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ON THE K -PROXIMITIES 

By Chi Young Kim. KiI Nam Choi and Yong Sun Shin 

The theory of proximity spaces was essentiaIly discovered in the ear1y 1950’s 

by Efremoviδ when he axiomaticaIly characterized the proximity relation “ A is 

near B". which is denoted by A δ B, for subsets A and B of a set X. 

Efremoviδ’ s axioms of proximity relation δ are as follows: 

P1. A δ B implies B δA 

P2. (AUB) δ C if and only if A δ C or BδC 

P3. A δ B implies A;=: ø. B;=: ø 
P4. A ø B implies there exists a subset E such that A ø E and (X -E) I B 

P5. AnB;=: ø implies A δ B. 

A binary relation δ satisfing axiomsP1-P5 on the power set of X is called the 
E-þroximity (Efremoviδ’ s proximity) on X. Defining the closure of a subset A of 
a proximity space (X, 야 to be the set {xEXjxδA} , Efremovic showed that a 
topology ‘!T(δ) can be introduced in X and that this induced topology is compl­
etely regular. He also showed. that every completely regular space (X, ßη 

admits a compatible proximity δ on X such that ‘rcδ)=‘!T. 

In this work we propose some generalization of the concept of the Efremoviδ’ s 

proximity, which we call a “ K -proximity" and examine some of its properties. 

We also try to characterize the topological structure based on this K -proximity. 

K -proximity and E-proximity. 

DEFINITION 1. Let δ be a binary relation between X and ‘9' (X) such that 
i) xδ AUB iff x δ A or x δB 

ii) x ø ø for all x εx 
iii) x E A implies x δ A 

iv) x ø A implies there is a subset E such that x ø E and y ø A for all y εX-E. 

The binary relation δCXx‘9'(X) is caIled the K냉7OXZ·ηzity on X iff ð satisfies 

the axioms i) iv). The pair (X. 이 is caUed the K -þroximzïy sþace. 

One can easily show that the E-proximity on X implies the K-proximity on X. 

THEOREM 1. Every E-proximity on X z's also an K -þroximity on X. 
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PROOF. P1 and P2 implies i). P3 implies ii). and P5 implies iii). If A= {x} 

and A ð B then from P4 there exists a subset E ζ X with x fJ E and X-EiB. 

Hence for each yεX - E we have y i B. This means that P1 and P4 imply iv). 

We now give an example of an K -proximity which is not an E-proχimity. 

Let $= {O. 1} be the Sierpinski space with the topology Y = {ø. {O}. $} then by 

the following theorem 2 there is a K -proximity δ on $ with ‘!T(δ)= ‘r. But 

since $ is not completely regular. S can not admits an E-proximity. 

Now we shall introduce the Efremoviδ proximity ð' 1 from thc K -proximity δ 

replacing the axiom iv) in K -proximity by the stronger one. 

DEFINITION 2. A binary relation δ defined between X and ‘9' (X) is called the 
E-prox강꺼ty on X iff δ satisfies the axioms i), ii), iii) in the definition 1, and 

iv') For each subset E C X there is a point x E X such that either x δ A, 
xδ E or x δ B， x δ X-E， then we have x δ A and x δ B. 

DEFINlTION 3. ln a K -proximity space (X , δ) let 이 be a binary relation on 

‘9' (X) defined as follows: 

For each subsets A , B of X , A δ1 B iff there is a point xε X such that x δ A , x δ B. 

THEOREM 2. The binary relation 이 on ‘9' (X) defined in definition 3 is the 

Efremovic proximity on X. 

PROOF. 1) It is clear that A δ1 B implies B δ1 A. 

2) (AUB) 01 C q there is a point x such that x δ AUB and x δ C 

수수 (x δA or xδ B) and x oC 

송수 (xδA， x δ C) or (x δ B， x δ C) 

qA δ1 C or B δ1 C. 
3) A δ1 B ~ there is a point x such that x δ A , x δ B 

~ A :;6 ø and B :;6 ø. 
4) Suppose that for each subset E C X , A δ1E or B δ1 X -E. Hence for some 

point x ε X we have either x δ A , x δ E or x δ B , x δ X -E, therfore by iv') x δA 

and x δ B, that is, A δ1 B. 

5) AnB:;6ø~ 크x E X with xEAnB ~ xEA and xEB ~ x δ Aand xð‘B~A δ1 B. 

ln what follows we introduce some properties of the K -proximity. 

