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1. Let E be the set of mappings f: C• C CC is the complex plane) such that 

the image under f of a point sεC is fCs) = Z::::; a
Ø 

eS
").' with lim sup팩강-=Dε 

nEN ,,, π→+∞ “ t 

R+ U {O} CR+ is the set of positive reaIs) , and 야 =+∞ (냥 is the abscissa of con

vergence of the Dirichlet series defining f) ; N is the set of naturaI numbers 0, 

1, …, <anlnεN> is a sequence in C, s=O'+z"t, 0', tεR CR is the field of reals, 

and <À.n I nEN> is a strictly increasing unbounded sequence of nonnegative reals. 
8ince the Dirichlet series. defining f converges for each s ε C, f is an entire 
function. AIso, since D ε R + U {O} , we have ( [1]. p. 168) 강= 十∞ Co'~ is the 

abscissa of absolute convergence of the Dirichlet series defining f) and that f is 

bounded on each vertical line Re(s)=O'o' 
Let 

M(O', f)=짧 {lfCσ+it) /}, γ (1< 냥， 

be the maximum modulus of an entire function fε E on any vertical line 

Re(s) =0', 

μ(O'，f)=max{/a，， /eU").，}， Vu< O'!, 
nEN “ -

be the maximum term, for Re(s) =0', in the Dirichlet series definingo J, and 

νCO'，f)=max{n/μCO'，f) = lan / 영’}， VO'< 난， 
’tEN … 

be the rank of the maximum term. 
The arithmetic mean function A and the generalized arithmetic mean function 

I7 of Re(f) are defined [2] , respectively, as 
T 

(1.1) A(u，f)=nFf꿇 I /Re (f(O'+it))/dt, V g<oL 
- ‘ -- -T 

and 
u T 

(1. 2) J .. CO',f)=_lim 1 .. " r r /Re(f(.,;+zï) )/e'x dx dt. VO'<냥· 
’ T→+∞ 2Te- - t 」T
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We shall denote by Jr,þ' VPEZ + (Z + is the set of positive integers) , the 

generalized arithmetiC mean function of the real part of the P-th derivative fφ) 
of f. 

In our earlier paper [2] we studied some properties of the functions A and Jr : 

in this paper we study a few more properties of these functions. 

2. THEOREM 1. For eν'ery entiγ'e funcUon fε E of Ritt order (J εR+ *U {O} 

(R + * is the set of extended positiνe reals) and loweγ order λ ε R+ *U {O}, if. for 

any ε ER+ , Àν(U ，/)"'ÀJJ(U+D+e，/) as (1→+∞， then 

log J/(1.!) .,- 1 ~ 1 .,- J:~ ~ .• ~ log J/(1.!) (2. 1) lim inf --~ 드τ-드거-르 11II1 sup 『
0→+∞ IlJJ(U ，지 F “ o→+∞ A.JJ(U ,/) 

PROOF. It is known ([2] , Formula (2.7)) that 

μ((1.1) -::;, 4A ((1.1)드때1((1.1)， 
and ([3]. p.68) that, for any ê ε R+ and O> (10(ê.!). 

M((1,f) <μ((1+ D+ê, f). 

Therefore, for any êER+ and (1)(10(ê.!) , 

μ((1. f)드4A(σ， f) <4，μ((1+D+ê. f), 

and hence 

(2.2) lim 
U→+∞ 

sup 1og μ((1，f) 一 1;’‘、 sup 1og A((1.!) 
.nf X - →r∞ inf λ (U ,[) u-+oo "" "JJ(u ，끼 

But ([4], p.87) , 

(2.3) I행짧fJ옆t? 드움드꽃드 l뀐많P 
From (2.2) and (2.3) it, therefore, follows that 

(2. 4) lim inf 썩 A((1.!)<소<÷드 lim sup 
g→+∞ 산(U , [) (J ....::::: “ U→+∞ 

Now, from (1.1) and (1. 2), we have 

(2.5) 

