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ON THE MEANS OF ENTIRE FUNCTIONS OF SEVERAL 

COMPLEX V ARIABLES OF SMALL ORDER 

By P. K. Jain and V. P. Gupta 

1. Introduetion 

Several relations involving the various rnean values of entire functions of se

veral cornplex variables of finite order have been discussed in [1, 2, 5, 6,7, 8J. The 

airn of this paper is to concentrate on the results concerning these rneans along 

with two new rneans m업， À ， μ(rl' r2) and g찬， μ(rl' r2) [for definition see ~ 2J , 
introduced in this paper, for a c1ass of functions of very srnall order, particular1y 

of order zero. In section 2, apart frorn the notations and terrninology, we in

troduce the concepts of the logarithrnic order and the lower logarithrnic order for 

this c1ass of functions. In section 3, we state the results of this paper whereas 

the rernaining sections have been devoted to the proofs of our results. 

2. Notations and terminology 

Let1) 

。o 0。

f(Z1 , z2)= 등。 옳o amn zT 경， 

be an entire function of two cornplex variables zl and z2' Let the rnaxirnurn rno

<dulus of the function f(z l' z2) be defined as: 

M(rl' r2) =rnax {lf(zl' z2) I : I zi I ~ri' z'= 1, 2}. 

The finite order p, of f(z l' z2) is defined as (see [3] , 219) 

Iog log M(η，씨 
lim sup i ι =p 
'11 T，.→∞ log(r1r2、 F 

Throughout this paper, we consider a c1ass of functions of very small order, 

particularly of order zero. To have a more precise description of the growth 

relations for such a c1ass, we define, on the 1ines of Dzrbasyan [4J , the loga-
• 

1) This research work is supported partially by the University Grants Commission (India) 
For simplicity we consider only two variables, though the results can easily be extended 
to several variables. 

\ 



186 P.K. Jain and V.P. Gupta 

rithmic orders Þ친 of f(z l' z2) with respect to the variables zi (z"=1, 2) as~ 

+ 
lim sup lim sup 1 {log log' M(rl' r 2) 

t - p치， Cz"=;i:j:z', j=1.2) 
η→∞ η→∞ l log-log 칸 1-

where log + x=max (log x, l). 

Further, let p*=max(þ치， 야2)' Then 

log log + M(η , r ,,) •. 1im sup l z =0% 
'l ， r3-→∞ log log(r1r 2) 

γ 

and f(z
l' z2) is said to be of finite L-order (logarithmic order) p*. 

Similarly, we can define the lower L-order, λξ of f(z
l' z2) as 

log log+Af(7l, 72) -1휴 
log log(r1r 2) -" lim inf 

r l' rz一→。。

where λ용=min(À치， À용2)' and 

X휴，=lim inf lim inf 
• 

TI→。。 η→。。
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- 、 1, (i=;i: j: z', j=l , 2). 

Let us consider the following means of f(zi' z2) : 

(2. 1) I6(71, 72) =U -4τ 
‘ (2πy 0 。

2π 2π 1 

If(r,i8" r2ei8,) I δdß.dß \7 
l ι 1-~2J 

r1 r, 

(2.3) 
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y1 r2 O O 
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(2.4) G(η， r2)=exp 
1 

" r r log + If(γ1ez6l ， 7?ef8a)ld61d6?l
’ (2π)“ 6 d 

- - ‘ 
i 

(2.5) 
_ 

.......... F' _l

• 

(λ+ 1) (μ+ 1) 
'1 f l 

x~x; log G(x1, x2)dx1dx2 
o 0 

ι 

and 
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(2.6) 향J "(r,, r ,,) =exp f. (λ+” Xμ+1) ;--X 
…R “ - ‘ (log r

1
Y"" ‘(log r

2
) J1.-t-! - -

'1 1'1 

(log x1i (lOg X2)μ log G(X! , X
2

) 
dX1 dX2 

X} J' 1 1 X1 

where δ는1 and -1<λ， μ <∞. 

3. Statement of the results 

THEOREM 1. Let /(z!' z2) be 0/ L-order ρ* ακd lower L-order it*. Then 

up 10g cþ(η . r,,) lim l Z 

r lr 1'2→∞ inf 10g 10g (r1 r상 

ωhere ψ(r1 • r2) stmzds /or the logartïhms 0/ any 

(2.6). 

