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ON AN INTEGRAL. TRANSFORM INVOLVING 

, 

By C.F. Wong* and R.N. Kesarwani+ 

’S G-FUNCTIONS' 

1. A Fourier-type integral transfonn has been introduced [3, p. 298] whose

kernel is 
/ 1 1 

α1， ---, αp， -검--αl' …, τ-αP 
견G짧a!:%4 

ß1, …, ßq, 웅-βl' …, 웅-ßq 
• 

Here G￠? denotes the Meijer G-function [7, p. 143] • Fo11owing the same ana1ysis 

as in [3] , one can easily show that the function 

(1.1) k(x)=r，μT/2X(T-1)짧싫 (μx〕r;@: :::: @: :Zi’ ::;’ :@ 
also plays the role of a Fourier kernel. Here μ and r are positive real constants,. 

p and q positive integers such that 

(1.~ q-l는#르O 

and Oj' j=l. …, ψ and b
h’ h=l. …• q, are numbers satisfying 

aj-bh#1, 2, 3. ---, j=1, ---. φ， h=l, …, q ; 

brbh~O， 1:1, 1:2. …, j=1, …• q, h=l, …, q. j~h: 

(1.잉 Re (웅-와)>0. j=l. …. p; 

Re (웅+bh)>ü. h=l • .... q. 

The conditions (1. 3) ensure that the poles of r따-s) and J’(1 -0j+s) lie on the 

opposite sides of the contour used in the definition of the G-function and that they 

are simple poles. 

In obtaining the kernel , (1. 1). Mellin transform of k(x) has been used. The 

convergence of the Mellin integral involved is ensured under the assumption (1. 2) 
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and the fact that arg μ=0. See [7. p.159. Case 3]. 
The integral transfonn we discuss in this note arises from the integral formula 

。o 00 

(1.4) f(x)=/ k(xu)du/ k(μt)f(t) dt. 
o 0 

where k(x) is an in (1. 1) •.. This formula gives rise to the reciprocal relations 
00 

(1. 5) ” “ , 
￠
 

찌
 찌

 

κ
 

만
 。

、

치
 

F 
‘ 

00 

(1. 6) f(x) = / k(xu) F(u) du. 
o 

connecting two functions f(x) and F(x). We will call each of the two functions 

so related the G-tγansform of each other. If. further. F(x)=f(x) so that 
00 

(1. 7) f(x) = /k(xμ)f(μ) du , 
o 

then f(x) is called self-recψrocal in the G-tran욱form. 

The kernel (1. 1) is a very general one. It contains as its particular cases 

Fourier-type kernels studied by various authors from time to time. Some of them 

were listed in [4. pp. 957 - 958] • 
The formula (1. 4). with the left-hand side replaced by {f(x+O)+f(x-O)} 12 at 

the points of discontinuity of f(x). has been proved [1. p. 40이 under the hypothesis 

that l'f (t) ε L(O, ∞)， with suitable 0". and that f(t) is of bounded variation in 
the neighborhood of the point t=x. See [5, p. 28] also. However, when we come 

to study the relations (1. 5), (1. 6) directly,. we find that the theory of ordinary 
convergence is not always enough. A case in which a satisfactory theory can be 

developed is that in which fε L2(0, ∞): even in this case, the integrals in (1. 5). 

(1. 6) do not generally exist, and we have to express the reciprocal relations in 

the form 

(1. 8) F(x) =옳 
∞ k1 (xκ) 

4 % ;f(μ)du， 

0 

(1. 9) 
J 염 k1 (xμ) 

f(x) =찮 J' ~ ~ - F(μ) du, 

/ 

x 

where k1(x)= J k(μ)du. In case we can differentiate ￦ith respect to x under the 

、
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integral sign, the formulas (1. 8), (1. 9) reduce to (1. 5) and (1. 6). 
In [6, p. 96J Kesarwani obtained a necessary condition, given below as Theorem 

1. so that a pair of functions f(x). F(x) are G-transforms of each other. The 
purpose of this note is to establish that the condition is sufficient also. 

2. In [6J Kesarwani shows that the function 

X ‘’ “ b껴1: I...vμxJ l b,. ---. b j 
1- ’ q: 

1S self-reciprocal in the G-transform under the conditions (1. 3) and belongs to 
L 2 (0. ∞). By making obvious changes of variables. he also showsthat if y>O 

the functions 

(YX/r- 1)/2쩍:하(ν고yx)r a1• …, 씌 

b1• …• bq 

{2.1) 

. ql~ ‘ . . “ , \ b
1
• …• b심 

<:onsidered as functions of x form a pair of G-transfonns. 

(2.2) 
lT‘ 1d 
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o ., ‘ 
for all x>O. 

