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APPLICATIONS OF HSRMITE POLYNOMIALS FOR CERTAIN
PROPERTILS OF FOX'S H-FUNCTION GF TWO VARIABLES

By Manilal Shah

During the course of investigation, the frequent requirements of some generali-
zations of the mathematical functions which arise in analysis and applied problems-

the so-called special functions and their basic interesting properties have been
studied by several workers [3,8, 10, 11, 13,17 and 18]. The author here evaluates
a general integral involving the product of Fox’s H-functions of two variables.
and classical orthogonal Hermite polynomial. This integral plays an important
role In the development of certain properties associated with the generalized H-
function in two arguments incorporating (i) an expansion theorem (ii) a formal
solution of partial differential equation related to a problem of heat conduction
(iii) the pure recurrence relation and finally (iv) the summation formulas for the
series. These results generalize some known relations due to the writer [19, 20]

and extend many interesting results on H-and G-functions and other functions.
appearing in Applied Mathematics and Mathematical Physics as particular cases.
by appropriately specializing the parameters. Relations on the double-integral-
expansion analogues have been also illustrated.

1. Introduction

A generalization of Sharma’s S-function of two variables [17] has been recently
introduced by Munot and Kalla [11] in the form

[ m, O ] (a,, 4,):(,, B,)|
p

(1. 1) H (p Mg Uy (¢ Cp) 3 (dys D) | 4,9
2

(e, , E,) 5 (f,. F,)




172 Manilal Shah

[, ], FEtmoE, Dafyraean,
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j=m.+1 j=n+1 7 =nms+ J=ns+
The contours L,, L., notations and convergence of (1.1) etc. are described in

111 and we omit such details.
Hermite polynomials

Hermite polynomials are classical orthogonal polynomials associated with the
interval (—oco, o) and an exponential weight function. Sneddon [16, p.150] has
defined the Hermite polynomials A, (x) for integral values of z and all real values

of x by the identity

o H -
(1.2) exp (2xt— t)—— 0 ;('x)_ ¢

In this paper we shall adopt Szego’s [15] notation and regard Hermite polyno-
mials, H (x), as the suitably standardized orthogonal polynomials assoclated with

(1.3) q=—00, b=o0, w(x)ze):p(—xz), x=1.

There exists a considerable body of information on the subject of generaliza-
tions and unified development for many of the mathematical functions which arise
in applied problems, as well as the attendant mathematical theory for their ap-
proximations. An attempt has been made by different researchers [3, 8, 10, 11, 13
& 18] to unify and to extend certain results on generalized functions scattered
throughout literature.

In this paper the author derives a more general integral for the product of
tox’s H-function of two variables and Hermite polynomial. This integral is
extensively used to establish many results involving generalized H-functions of
two variables leading to (i) an expansion theorem (ii) a formal solution of a
problem of heat conduction (iii) a pure recurrence relation and lastly (iv) the
summation formulas of the series. These results are of general character in the
branch of special-functions.



It is observed that some recent formulas scattered in special functions admit
themselves of interesting extensions which provide one with the unification of

several results. Also, analogues of the double-integral-expansion for generalized
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H-functions of two variables are exhibited.

4. Notations and preliminary results

Often, as a space saver, we use the notations:

(1) the L.H.S. of (1.1) shall be written as H [x, ] 3

173

(ii) the symbol (ap, Ap) is used to denote the set of p ordered pairs (e;, 4,), (e,
AZ): *%% (G: » AP) :

(iii) ap(bq) stands for p(g) parameters a,, -

(iv)

(v)

(vi)

f, =f1(”"

g=g(p,

(¢ - sz) : (dq

q)={ P

(3 Y Eﬁ'a) : (f 3 F‘?a)-.

2

, (b -

r’—ml-l—Z, 0 -
L‘pl_mls ql+1"
7’&) J( Mo 7, )
9/ | \py—my, g,—n,
L
\pg—mts, gz—ng)
'[ml-%-l, 0 A
) ( My, o )
1=
( m3, 7q )
\pg—mg, g3—ng)’

’ qu)

»

bq) ;

The integral (1.1) coaverges under the following sets of conditions:
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NS 1 N\.,_ o
6,=6 (D=(+1,0), (z+—2—. a) :6,=6,(1, )=(~k+1,0),

6,=0,(, ) =(—r+1,0), 6,=0,(,B)=(1-
(2.2) (6,=0,0, N =(1~Ltr+1,0), 6,0, =(1-#+-30)

0,=0,(L, )=(I—k+—5-,0), 6,=0,(D=(I+3-0). U+L 0,

k- l,c:r),

2

“ngﬁg(l,k,s)=(l+k S é,a), 0,0= lo(l,p)=(i+—é——p+—%—,o').

