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It is shown that the cluster set of a net in a Hausdorff space X is a continuous function of
the net if and only if X is locally compact. Our result should be compared with that of Fuller(3).

for a net (z1) in a topological space X the cluster set of (z2) is the set of all cluster points
of (x2). we will denote the cluster set of (z2) by a(zxz).

For a set X and subset U of X, P(X) is the set of all nonempty subsets of X and R(U, X)
is the family of all nonempty subsets of X which intersect U.

If X is a topological space, the lower semifinite (Isf) topology on P(X) has as a subbasis all
sets of the form R(U, X) where I/ is open in X. _

We will denote all nets in a topological space X which have nonempty cluster sets by X*.

Let D be a directed set. The terminal sot T3, determined by Ae&ED is {A&D| <A} .

The net space X# will be assumed to carry the topology which has as a subbasis all sets of
+he form

W= ((x) EX* VT, o(TH) NUFG,

where U is open in X and ¢ is net (z1) defined on D.
Theorem 1. The following four properties are 2quivalent

(1) X is locally compact.

(2) For each r&=X and each neighborhood U(x), there is a relatively compact open V with

zEeVCVCU.
{3) For each compact C and open UDC, there is a relatively compact open V with
ccvcvcu.

{4) X has a basis constisting of relatively compact open sets.

Proof: See the proof of X1 6.2 in (2).

Theorem 2. Let X be a Hausdorff space and P(X) have (1sf) topology.

Then the cluster set function a:X*—P(X) is continuous if and only if X is locally compact.

Proof: Assume X is locally compact. Let (£:) be in X* and R(V, X), where V is open in
X, Ye a subbasic neighborhood of a(z;). Then for some p in a(z:), p is also in V. Hence
there is a compact neighbozhood U of # contained in V.

Consider the neighborhood of f(z,), U# and let (x,) be in this neighborhood. Then the net
{#s)u consisting of the terms of (z,) in U is subnet of (z,). Since U is compact, (z,), must

have a cluster point z in U, So (x,) have a cluster point z in U.
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Thus a(z,) NU#¢. Hence a(z,)=R(V, X). Therefore « is continuous.

Assume X is not Jocally compact. There is then a point p in X such that no neighborhocd of
p is compact. Hence for every neighborhood U of p, there is a net (z.) in U which has no
cluster point.

Let () be net such that z;=p for each A&D.

If W#, where W is open, is a sulbasic neighborhood of (p). Then W is a neighborhood of
2. Note a(p)=p.

Now let R(V,X), where V is open, be a subbasic neighborhood of a(p), so that V is a
neighborhood of g.

For each neighborhood U of p, whenever (zu) == (Zuas Zugy Tury *++** ) and zp=X-—V, Consider
the net (zu, 20) = (o, Zua, Tugs Loy Tury *+ Y which has cluster set a(z, 20) =o.

Let /A\be neighborhood system at p, Then the order relation Uy<<U, iff UpCU; directs/A\. If
W# be a subbasic neighborhood of (p), (zu, x0) =EW# for UCW. Thus the net of nets (zu, 2o)
converges to (). But a(zu, z0) does not belong to R(V,X) for any U. Therefore a:X#*—P(X)

18 not continuous.
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