3. The Mellin transform of f(x) is denoted by 없 {f(x)}. If j)J( {f(x)} =F(s) we 

'ShalI also write f(x) =j)J(-1 {F(s)} and j)J( -1 will denote the inverse Mellin trans

form. If f(x) ε L 2(0, ∞) and the 1. i. m. is with index 2 then 

N 

F(s)= j)J({f(x)} =1. i. m.( f(x) 상-ldx 
N→∞ l/N 

(3. 1) 
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and also F(s) 타2( 웅-i∞， 윷+ioo • If F(s) ε L2 윷-t∞， 웅+i'∞ 1 then 

융+iN 

(3.2) f(x)= ffi1 - 1 {F셋} = 1):"1. i. m. 
ιμN→∞ -

F(s) x-sds 

숭-iN 

and also f(x)εL2(O， ∞). See Theorem 71, [8, p.94]. 

The following result of Fox [2, p.458] will be useful in our work. 

THEOREM 2. 1f (i) x>O, L2(O， ∞)~ 

a쩌 G(s) is bou쩌ed on the 1修 s=윷+강-

to belong both g(z) and (ii) f(z) 

(iii) ffi1 {f(z)} =F(s). ffi1 {g(z)} =G(s) 

-∞<t<∞• then 

(3.3) 

(3.4) 

c。

g(xz) f(z) dz ε Lz(O, 
0 

∞) and 

없 { g(xz)f(z)dz} =G(s) F(l-s) , 
o 

where the integrals of (3.3) and (3.4) are taken as functi01ZS of x. 

THEOREM 3. 1f (i) x>O. μ>0， r>O, (ii) Re(웅-렌>α j=1, …, P. 

Ciii) Re(웅+렌>0. j=l, …. q. (iv) q-l는P는0， (v) f(x) E L2(0, 

(3.5) 

c。

I a1' …, ap' 

b … b o ’ I V1' • vq
‘ 

then f(x) =0 almost everywhere. 

PROOF. Let 

(3.6) 

where 

(3.7) 

qL
、 . • / 

\ bl' …, bq \ 

“l' …, 앙 , , 

‘ Ibl' …• bq : 

’ 1 1 
aj=aj+τ-장’ j ~ 1, ... , ψ， 

’ 1 1 
얀=아+τ-장’ j=l, .... q. 

∞) and (vi)’ 

Since h(x)εL2(0. ∞). see [7. ~ 5.6. 2]. we may obtain its Mellhí transfonn as 
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/ 

• (1-r)/4-흥 q /' - 、 p " ‘ • 

H(s) =1JJl {h(x)} =추μ ‘낌lT(한+τj되 r(l-까-下l (3.8) 

울+i∞ ). Hence with H(S) belo뺑 

j힌1 r .웅+얀+i수)민l r(웅-%-순r 
ι
4
2
 

」4 
」--? “ (3.9) 

[7. p. 33] 

-∞<t<∞. 

Using the asymptotic expansion of gamma function 

Iyl →∞， Ix 1 finite. 
~_1 -~Iyl 

1 r(x+iy) 1 N.ý2π Iyl~-강 e ‘ . x. y real. (3.10) 

-we find that 

1 t 1→∞ (3.11) 

where A, B are some constants which are independent of 1 t 1. Therefore we know 

that H(s) is bounded on the 뻐e s=윷+it. -∞<t<∞. Hence by Theorem 2 

∞〕, n v 
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U (3.12) 

F(l-s). 1 s 
- π .-'---2r ‘ J r 

L T P 
III IT 

s -r +’ I 
U 

+ 1 
2r 견1r(웅-

는L--E 4 - 2 1 
=--μ 

r 
hence l(x)=O' we must have F (1 -s)=O. i.e. F(s)=O. Since J’ (x) is never zero. 

almost everywhere. This completes the proof of the theorem. 

…. P. j=1, Re[윷-씬 )>0. (ii) μ>0. x>O. r>O, (i) Let 4. THEOREM 

tM (iii) Re( 윷+얀 )>0， j=l, …, q, (iv) q-1략르O. A 앓ifjz'αfent condition that 

fμnctions I(x) and F(x) in L2(O, ∞) be a pair 01 G-translorms is that 

o ’ qli'" - Ib1, …• bq 
(3.13) 

o p, qL ‘ - , . - I b1• …. b
q
. 

00 

-1 =x 
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101' all x>O. 

PROOF. Let 때(x) ε L2(0, ∞) be the G-transfonn of F(x). By Th∞rem 1 we 

have 
。。 。。

(3.14) 자(t) h(xt) dt=x- 1 'F(t) h(t/x) dt for aIl x>O, 

where 

But, by hypothesis, 
C잉 

a1- ••• 

qllJ ‘ ,...'" I b … b l' .. ', v q 

。。

(3.15) I(t) h(xt) dt=x-1 r F(t) κt/x) dt for a Il X>O 
0 0 

also. Hence 
c。

(3.16) [/(t)-/o(t)J h(xt) dt=O. 
O 

By Theorem 3, l(x)=lo(x) almost everywhere, i.e. I(x) and F(x) are a pair of 

G-transforms. 
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