
Kyungpook Math. J. 
Volume 13. N\!mber 1 
Junc. 1973 

A RELATION SATISFIED BY SOLUTIONS OF THE ADJOINT EQUATION 

By W.J. Kim 

Let Y l' Y 2 ...• Y. be n linearly independent solutions of the differential equation 

y(”)+p”-lY(n-l)+· +PoY= o, (1) 

where 까 EC’. i=0.1 ..... n-1. and !et W=IY;’ 1) 1;.;:1 be 뼈 W ronskian. It 

is well.known [1J that 
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I Y ’ Y: 1 1'1 '2 
v=πr 

j [”-2) (”- 2) (n-2) 
Yì . Y2 ... . Y;-1 

Yn - 1 

Yn- 1 (2) 

is a so!ution of the adjoint equation 

v(n) _ (P←Iν)(”-1)+(Pn-2V)(” 2)----+(- 1)갱'ov=O. (3) 

We shall prove the following gelleralization of (2). 

THEOREM 1. 1[ y" Yo' .... Y. are n liitearly i1zdependent solutions o[ (1). there 
1" ...- 2 

exist n liχearly ind，φendenl solutiOIlS V • • v_. …. V. o[ (3) sα ch that 1" - 2 
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For the proof of this theorem. 、，ve require a few results from the theory of 

determinants. Each element aij of the determinant D= laijl~.j=ì has a cofactor 

A". Put J= IA;; I~ ;_, Then it is easily confirmed that DJ=D
n

• If D""O. we have zj ' ì , j=l. 

J = Dn
- 1• (5) 

If (n-m) rows and (η m) co!umns in D are de!eted. there results an mXm 
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determinant M = la
T 

... ; l7, i=l. This determinant M is called an '" Ih.order mùwr of D. 

On the other hand. if we delete from D the rows and columns to which the 

called 
M is 

elements of M belong. ‘~'e get an (n η，) X(1I- ’"') determinant N. N is 
the comple.δ/Cn/ of M. The al gebraic co.ηψ~Iem(mt M of an mth-order minor 

defined to be ( _l)T,+"'+T. H'+ "' +" N. 

LEMMA 1 [3J. Lel illl be a pth-order mi‘nor 01 ð. ond M the C07re.ψonding 

01 D C;. e.. M hos the same row and co!umn indices as illl). Tlzen 

11lmor 

띤è=DHM. 
provided D;éO. 

Let 6 , be tbe set of all pennutations of the integers between 1 and n. Then 

D=옳앙맹π)01… where sgn " is + 1 or - 1 according as " is even or odd. From tbis repr"，몽ntation 
of D. we casily deduce tbe following 1잉nma. 

LEMMA2. 
i+ j 

D= [a，지1=l= 1(-l) % l?,1=1= |0,+H ”+l-l|1J 

We are now ready for the proof of Tbeorcm 1. 

('-1) 
Proof of Theorem 1. Let " ii be the minor of Y'j' - " in W. Then v.="ιa+ l_IW. 

k= 1.2, .", n, are ∞lutions of (3) [IJ . To prove tbe linear independenee. it 
(' - 1) suffices to ,show tbat tbe Wronslåan !1ll= Iv~' - 'JI~ ,_, does not vanisb. ‘ .;=1 

(i-1), k IV~I - J) I;.;=l and Xk=lqijl~.;=k' Then it is easily confirmed that ‘ , j=1 ........... -k - ''''ij ‘.J= 

엉 =「LE , k=1, 2, ---, ”-k- u ; k .<:Ol n+l_b 

Hcnce, 

!1ll=잉 =4:E.=」」W”-1=4-
W" - 1 W ,. W ’ 

the third equality following from (5) and Lemma 2. Therefore. 

!1ll does nQt vanish. 

By Lemmas 1 and 2. we bave 

E,+l-k=wk-1 |y?-l) |::l· 

k= I , 2. …• n-l. From (6) and (7). we conclude 

the 

Put 원= 

(6) 

Wronslåan 

(7) 

/‘ 
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-• L •.. (i- I) .n- k 
잉，= w l껴 |l,1= l’ 

1:= 1.2. … π- 1. cstablishing (4). 

We remark that (4) holds for k =n if we set Iy상1’←-1)시|새gL，=걱= 1 -야=야l 

A solution y 0아f (1) i잉s s잃aJ떠d to have a zero 0아./ order 11 a t ( if y(~) =y' (() = … 
=/'- 1) (잉=0: if . further /') (~) ;60， we say that y has a zero %rder exaclly 
k at (. 