In the investigation of the present work we make use of the following results:

{a) Integrals involving Hermite polynomials (12, p.115, (3) and (4)].:

o s o 22”FCZ+1)F(Z+-%->

2.3 [Z 7 2% Hy() di=——pg—op - 0<n<L.
ot oy 2‘*’"+1F(z+1)r(z: g)

"(2-4) _me-xx i H2n+1(x) dx=- ([ —n 1) , 0<n<l.

(b) Orthogonality-property of the Hermite polynomials [14, p.192, (5)—(6)] :
2.5) | exp(—x%) H (x) H (x) dx=h, 0, ,

— 00
where 22, =2"14/7,0, =0 for m#n and J,, =1 for m=n.

(c) Pure recurrence relation for Hermite polynomials (6, p. 193, (10)] :
(2.6) H_, ,(x)~2xH (x)+2nH _ (x)=0"

(d) Definition of the Hermite polynomials [14, p.197] :

£ (—1)° (2R (GRS
-(2.7). H2k(x)= 2. _( S)' ((2k)—2.§)') >

s=0
(e) Series of Hermite polynomials [6, p. 216, (28)] :

r(t+2Lo) o _1
(2.8) [x]°= <2,\/';r_2 ) > (=D” ( (2%?’” H, (x), p>-L

() Formulae (14, p. 32, Ex. 8, p. 197] :

(2.9) (), _,=- (1—a——n‘):" for 0<<k<m: (2k)1=22kk1(—%-)k.

(g) Relations between Hermite and Laguerre polynomials [6, p. 193, (2) and (3)] ¢

(2.10) H, (x)=(—1)"2"m! Lm‘% (2,

1
2.11) H,  (0)=(-D"2"""ml x L 20D,
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3. The general integral

Firstly, we evaluate an integral involving the product of Fox’s H-function in
two arguments and Hermite polynomial which is based on the principle of inter-
changing the order of integration and then term-by-term integration by invoking
the known formula. Later on this integral is employed to study for a variety of
several interesting properties concerned with the generalized functions.

We begin by considering the integral

I=[7 e % 4% H,.(x) Hxu”, yu™) du

8

where ¢ 1s a positive integer >0 and 0<<k<l.

On substituting the contour integral (1.1) for H [xuzg, yuza] , if we invert the
order of integration which is easily seen to be justified due to the absolute con-
vergence of the integrals involved in the process and by an application of de la
Vallée Poussin’s theorem ({1, p.504] in view of conditions stated in (2.1) earlier,
and then interpret the inner z-integral with the help of (2.3), we obtain

| 1_>
02 J / FCE+mOE. 1) r(z+a§'+av+1)1"(l+a$+anu 2 )0 q .
(2m) I'({+oé+on—k+1) $"n
On applying (1.1), we get the basic result
r (6, (a,, Ys(b, B ), 6
G I1=2"H |V P L x.y]
- g
provided ¢>0, 0<k<!, p,=2m=0, p,=2m,=0, ¢,=0, ¢,=21,=20, ps=ms =0, g.=>n,
d f.
=0, ZISO, 2, <20, 22>0, #2>0, RE(C" D, T0o F{j >>0 (1<i<n,; 1<j<ﬂ3) where

Ay As g, o, 0, and 6, have the same meaning as in (2 1) and (2. 2).

4. An expansion theorem

The expansion of a given, “arbitrary” or analytic function in a series or or-
thogonal polynomials has been discussed often and in great detail by Szego [15].
Orthogonal polynomials occupy a prominent place in numerical integration and also
in the determination of coefficients. Since the H (x) form an orthogonal set, the

classical technique for expanding the polynomials is available in the general theory.

"THEOREM:
(4.1) If o is a positive integer >0, —oo<u<co, then
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1 1 =] 0., (czpl, Apl) ; (qu,Bql), 0,

%EZH [.1'%’20, yz&Qa] —"/E‘_ oy (27,)' H_f g x,y} HQ,,.(%)'

provided p,=m =0, p,=my=0, ¢1=0, q,=1,=0, p,=ms=0, G3=21320, A,<0,

d. I :
1, <0, A4,>0, p,>0, Re(g D'*". | J—F"'-)>O(1<Iz'<n2: 1<7<n,) where A, Ay lhy, o) 0y
: j

and Oy are the same as given in (2.1) and (2.2).

PROOF. Suppose formally that
(42 fw=u" Hiw”, yu')= 3 M, Hyw), (—oo<u<oo).