(2.6) 

J/(1.!) = 1 
ru e 

o 

A(x.!) erx dx 
o 

드A((1. 지꼼(l_e-ru) ， 

log μ((1.1) 
Il. JJ(σ， η 

log A((1.!) 
λJJ(U.[) 

since ([2] , 

(2. 7) 

Theorem 1) A is an increasing function of (1. Therefore 

lim inf 1ogfr(g,p 드Úm inf J옛4((1.1) 
0→+∞ Il JJ (U ,/) U→+∞ A.JJ(U ,[) 

• 
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Also, from (2.5) , for any h ε R+ ’ 

u+h 
、 1rCO' +h，/)늘 -「47τ A(x'/)erx dx 

g 

는A(O'， η 웅 (1 -e- rh
) , 

and so 

(2 , R) 1;.n 인1n log 1/0''/) 는 1im sup l0일i A(g,f) 
o→+∞ /lJ) (u,f) U→+∞ /lJ) (u,f) 

(2.1) now follows from (2.4) , (2.7) and (2.8). 

THEOREM 2. For eνeηI entz"re lunctz"on 1 ε E 01 Rzït order (J ε R+ and lower 

order λε R+ ’ 

(2.9) log Ir (0',/) ‘ λ 
lim sup~_~ r "--::;;:1- ~←. 
0→+∞ (J /lJ) (u ,f) P ’ 

and 

(2.10) 
J 

、
/

0 

f 

띠
 

ι
-
-
-
A
 

( 
-g 

L 
-b 앵

 -
‘ψ
 

,‘,‘ 

-,‘ 
-
이
 

;A 
빨
 

·m 

ι
r
 

’’
l‘ E;」- 」

λ - p • 

PROOF. We have, from (2.6) , 

Iog 1/0',/).. 1og A(O''/) 
1im sup J 드 lim sup w~ "l 
0→+∞ U /lν(U ，f) U→+∞ U II.ν (U，f) 

log μ(0''/) =lim sup 까 , in view of (2. 2) 
o→+∞ v"ν(u， f) 

s딩1-츰 irnl v피i빼e뼈wo아f([때[떠떼5히]， F빠‘b야ormu빼1 
Thus (2.9잉) i업s e얹stablished. Using ([5], Formula (4.11)), (2.10) can also be 

estabIished similarly. 

THEOREM 3. For every entz"re lunctz"on 1 E E , zf 0'1' 0'2 ε R+ are sμch that 0< 

0'1<0'2<산 , then 

(2. 11) A(O'l' f)드7 
eTU，!/σ2./) - eru'J/(J1'/) 

r (/ '2 T(] ， Jr\Y l' J ..I，)드A(0'2'/)' 
e '-e . 

PROOF. We have, from (2.5) , 
U1 

1/0'1'/)=냉~J A(x./)e
TX 

dx, 
" 0 
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and 

I/CJ2./) =강r I A(x, f) efX dx. 
e 。

Therefore 

(2.12) eroγ/CJ2'/)-eya'J/CJl'f)= A(x， 지 eTX dx. 
a\ 

From (2. 12) it follows that 

(2. 13) e
ya

, I/CJ2./)-e
ya

\ 1/σl'f)드A(σ2./) ; (eya'_eya\) , 

and 

(2. 14) e
ya

, I/CJ2,f)-e
ya

\ I/CJl'f)르A(σ1./)추(냥O2-efOl)· 

Combining (2.13) and (2.14) , we get (2.11). 

