씨)' 

wÍlcre μ={ (0,) 활q (mF lak| )q <∞) olld 소+÷=1· 

(ii ) ces/ is equiνalent 10 μ. 
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∞ 

PROOF. (i) As “ as sho'wn in (11. for each x E ceso' we have x=ζXtlJ.: ' Then, 
k=l 

for every f in α'"p‘， \ve have 

f ( x) =흘lXkf(%). (8) 

Put a,= f (e,). A similar argument to t hat in Theorem 1, we get 

월。2애ax씨1μa.씨ψk씨씨씨1)ψ)'센q 
i. e.. (a，μ)εμ Fur thermore, by (8), 

l따 

"" that 
l 

꾀
 
/ n 

u k a 
때
 
r 

m / ‘ 
、

q 

촬
 

씨
 

(9) 

Thus. every f in α$강 can be wri tten 

∞ 

f ( x) =εX，Pk 
k= l 

with "지 given by (9) , where (a，) Eμ. 

Conversely, for any given (ak) E /J. and the representation (7) , obviously . def ines 

an elernent of ces/. , :’rhich proves the part (i). 

Furthermore. it is easy to see that t he representat jon (7) is unique, Hence, 
we can define a mapping T : cesp‘→μ by 

T(f )=(a1.o2, .. -) 

where a, appear from the representat ion in (7). By part (i), we have 
l 

/ ∞ 、 ←

II T(η1'=( ε2" (max la,Il") , = IIfl l. 
、r=u r 

Thus T is norm prcserving. !t is surjective by the ‘sufficiency’ part of (i) . Finall )', 
T is obviously linear. Thus, cesp‘ can be identified 、，vi t h. í. e. , is isometrically 

isomorphic to. the space μ. which proves the part (ii) . 

University of Malaya. 
Kua[a Lumpur, 
~1alaysia ， 
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