From (4.2) we obtain M, in a purely formal manner. With that value of M,

we have then assumed that the series on the right in (4.2) actually converges to
f(u), providing f(w) is sufficiently well behaved.

Multiply both sides by e H o,(#) and integrate from —oo to co. Then in view
of (4.2) it follows formally that

oD

(4.3) e ™ u® H,(wH [x4”°, yu’) du

)

= 2 M7, o Hy Hy() du

All the integrals on the right in (4.3) vanish except for the single term for
which »r==~4.

Now use (3.1) and (2.5) in (4.3) to obtain

— 1 0, Ca,, A,)3(b,, B ), 0 ]
A M=y HL| T T T e x|

Finally, apply (4.4) in (4.2), the result (4.1) follows.

o. Heat conduction problem

A genius effort has been performed by Kampé de Fériet J. [9, p.193] to utilize
the Hermite polynomials in solving a heat conduction equation. Recently, with
the aid of these polynomials, Bhonsle [2, p.360] has obtained a formal solution of

partial differential equation
0

(5. 1) oV a9V
T

2

- hou

under certain prescribed boundary conditions which arise from the physical situa-
tion.

Here our problem is to obtain a function »(%, #) which satisfied the partiak
differential equation (5.1) in view of initial and boundary conditions.
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Following Churchill {4, p.130], (5.1) can be associated with a heat conduction

equation

WV o,V B
(5.2) 5 =h————s(V Vy

Ju”

subject to V,=0 and s=hu".
When v(%,f) tends to zero for sufficiently large values of ¢ and if |#]|—oo,
Bhonsle [2,p. 360, (2.3)] has established the solution of (5.1) as

(5.3) Viu, D= 3 P, e H (w).

When #=0, let V{(#u, 0)=f(u).
21 20 20
If flu)=u H (xz", yu ], then we suppose formally that
(5.4) F)=d" Hxu”, yu’] = > P, H,(w.
=

The idea of obtaining P, is similar to that for M, and we omit details.

Therefore, employ (2.5) and (3.1) in (6.4), it follows formally that

1 ., (ea,, 4, ):(b , B ), 0
e O = — 1 1 22" 1 4 4

( ) P}e k! "\/ﬁ' H _f g q x! J’__
Now, from (5.5) and (5.3), the solution is equal to

00 —(1+2r)ht - ; : , N

‘\/ﬂ' r={_) 7! - g J7
valid for CT>0, "'00<24<00, p12m120, p22m220, QIZ’O:‘ QQE?ZQ:?_O: 15332%320,
~ d . f. _
32130, 21<0, 1#;<<0, 4,0, >0, Re( C——+0 ﬁf_-)>0 (Istsmy  1sj=nj)
2 J

where 4;, A, 4y, U, 0, and O are defined in (2.1) and (2. 2).

6. The pure recurrence relation

In this section we present a pure recurrence formula for generalized Fox’s H-
functions of two variables which has been recorded with the help of a known
recurrence relation for Hermite polynomials and (3. 1).

The Basic Relation:

(6.1) H_f 61’ (‘Zpl’ Apl) : (bql’ Bql)’ 65 X, y:l
u g |

91’ (apl’ Aﬁ’:) ; (b‘i’i’ B‘:’h)’ 67 x, y_
g I

+‘kH[f |
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pr - - —-I
._:H f 68’ (d 1’I Aﬁh) ' (64:’ B'—'Il)’ 67 x, ¥
- g -
where ¢ 1s a positive integer >0 and conditions of validity are:

d. .
s> 0, RE:(G D?‘. ﬂ-I—G'-;ff—_-))-O, (1<i<n, 3+ 1<7<n3) and A}, A, pq, Uy 61, 0, 0- and
z ]

0, are the same as given in (2.1) and (2.2).

PROOF. From (2.6), we have
(6.12) sz+1(u)+4k sz_l(zc)=2u H,,(4).

P

_ 2 : :
‘We may multiply both members by e % « ;i [x2” yuzgl and then integrate with

respect to # over (—oo, o) to obtaln
(6. 3) fiﬂme_*‘z u? Hoy,  (w)H xu”, yu”] du

+4r | e % u¥ sz_l () H [xu?, yzcz"] du

f =00

=9 g% yatl Hy (u)H [xuz", yuz"] du

provided that the integrals involved in (6.3) exist.,

Using (3.1) with proper changes in parameters etc. for evaluation of integrals
in (6.3), then after simplifications, we arrive at (6. 1).