LEMMA 1. 1f x δ A and ACB then x δ B. 

PROOF. By i) x δ A~x δAUB~x δ B. 

• 
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THEOREM 3. 1 n the K-양roximity spαce (X, δ) if Aδ is defined to be a set 

{xlx δ A , xEX} for each sμbset A ζ X , tlze1Z δ is a Kuratowski ’ s closure oþerator‘ 

Hence we can introduce the topology ‘.r(δ) on X by δ and for eaclz subset A C X 

A= A'δ. 
zoFLeye ;강 is the closure of A zαfth respect to ‘r(δ). 

PROOF. Now we show that δ is a closure operator. 

1) For each x ε X , x ø tþ. Hence x $. tþδ， that is øδ = tþ. 

2) If x ε A then x δ A or xEAδ. Therefore A C Aδ. 
3) Let x ø A then by iv) there exists a set E C X such that x ø E and y ø A 

δ 
for aIl y ε X-E. If zεX ， then z δ A. Hence z E E , that is AδCE. Since:; J E 

δ'å. , . δ δ5 δ we have x Ø' Aδ. This means that x 드 X V implies x E AV or AVV C X. Therefore 
õõ δ A"'V =Av• 

δ a δ a 4) xE(AUB) 승:>xδ(AUB) ζ::>x δ A orx δBζ:::> x E K or xE B ζ::> x E AVUB 
a δ δ That is, (AUB)V =AvUBv• 

THEOREM 4. Let (X, ‘r) be a topolog짜1 Sþace. lf a b쩌ary relation δ CXx 

g (X) is defined by x δ A iff x E A , tken δ is a K -proximity on X and the topology 

‘.r(δ) induced by δ is the given toþology .:r. 

PROOF. 1) ?i =ø 二'> x ø tþ for all x ε X. 

2) xδ(AUB) <=수 x eg디효~AUB 송:>xεA or xEB ζ二ìx δ A or x δ B. 

3) x ε A='> xEA 응 xδ A. 

4) xØ'A ='> x종강 ='> x$.(.A) ='> xØ'A. 

Now let 표=E then xøE and ypA for all yεX-E= X-A. Since xEA 수수 xδA 

성 xεA 0 , we have 표=Aa’ that is ‘r(δ)= ‘.r. 

THEOREM 5. The topological space X is T 1 zff there is K -proximity δ on X 

satisfi1zg the following condition: 

v) xδ {y} ='> x=y. 

PROOF. X is T l' ='> There is a binary relation δ on X satisfing conditions i)­

iv). Then xεAδ ζ::>xδA. Hence x，δ {y} ='> xE {y} δ= {y} since X is Tl' That is x= 
δ 

y. Conversely if xδ {y} implies that x=y, then {y} v = {y}, that is, X is T 1• 

LEMMA 2. xδ {y}, yδA ='> xδ'A. 
PROOF. xøA ='> There is a subset ECX such that xØ'E , zøA for aIl zεX -E ='> 

y f$.E (if yEE then xδ {y} ， yEE so we have xδ'E) ='> yEX - E , that is yøA. It is: 

a contradiction. 

• 
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It is easy to show that the following theorem is true in the K -proximity space 

(x. δ). 

THEOREM 6. 1) A sμbset G of X is ~ψen iff xPCX -G) for every x in G. 

2) 1f x p A. then xεInt CX-A). 

DEFINITION 4. Let δl' δ2 be K-proximities on X. We define 

킨 <δ2 iff xδ2A~xδ1A 

The above is expressed by saying that δ'2 is finer than δl’ or δ1 1S 

than δ2' 

coarser 

The following theorem shows that a finer K -proximity structure induces a 
finer topology. 

THEOREM 7. Let δl' δ'2 be two K-proximities defined on a set X. Then we have: 

1) δ1<δ2 imPlies ‘rcδ1) ζ‘rcδ2)' 

2) Let 걷 and 킹 be tμ10 

on X defined as in the 

topologies on X. and ð'1 and δ2 be the K -proximities 

theorem 4 with respect to ..9í aπdJ중 re，챙ectively. Theπ 

..9I CJ캉 implies δ1<δ2' 

PROOF. 1) Gεrcδ1) ~ xEG implies that XP1CX-G) 

~xεG implies that xP2CX김) 

~GE킹(δ2)' 
δ1 _!._ r M' . _ rJ • δ a 

2) xδ2A~xEÆ'~xεÆ' since 칸 ζ ..92"' implies AV'CAv , ~ xδlA. 