용 _p 
-À,*’ 

0/ the ’neans deßned i1z (2. 1)-

THEOREM 2. Let /(zl' z2) be 0/ L-order 하， and also let 

I ð(r!. r2) 1 빠봐， r，) H;; , “ 

mö.샤 (r!. r이 J =h￡짜· 
떠.1) lim ?uP 

rhrZ→∞ lllr 

Then 

(3.2) 

proαvided 

H ” =ep--l. 
Ö. À.• μ 

따，샤<Hö. À.• μ· 

If we rep1ace mδ• À. μ (rl' r2) in (3.1) by m* ð • .1，μ(rl' r2) , then we have a different 

resu1t; narnely 

THEOREM 3. Let /(z!' z2) be 01 L-order p*. and also let 

lim sup 1m 
1'11 1'2→∞ lllr 

) 
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log 10값r，r.) L - 6， X， μ , . 

‘ Ö. À. μ 

Then 

L =ep--
δ• À. μ 

proνzäed 

i$, x, μ <Lð. À.. μ· 
To state the last theorern of this paper more precisely, 1et us consider a slowly 

growing real function φ(rl' 1’2) of two variables. such that 
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(i) φ(1'1' γ2)>0 and continuous for 1'1>감， 1'2르채， 

(ii) for every α， ß>1 ， ψ(싼 , 냉)-ψ(1'1'1'2)' as 깐 or 1'2 or 1'1 and 1'2 tend to 

infinity; 

(iii) for A> 0 
A+l 、

rI A dt (log η) ψ(1'1 1',) 
(log xr) ψ(X1' 깐「수~ i A 1 1 i ι , 

rz A dxr‘ 

(bg x 2)“φ(1'1' x)-τi~ 
- - “‘? 

(log 1'2)'1.+ 1φ(1'1' 1'.2) 

A+1 • 

Now, we have the following theorem which gives certain comperative growth 

relations of the means defined in (2.4) and (2.6) when λ=μ. It may be remarked 

here that the results so obtained may not be generalized in terms of 

log g쳐，μ(η，1'2) when λtμ. 

THEOREM 4. Let l(z1' z2) be ollinite L-01'de1' 참. Fu1'the1', let þ , q (0 <q드P<∞) 

and c， d(O<d~c<∞) be delined by 

log g쳐，ì. (1’l' t ’2) 1-
ThTI→∞ 1nt l [(Iog 7l)f+ (log 72)f] ψ(1'1 ，1'2) J q’ 

p 

and 

1!__ sup 
”… 、

T，’”→∞ inf 

Iog G(1'1,1'2) 

[(log 1'1/* +(log 1'2)P*) çry(1'l' 1'2) 

C 
-d. 

Then 
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(3.5) c<( ρ육 +2λ+2 \2( p*+2À. +2 
=‘ 2À.十 2 ) \ p* 

A 
Y 

f 

-
씨
 Unde1' the hyþothesz's 01 the theo1'em, 

À.+l 
þ=q=-후Tτ ， 1 

p*+λ+1 

REMARK. The authors are of the view that to establish an analogue of theorem 4, 
when g션.l간，1'2) in (3.3) is replaced bygÀ.l1'1,1'2)' is an extreemly hard 
job. 

COROLLARY. z'f c=d, then 
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4. Proof of Theorem 1 

We have, for2) Ri>깐르샤 (z"= 1, 2), the following inequaIities: 

(4. 1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

1 1 
(R ,+r,) δ (R ,,+rr) 0 

I o(rl' r2)드M(η， γ;)드 l i l 4 4 1 Iδ(Rl' R2) ， 

(R
1
-r1) δ (R2-r2) δ 

I ;,(r" r ,,) 

mo. Ã.， μ (rl' r2)드 /” 〔、t ι 

R~+1 R~+1 、’n;, A ,, (R lO R샤 - (R~+1 -r~+1)(R~+1 -r~+1) ---0 ，"'， μ A ι 

I "(r.,, r ,,) 

m성. Ã.， μ(γl' r2)드 /"' ζ 、C ? 

(10g R니λ+l (log R2)μ+1 
- 10g r1) λ+ 1) ((log R2)μ+1_ (lOg 

’ ( R, +r,)(R,,+r,,) 

10g G(r1' r:강드logT M(r1' r강드 fpf-ι、rpf-γ:) logG(R1, R2) , 

10g gλ， μ(r1， r2)드log G(r1, r2) 

Ã. +l ,...tt+l R:~ I J. R~ 
1 A"2 

-ττ ， .. I 1 

and 

(4.6) 10g g져，μ(r1' r2)드log G(r1' r2) 

(10g R ,)Hl(log R，，)μ +1 
ιX+1 4 tl+I u+1 log g용Ã..iRl' R2) ((log R1yT~ - (log rl)"T~) ((Iog R2)μ - (1og 72)F )) F 

The inequalities (4.1) , (4.2) , (4.4) and (4.5) have been obtained in [1], [7). 