7. Summation formulas

Here we are concerned with two summation formulae for the series involving
Fox’'s H-functions of two variables. The first formula is established from the
definition of the Hermite polynomials and using (3.1). While the second is formu-

lated from the expansion of #° in a series of Hermite polynomials and applying
(3. 1).
The First Summation Formula:

a1 1l £ 0 @ 4y) g: Cor Ba: 02,

b(—D—28),, ; )
2 B oo 0
s=0 s! ) g -

valid for ¢>0, 4;<0, 4,>0, 1, <0, p,>0, p,=m=0, p,=m,=0, ¢,=0, ¢,=1,=0,

d; - . . .
p3=m3=>0, gm0, Re( 0510 ;f )>0 (I<i<ny, 1<i<n, 1=j<ng)
Z J

where 4;, 4, p, tt,, 0y, 0, and 6, have the same values as referred to earlier.
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‘The Second Summation Formula: |
If ¢ isa positive integer p;=m =0, p,=>m,>0, 9,20, ¢,=>n1,>0, py=>m>0,
g;=>13>0, then
ey B[ 5O @ 407 @ B ]
1 1 k 1 |
Mhtle) o -1 (=Lo)
o 2 2 _ 2 Yk 0y, (a,, A,):( ,B ), 0
'/ﬂ.' kg k! (_L_)k H_f | 1 p:g g q, 2lx, J«'_:

. | d. .
provided o> —1, 2;<0, 4,>0, <0, o> 0, Re( o Dz_+ a_gi_)>0 (1<i<n, ;

) 7
1<j<n;) where 4}, 4, u, #y 0;, 0, and 0,, have the same meaning as referred

to earlier.
PROOF. (a) To prove (7.1), we can use (2.9) in (2.7) to get

b —1 5 9 9 2k —2s
(7- 3) sz(ﬂ)= ;0 ( )( k)zs( 35) ~

s!

Multiply both sides of (7.3) by e * #* H (x4”, y4*’] and integrate with res-
pect to # from —oo and oo, then change the order of integration and summation
in the right hand side which can readily be justified by Bromwich [1, p.500] under

the conditions stated in (7.1), we obtain

(7.4) f T e u H zk(u) H [xu2g’ yuzg] du

— OO0

=~ S . ' <
s=0 S!

L —l —_—
[ g4 2L+ 2k 2sH[m2a’ ythr] du.

— 00

Now apply (3.1) with suitable adjustments of parameters etc. to evaluate the
integrate involved there in (7.4). This completes the proof of (7.1).

(b) To establish (7.2), we start from (2.8) and (2.9) to record

1,1 w (—DF(-L
. up:hr( 2«/ IE“Z P) Eo _(_212,2 }E! ( _12_ )‘% H,(u), o> ~1.

Proceeding as above, we have

(7.6) = e"“z u” TP H [xu®, yuz"] du

50) o (~D' (-
m 0 00 3
2 ) e ™ u® H,(u)H x4, yu®]du.

e
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Evaluation of integrals in (7.6) is similar to that for (7.4) and we omit details.

Hence the formula (7.2) is completely proved.

8. Double-integral-expansion analogous

Here we consider the double-integral-expansion relations analogous to (3.1) and
(4.1). We state results and omit details as the proofs are much akin to those
developed in sections 3 and 4. Integral:

(8.1) :G iﬂ g~ (W FV) g2 Hy(uw)H, (v)H xu”, yw*) dudy
T ™m0 (ay, 4,03, B~
R4 IEGUN i (=1, 0), (——Z ; ; U), d,,D,),
2,
:22k+2k 21 (m2+ %o ) (Cpu’ Cﬁa) s (=I+2, 0) Xy, Y
By gy @y=myt1 HN
(m3+2’ ns ) (_m: (0):- (_m-{_'—é_! p)! (fq3! an):r
_\py— 3, g5—ngt1 (& Eyp) 3 (=mths 0) -

Expansion:
(8.2) w2 7" H [xu”, yvzp]
] =2 = 1
=7 5 2 o0 @or ) Hy@)
- ~my, , 0O - -
) 1_m , (@, A,)+(b,,B,)
1~ My 4

Mo 12,
H ( -‘ ﬁg ) (_Z’ a)’ (_l_l-—%_’ 0'), (C 2’ sz) : (d'?a’ D‘fz)’ (_—Z—l_?’ J) x’y

77 "}"2,
2 N emo (-mi o) o B 50y B
b=y, qy— gt T

where the conditions of validity for these situations are enumerated below:

6>0, 0>0, 0<k<l, 0<h<m, —oo<u<oo, —oo<y<oo, p=>m>0, ¢;=>0, p,=>

.
(2

(1<i<n,), Re(p _%_)> 0, (1<j<my) and A, A,, p; and p, have the same mean-

7
ing as in (2.1) and (2.2).
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9. Particular cases
proved above, will give rise to many useful results
involving the functions of mathematical physics,

Various generalizations,
some of which are known and
others are believed to be new, as particular cases, by making suitable substitu-

tions. However, we illustrate below some of the very interesting cases.