THEOREM 4. For every e짧're function f ε E, and suffz'ciently large CJ, 

Iog I/CJ./) 

PROOF. We have, from (1. 2), 

Let 

I , 1(u,f(I))= 1im -」 g 
TJ1~ ~- , T→+∞ 2Te'v 

aT 

aT 

I Re( f (1) (x + it)) 1 eYX dx dt 
o -T 

= lim 
T→+∞ 

1 
211erg o -T 

1i% Re(f(x+갑))-$e(f(x-h+찌) /X dx dt 

a T 

는 lim 
T→+∞ 

l 

2Te Y
(J 

lim lRe(f(x+tt))|-lRe(f(x-h+tt))L /X dx dt 

= lim lim 
h→OT→+∞ 

-!.... h• o n 
0-1-

aT 

2Teru o -T 

| Re(f(x+it)) 1-1 Re(f(x- h+it)) 1 
h 

= lim 
h• O 

CJ/σ./)-J .. (CJ-h./) 
h 

• 

log J.((J'/) 
￠(g)= L 

eYX dx dt 

then, for sufficiently large (J, rþ is an increasing function of (J. Then때 
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-，， ~CIJ ，f) _CIJ-h) ifJCIJ-h ,!) 
Jrl((J，f)는lim{ --=e~_二f f 

. , - h• O 

ifJCIJ,!) 능Ø(o"，j)elJ 

log Jr((J,f) 
L---fr(g,f). 

Hence the result. 

Following is an interesting corollary to the above theorem. 

COROLLARY 1. If f is of Ritt order p ε R+ *U {O} and lower 0γder λ ε R+ *LJ 
{O}. then 

(2.16) 。밸∞ inf (J 키· 
then, for sμfficiently large (J, 

fr(g,f) <Ir, 1(g,f1)) <--- <L,p(g, f@)) <…, 

‘But if À.르(J>O， 

(2.17) 

and 

(2.18) Jr ,pC(J,fCÞ))> JrC(J,f) 
log J/σ，f) \P 

• 
g 

PROOF. The proof of (2.16) follows from (2.15) and the fact ([2J , Theorem 

2) that 

(2. 19) e = 1im Sup log log J/(J.!) • 
Â IJ→+∞ inf (J 

(2. 17) we write (2. 16) for the m-th derivative l써 of f and M p nu ι，
‘
 앉

 

1m nu ’ m 

앉
 

g 

lim sup logCJ깨((J， /m))/Jr ， m-l ((J,fCm-l)) 는?. 
o→+∞ inf (J Â 

Hence, for any é ε R + and sufficiently large (J, 

fr,m-1 (g,f(m-1)) eU(2-s)<Jr,m (o， f(써). 

Since λ르(J>O and é is arbitrary, it follows that, for sufficiently large (J, 

fr, m-1(o,f(m-1)) <Ir,m(g,f(m))· 

Giving m the values 1, 2, …, p, "', and combining the resulting inequalities we 

get (2. 17). 
Finally, for the proof of (2.18) , we write (2. 15) for the m-th derivative obtain-

ing, for sufficiently large (J, 

1 
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(2.20) 
、
l
/

、
l
l
/--

、

m

￡
 

/
‘
、

-
/
l、

J 
-,
J 

g 
--g 

/
l
、
-/’\ 쩍

 
카
 

r

서
 
찌
-

r 
rJ 

> log Jr,m_l((J,f C
m

-
1
)) - , “. -

(J ‘ • 

Putting m= 1, 2. …. p in (2.20) and multiplying the p inequa1ities thus obtained 

we get, for sufficient1y 1arge (J. 

I r,pC(J,fCÞ)) 

J/(J,f) 

6 1앵 J~ __ 1(σ./m-l)) 
m=l '.'" > U f,-J. 

rI 
, 

which in view of (2.17) , gives (2.18). 

Th'e next corollary is immediate from (2.18) and (2.19). 

COROLLARY 2. For every entire lunction 1 E E 01 Ritt order p ε R+ and lower 

order λ ER+ Sμch that λ르δ>0， 

(2.21) l. sup 
1m . ^ 

O→+∞ lilr 
, 돼

 

h 
F 

-

U 

-
、‘ ’ / 

、l 
/ 

-
4
J
사
←
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-
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l ‘ 
、-r 
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-


、, / -
ω
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-
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-
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-
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-

--

vpε Z+. 
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