[6) whel'eas the proofs of (4.3) and (4.6) will follow on the Iines of those of 

(4.2) and (4.5) respective1y. 

Now, on putting 묶=2깐 in (4.1) , (4.2) , (4.4) , (4.5) and Ri=쩍 in (4.3) and 

(4.6), the theorem follows comp1ete1y. 

-
‘ -
2) We take r~ 21 for the inequalities in (4.3) and (4.6) whereas 샤 르o for the others. 
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5. Proofs of Theorern 2 and 3 

We have (see [1], p.52) 

꺼2 A+1 u+1 
a꽤r {l@7I 션 %δ ， ì..， μ (1'1' 1'2))} 

(5. 1) l 

-파찬i켠+l%δ，샤 (7l , 72)] 2 
(1'않Iδ(1'1 ’ r 2))(간+ 1yr+ 1%，x， μ (1'1 ’ 1'2)) 

RU 

”
“
「
n/i γ’

 

[ x:Iδ(X\ ’ 1'2) dxl] [샤 fsxZG(71 , x2)dX2] 
0 

(5.2) j Iδ (1'1' 1'2) 1 

- ηZδ， λ， μ (1'1'1'2) 1'\1'2-' 

Now, integrating both the sides of the inequality in (5.2) , 

(5.3) log(샤+1껴+1싼없펴)드 r r Ið(X펴 dX1 

J J ’nδ，샤(Xl' X2) x1 

we get 

dX2 -
X2 

• 

Let Hδ. Æ.μ<∞. Then, for e> 0, (5. 3) gives 

Æ+1 1l+1 
log (1'~ 깨 mð， λ， μ (1'1，1'2))드 

T1 1'2, 
!og !og(%,%,) dx 1 (H ~ ") __ +e)A-O &~O''''l~ O:/ 

AA
.1. 

δ ， X， U l 

U 
κ
 

+ q4 

’
-
값
 
￡
-1'1

0 r2 0 

(Hδ.λ， μ +e)!Og 
!Og(T，셔log (1'1 1'2) 

。 +0(1)，
[log(Hð• λ， μ +e)] 

which implies 

(5.4) P육드log H ð .Æ. μ+1. 

Next, integrating (5.1), we get 

log{(γ 2、Æ+\1'"2)μ+l% (r 2, r 2)} 
) ,. 

2 δ. À..1l 

” "1" "2 dX1 

x 1 

dX2 

x 2 
(5.5) >1-l J 갤끼.Il (x1' X2) 

'1 '2 

Iδ(x1 ' x2) 

. -. "1" 1'2 Iδ(x1 ' x2) 

mö. À. • μ (xl' x2) 

2 dx1 dX2 

"1 Tz 
x l x 2 

- ‘ 

Since {사+1 채+1 1δ(1'1 ，1'2)} is a convex function of {씌+1 채+1 
mð. λ.μ(1'p 1'2)} 

when one of the variable 1'1 is fixed and the other variable 1'2 increases, vice

'Versa or both increase (cf [9] , p.194). 
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Hcnce, using (3. 1) in (5.5) , for ceπain sequences of 1'1 and 1'2(say) . {1’1.i} and 

k2,j} (rLi--∞ with i and 1'2.F→∞ with j) , we obtain 

1og {(7l2)X+1(722)μ+1%a. A， μ(712， 722)} 

Iδ(1'1' l'강 「 I6(71, 7강 끼2 
>i %a A μ(71， y2) -L %δ• À.• μ(7l， r2) | }log(7l7상 
>{(Hδ. À.• μ _e)log log(r,r,) - (hδ， λ，μ +e)잉og log(T,T.)} 

~(Hδ• À.• μ-e)log log(fITg)1og(7lr2), 

since 째，2， l3H6lλ， μ， and the res마 

log(1' 11'2) 

Proof of theorem 3 foIIows on the lines of theorem 2, and is omitted. 

6. Proof of" Theorem 4 

Let η> 1. Then, from (2.6) , we have 

。 -3딘브L 
(6.1) log 웰，λ(깐.1'펀=(λ+1)2η P‘ (log 1'1)-(λ+1)(log r2)-(λ+1) 

rl r2 1 1 dx1 dxti 
(log x

1
)'‘(log X

2
)" log G(X1• x

2
) τL τ:」

‘ hl Aι 

- 뜨삼A o X+l 
<A(log Y1)-(a+1)(log 72) (λ+1)+η- p* (log 1'-;) 

H1 ‘ < ÷ 
x (log 1' 1)-(H1시log G(샤，갯)+(η감-1ì1og G(간，채 

+η쩔잉(log 냉)(X+l)(log 72)-(X+l) {log G(7l, 셰 
H1 츠 n 

+(η휴-1)log G(감 , 채)} 

+(λ+1i(c+e)η-쩔괴(log 1'1) - (H세og 1'2) -(/.+1) 