Alternate deseription of K -proximity. 

proximity space (X. δ). a subset B may said to be a proximity 

neighborh∞d of A iff ApCX-B). An analogous concept. that of a K-proxirnity 

neighbourhood. can be introduced in a K -proximity space and fumishes 
altemative approach to the study of K -proximity spaces. 

an 

a Given 

DEFINITION 5. A subset A of a K -proximity space CX. δ) is a δ-neighbourhood 
()f a point x in X Cin symbols x<A) iff xpCX-A). 

LEMMA 2. Let CX. δ) be a K -proximiψ， space and let IntA denote the intel'ior 

of A. Then x<A implies x<IntA. Therefore x ε IntA. showing that a δ-nezghbo­

urhood is a topological neighbourhood. 

PROOF. x<A ~ xpCX -A) ~ xpcx-Ai =X -IntA ~ x<IntA. 

LEMMA. 3. 1f x p A then there is a s때set B of X such that x<.B and y p A f lJ1' 
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every y z"n B. 

PROOF. If xØ'A then by axiom iv) there is a subset E of X such that xØ'E and 

ypA for every y in X -E. Let X -E=B then x<B and yØ'A for every y in B. 

the ?’elation 증 satisfies the K-proxiηzity 챙ace CX, δ') ， a Given THEOREM 8. 

y eνery y<..A for 

fo !lowùzg properties: 

1) x<X for every x in X. 

2) x<A implies xEA. 

3) lf x <A and ACB then x증B. 

4) x<A imj이ies there is a subset B of X suck that x<B and 

in B. 

n then x< .n. Ai. 

then x<CX - {y} ) 짜f x -::;6y. 

5) if xξAi for i=l. 2. …, 

6) lf δ is T l' 

and y<A 

PR'∞F. 1) Since x뼈， 

2) is cIear. 

3) x<..A, ACB ~ xØ'CX - A) , X - BCX - A ~ xpCX - B) ~ x<..B. 

4) x<..A~xØ'CX-A) ~By lemma 3 there is a B such that x<B 

for every y in B. 

x<X. 

、
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‘ • % 5) xØ'CX - A i ) for i = 1, 2, …, 

n 

=;x<n141 
6) x<(X - {y}) 수:> xØ' {y} ζ::? x -::;6y. ’ 

the 

every y m 

PROOF. i) xØ'A, 
xØ'CAUB). 

i i) xEX~x<X~x뼈. 

iii) xØ'A ~ x<..CX - A) ~ xE CX - A) ~ xE1=A. 

iv) If xØ'A then x<(X -A). By 4) there is a B such that x<..B and y<..(X-

A) for every y in B. Hence let E=X-B then xØ'E and yØ'A for every y in 

B. That is, there is a subset E of X such that xØ'E and yØ'A for 

X-E. 

satisfying 

xξCX-B) 수:> x<..CX -A)nCX -B) 송수 

THEOREM 9. lf <.. is binaη relation between X and 

properties 1) 5) 샤 tke theoreηz8and δ is defined by 

xØ'A iff x<(X -A) , 
then δ is a K -proximity on X. A is a δ-neighboμrhood of x iff xξA. 

.9'CX) 

xØ'B 송수 x<..CX-A) , 
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It is easily seen that if <. sati었ies the additional property 6) in the theorem 8. 

then δ is T1• 

an functions continuous 

K -proximity mapPÎngs and subspaces. 

the study of In 

m 

_ DEFINITION 6. Let (X, δ1) and (y, δ'2) be two K -proximity spaces. A fllDction 

/:X• Y is said to be a K냉roximz"ty ηzappz'ng iff xδ1A implies /(x)δ2/(A) 

THEOREM 10. Let (X, 이) and (y, δ2) be two K -proximity spaces and let /: X 
• Y be a /unctz"on. The /ollowing proper#es 0/ / are eqμivalent: 

1) / is a K-proxz"mity mapping. 

be 

q 
u 

o e 
·m p 

때
 

m 

can spaces 

2) yø2B imPlies xP1/-1(B) /or each xεrl(y). 

3) y<2B implies x<d一I(B) /or each :t드/-I(y). 

