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1. Introduction

Let E be a real or complex locally convex Hausdorff topological vector (abbreviated to
locally convex) space and let E' denote its dual.

A locally convex space E is said to be barrelled if every closed, balanced, convex, absorbing
subset of E is a neighborhood of O or equivalently, if every ¢(E,E’) bounded subset of E’ is
equicontinuous.

A locally convex space E is said to be w-barrelled if every countable ¢ (E,E’) —bounded subset

of E' is equicontinuous. In this paper, we study the structure of w-barrelled space.

2. Main Theorem

Proposition 1. Every barrelled locally convex space is w-barrelled.

Proof: It is immediate from the definition since every ¢(E,E’) —bounded set in a barrelled
space E is equicontinuous.

Corollary: Every Fréchet space (in particular Banach space) is w-barrelled.

Proposition 2. w-barrelled topology is stronger than the weak topology ¢ (E,E’).

Proof: Since the weak topology o¢(E,E’) is the S-topology, where S is all subsets of E’
consisting of finite elements. The neighborhood of O in E for the weak topology is a neighbor-
hood of O in w-barrelled space E.

Theorem: A locally convex space E is w-barrelled if and only if each Larrel B which is the
countable intersection of convex, circled and closed neighborhood of O in (E,s(E,E")) is
itself a neighborhood of O in E.

Proof: Suppose that E is w-barrelled. Let B=ﬁU,. be a barrel such that each U, is a convex,
n=1

circled, and closed neighborhood of O in E for the topology ¢ (E,E’). We can assume that
U.=A,°, where A, is finite subset of E'.
Then

B°=(ﬁUZ°) =(0uh )°°:>’QIU: =:L°=JIA:°:>:L;JIA,.
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Since B is a barrel and hence absorbing, B° is ¢(E,E’) —bounded and so is ng"

Since E 1s w-barrelled, it follows that QIA,, is equicontinuous.
Therefore,
(0An) =AAs=NU=B

n=1 n=1
is a neighborhood of O in E.
For the converse, suppose the condition is satisfied. Let A be a countable o (E,E')—bounded
subset of E',

If
A=Q1{f,.},
then it follows
B=a"=({ ) =N (£
is a barrel in E. And {fz}° is a neighborhood of O. Hence B, being a barrel which is the
countable intersection of convex, circled and closed neighborhood of O in E’ for the topology
o (E,E').

B°=A"° is equicontinuous.
But then ACA®°® implies that A is equicontinuous. This proves that E is w-barrelled.
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