(a) If we set A;=B.= ete. ;=1(1<7<p,, 1<i<q,, -—etc.) and on specialization
the results (3.1), (4.1), (5.6) and (6.1) yield the known
results (19,20] on generalized S-functions of two variables which, in turn, lead to
generalizations of some recent results {19] on product of two Meijer’s G-functions
when A=B=0. Similary (7.1)—(7.2) will have the corresponding relations.

(n; In (3.1) and (4.1), if we substitute A=B=0, we can obtain the results
associated with product of Fox’s H-functions (7,p.408] of one variable, which
are generalizations of Meijer’s G-functions [5, p. 207, (1)] unifying a large number
of special functions [5, pp.215—222].

of the parameters etc.,

(¢) In the main results, if we put p,=my, py=m, #n;=1, f;=0 and replace
pytmy pitpy qrtq, and #, by m,»,q and » respectwely, then by proper choice
of parameters etc., and take the limit as y——0, we obtain the interesting cases

presenting Fox’s H-functions as
(1) Integral:

2 — a,, A )
(9.1) 4% H, () H*™ 2® @ 4] g
pel 1, B)-
q q
- -
' e (bq:Bq)r (_l_l"k:a) .
(ii) Expansion-formula:
©.2) o Bz | (@ 4,)
- | (bq’ Bq)_
- { _
o0 —_Z: » - ZI , T ), (@ !A
:«/175 > (271')! an?zﬂ * e < : )(P 2 H,,(u).
7=0 R 1@, B, (<1470

(111) Solution of the problem related to heat conduction equatmn

(9.3) v(u,t)
R 1\ -
_ _% o~ (1+2r)ht grmte |, (=4, a)’( . 2°9) (aP’AP) H,(u).
= Praat| 0, B), (—i+57.0)
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(iv) Pure recurrence relation:

_ 1 | .
(9 4) Hn.m+2 (_z’ 0)’ (_l+‘_2_- 0'): (ﬂ ’ Ap) |
' p+2,9+1 | % o
_ (bq: Bq)r ('_ l k | T, 0') B
— L { i
+p HPME (=4 2, ( g a), (a, 4)
p+2,q+1 | * Z {
_ (bq: Bq): (_ +k""-—§—, G‘) .
— i )
__Hn.m+2 (—Z__Q—’ )’ (_Zr 0'): (ap, Ap)
T p+2,94+1 | % . z ,
( q! q)l <_ "I_k—'—-—z—-’ 0') i

(v) Summation formulae:

_ 1 _
(-—[, 0'), —'l+*—;5", g l, (.‘.’I ; A
(9 . 5) H :f;:l? RRE: ( - ) P p)
| (b B, (=i+k o) _
R (“1)5(“2k)9 n,m+1 i -] —E- S‘l"—-]'—- g (G A )_
-5 - l » T )y \Bp Ly
B EO | oS HD+1.Q x ( : )
sl 2 o (bq, Bq) -
and
- gy 1 1 -
(9+6) H;fijrql x ( Z L a), (aﬁ” Af")
_ (bq, Bq) -

MLle) o (-0 -t (o) ey 4T
_\2Te) & 2 %)k prnme 0, 29 )N 7
i A T e 1 p+2,q+1 | * _

: =0 ) (T)k | |6, B, (=1t 0) R

- where the conditions of validity for these special cases of interest are easily
obtainable from their basic results.

(d) Further, if we make use of the relation (2.10) for developments of these
results, we obtain the corresponding results in terms of Laguerre polynomials
which may be required in various problems of Mathematical Physics.

Similar results can be recorded for (2.4) and from (2.11). Recently,
Bora, Kalla, Munot, Shah [3,11, & 19], Batting and several other investigators
have also contributed a lot of work on generalized Meijer’'s G-and Fox’s H-func-
tions of two variables. In numerous applied problems, application of such work is
necessary and useful.

Since Fox’s H-function of two variables is more general than even Meijer’s

Saxena,
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G-function of two variables, the results obtained here become master or key for-
mulas from which a large number of known, new and interesting particular cases:
can be deduced for various functions appearing in theory of special functions,

P.M.B.G.’ Science College, Sanyogitaganj
Indore (M.P.), India.
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