THEOREM 2. 1/ (1) has a nontr;ν';al sol"#O/I y ruith a zero 0/ order k at ç and 

a ZMO 0/ order n-k at <:. the., (3) r.as a '"끼triψial solution v tuith a zero 01 order 
n-k at ~ and 0 zero 0/ order k at 

" 
PR∞F μt Y!' Y2' "' . y. be solutions of (1) satisfying Yj'-')(~)=이선.j = I. 2. 
• ι Then the 0 ,. as defined in Theorem 1. satisfies 

’야) =얀(()= ，，， =굉' -'-1)(0=0. (8) 

k = I.2. "'n- l. Since the y has a zero of order k at 1;. y=c1Y1+c젖2+ "+C._-'._. 

(;-1) for some constants cl' c2• "', cU

_
k' not all zero. Fl‘IrI따rlπ떠t다뼈:1 

becaus않e the y has a zero of order η -k a따t <:ζ. In ，씨iew of (4). this implies 
(':-1)l' n • .t 1 vì'-"(O 1;, j =1 = 0. Hence. there exists a set of constants C!, C2 •

.. .. C. such that 

0=C1V1+" 十C.야 is a nontrivial solution of (3) with a zero of .order .k at C. That 

this v has a zero of order π k at ç is immediate from (8). 

Sherman [5. Theorem 1이 obtained a similar result under the stronger condition 

that y have a zero of order exactly k at t; and a zero of order n-k at ( . 

The equa디on 
2 2 2 . 2 "" /ro. ' 2 ___ 2 

(3 sin.% cos.", -2)y. -6 sin..- cosx(cos"% -sin.x)y" - (9sin.% cos.%+ 14)y’ =0. (9) 
2 2 

where 3 sin.x cos.%-2<0. has three linearl y independent solutions 잉n x cosx. 
2 

COS
2
% sinx. and 1 [6J. The solutioo cos2x sinx has double zeros at - π12 and ,,/2. 

Therefore. (9) cannot have a solution with a zero of order exactly 1 at - π12 

and a zero of order 2 at π12. This example shows tbat the condition in [5, 

Theorem 10] i8 indeed stronger than that io Theorem 2. 

Supp∞e ÞO' Þ1• Þ'- 1 in (1) are reaJ-vaωed. continuous functiûns defined 

Qjl an interval 1. For the even-order equation (n二 2m). we say that (1) i8 
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disco.시!jugale in IIfe SIm5e of Reid [4] on 1 if flone of its nontrivial solutions have 

two 싸th-order zer∞ on 1. By Theorem 2 πe see that (1) is disconjugatc in the 

sense of Reid if and only if (3) is disconjugate in the sense of Rcid. Moreover. ... 

if Pi EC‘(1). (3) may be cast into the form of (1) ; 

( 11) ,_ •. (,, - 1) +q._ 1V' " ., +…+qo.=α 

where 

ft~， . ... "-klk \ , (k-i) . 
qi=월(-1)- -l iJP; ( 10) 

j=O.I. …. ,,-1. Since ( 1) with n=2끼 is known to be disconjugatc in the sensc of 
Reid on (-c. c) if 

~ 1P2m_.(%) 1 , . , " •. ~ IP2 .. _.c .. ) 1. . " . _ .. t21 k! (c+I .. I).t=E ， ....:...:.τ-~ -(c-I% I) ’ (c+I %1)’:::;1 
= 1 ‘ k=m+l 1.: 

[2. Theorem 2. 3J. we have the following rcsult. 

THEOR하1 3 . • 4ssume tha! P i EC'‘.i=O. 1. 2m-l.;$ 0 Teal-val~ed function 

dψ‘'ned "" (-c. c). The diffeTenJial equaljon 

(200)" . ..(2n<-I) y'-' +P2n<-,v' -- " + "' +PoY = O 

is di$canjιgale i" I"e s.nse of Reid 011 (-c. c) if 

~ Iq2oo_.(%) 1 , . , "i. 2m I q2꺼_.(x) 1 
「-다-; -(c+ I%I)"+ . 2: . . -'다「-(c-|X|)k-’(c+ 1.<1)’ '<1. 

k= 1fC +l 

where qo- ql' q2m-l aTe dψïned as j n (10) with n=2m. 

By using Theorem 3. the differcntial equation 

(2m) , 1 (2",-1) ! .1 ’ 
y'-"'+ I -스 τ응든，--y 1 = 0 

L 2(1- x")'" ‘ 」
( U) 

is easily sho" m to be disconjugate in the scnsc of Reid on (-1. 1). Howevc .... 
Th∞rem 2. 3 in [잉 is inconclusive as to tbe disconjugacy of ( 11) . 
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