, r‘ 1 λ 0* . " ,(J 

X J J (log x/" (lOg X.zY' {(log X1Y'+ (log x2Y' } 
o .0 '," 1'2 

dx, 
×ψ(X1， x2) x; 

dX2 
x 2 

‘ 

;...2("，-À."，，~:-1-"-\ À. 
:: ~ .,,,, , _ 

(H 1) 
+(À+l)η-τ* "(η 'p* " 

-1) {(log 1'1) 

’ 

、
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× !。 (Iog xl)“ log G(Xl, 72 ) *1 

r· ;융 dx，、
-(2+1) ( " , ÀL _, "'1'.,1;"' ~ '\ ~~2 +(log 갱) -,,,-,,.1 I (log x2tlog G(꺼 , x2] x2 

r,' 

H1 2(H l) ‘τ- 。 :; 
+η-τ .. (η P‘ -1)<: log G(깜 , rr")} 

uA(log r1)-(H1) (IOgr2)-(H1)+η-쩔챔(Iog rγ→ I(log 71) 
-(A+1>

X {log G(씌， r2) + (辯-1) log G(간， 괜)} 

+ 
η-2빨꾀(Iog 채)λ+1(1og y2)-(a+l) {log G(71, 채) 

À+1 I 
^ _1 _앙선잉 

+(77맘-1) log G(채，감)} + (il. +1)(c+ε)(함+il.+1) ‘η ρ* 

{(log r1f‘ +(Iog r2f ‘} ψ(r1' r2) 

2(À+1) À+1 ~.. ,," T꾀 
+ (c+e)η-τ .. (η1 p" -1) {[(Iog r1Y' +η(Iog r2)" ] ψ(γl' 서 ) 

+[η(log Yl) P*+ (Iog 72)P률] φ(7r.’ 깐)} 

22+1) X+l q i * 
+η-τr-(η감-1)ι log G(깐 ，젠 ). 

On dividing both sid않 of the above by {η [(Iogr1)따 (Iog r2l*] φ(강 , 7? )} , 

and taking the limlt, we gef 

-l -2작±브-l -2적±과 선J -2적土묘 삼조 9 
P드(λ+ 1) (p*+λ+1) η 야 c+η p* (η p*"'-l)c+ η p" (η p*-l)<:c~ 

Letting η→1， η being arbitrary, the extreme right-hand inequality in (3.4) 

follows. 

Further, from (6. 1), we have 

-(Hl) 1'1 ... _ .. '\ -(À+l) (Iog r 1) -1."".1 (Iog r 2) 

• 

Tl Tz 

(log Xl)x(log X2)X 
,0, yOs 
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、~

1 

dX2 
x 2 

2(H1) H1 ( 
+(À+l)(d.-e)η-τ" (η.~~ -~ l) j (log 씬-(H1) 

A ~“’‘ (log X/' {(log X1Y' + (log 1'2Y' }φ(x1，1'2) 
dX1 
x1 

• 

+(1og 낌-(써 . (1og x2i {(log 1'1/" +(log x2)p‘}ψ(1'1 ，1'2) ... 
- - "2 

dX2 

r ,' 

2(H1) Hl ~ 

+η- p" '(η검*-1)ι log G(1'" 1'2). 

1 -2직섹 
，'.{d-e)(À+l)(p*+λ+1)-1η p" {(log 1'

1
l ‘+(log 1'2i"} ψ(1'1’갯) 

_, 2CH1) λ+1 
+(d-e)(p홉+2A.+2) ( P￥+λ+1) ‘η- p" (η p" -1) 

‘ 2좌브2 삼J 。
x {(logγ1/‘+(log 1'2i-} ψ(1'1'1'2)+η- p* (ηP‘ -1/1ogG(1'l'1'

2
) , 

and hence the left hand inequa1ity in (3. 4) also follows. 

To estab1ish the last inequa1ity in the theorem, we note, from (6.2) , that 
H1 ~ 2(À+ 1) 

(η p" -1/c드η.71τ;→P-d(λ+ I) (p률+λ+1)-1 

-잔쓰꾀 2딘±잉 얀±섣L a±1 
{η- p" +η- p" (η ,0* + η- p* -2)} 

which imp1ies 

칸1 n P삭원캔 
(6.3) c드(η P‘ -1)-η p* p, 

for all values of η> 1. But the right hand side of (6.3) attains minimum when 
η is given by 

λ+1 
η p* = ( p*+2À.+2} 

p* • 

Substituting this value of η in (6.3), the remaining part of the theorem follows. 
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