1) ::? 2). Suppose that there is some xE/-1(y) such that :t δJ-l(B)‘ PROOF. 

every By 2) we then YP2(Y - B). If y증2 B 2) ::? 3). 

every for XP1 (X - /-1(B)) lS, That :tE/- 1(y). 

every xEf-l(y). 

have X’<1/-
1
(y-By 3) we /(x) <'2(Y - /(A)). If /(x)P2 /(A) then 3) ::? 1). 

X<1 (X - /-1U (A)) and xE/-1U(x)) , Since x'ε /-lU(X)). every for /(A)) 

therefore xprt-
1(fCA)) or xølA. 

mapping /: CX, δ1)→(y， δ'2) 

‘:TCδ1) and ‘:TCδ2) iff / is a K-pro.껴mity ηzapping. 

It is easy to see that the composition of two K-proximity mappings is a K­

proximity mapping. The following theorem is similar to the well-known result:a 

proximity mapping is continuous with respect to the induced topologies. 

to: 

play 

proximity 

introduced 

general topological spaces, 
important role. A similar role is played by proximity 

spaces. Their analogue in the theory of K -proximity 

as follows. 

Then /(x)δzfU一 l(B)) and /U-1(B))CB. Hence y δzB. 

have x@1f-1(Y-B) for 

XE/-\y) or x<d-1(B) f.or 

respect wüh is contz"nuous A THEOREM 11. 

/ we-of continuity the By xEÃ. continuous and XδlA then PROOF. If / is 
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have f(x)εf요)， or f (x)δ'2 f(A). That is. f is a K -proximity mapping. 

If f is a K -proximity mapping and xεA then x이A and also f(x) δ'J(A). That 

is, f(x) εf(J한 or f is continuous. 

THEOREM 12. Given a function f:X• (Y, δ1)' the binary relation δ defined by 

x δ A zJf f(x)δ1 f(A) , is the coarsest K -proximity on X such that f is a K -þroximz"ty 

mapþz"ng. 

PROOF. We first show that δ is a K -proximity on X. 
i) xδ(AUB) <=? f(x)δ1 f(AUB) = f(A) Uf(B) 송:? f(x)δ1f(A) or f(x)δl!(B) 

<=?xδA or x!fB. 
i i) xEX:::? f(x) EY:::? f(x)P1Ø :::? f(x)와 f(Ø) :::? x(Jø. 

iii) xEA:::? f(x) εf(A) :::? f(x)이 f(A):::? xδA. 

iv) xøA":::? f(찌꺼f(A) ":::? there is a subset E 1 such that f(x)P1E 1 and y (JJ(A} 

for every y in Y -E1 ":::? Let E=C
1
(E1) then we have f(E)ζE1， f(x) iJd(E) 

and ypJ(A) for every y in (Y-E1)nf(X) :::?xøE and x'ø A for every x' in 

r 1(y -E1)n f-1(f(X))=(X -f-1(E1))nx=x -E. 

Let δ。 òe any K -proximity on X such that f: (X, δ'CY→(Y. δ1) is a K­

proximity mapping, then xδoA implies f(x)δ1f(A) or xδ'A. That is, δ<δo' 

DEFINITION 7. Two K-proximity spaces (X, 이) and (Y. δ'.;) are said to be 

K -proximally isomorPhic iff there exists a one-to-one mapping f from X ontD Y 

such that both f and f-1 are K-proximally mappings. Such a mapping f is cal1ed 

a K -proximity isomo썽hi앙n. 

It follows from the Theorem 11 that two K -proximity spaces are K -proximally 

isomorphic iff they are homeomorphic. 

DEFINITION 8. Let (X, 이 be a K -proximity space, and YζX. The induced 
K -proximity δy on Y is the coarsest K -proximity such that the inclusion mapping 

i : Y • X is a K -proximity mapping. The K -proximity space (Y. δy) is called 

the sμbspace of (X, 이 and δ'y is called the induced K-jJ1’'oximit)’· 
Product spaces and quotient spaces. 

We next consider the product of a family {(Xa, ða) : aEn of K-proximity 

spaces. Let X = II {X a : αEn denote the Cartesian product of these spaces. We­

define a product K -proximity δ=II {ða : aE I} on X as follows: 



、

’ 

、
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DEFINITION 9. Let %EX and A a subset of X. Define %δA iff for each finite 

cover α={Al' 4 …， A싸 of A there is Ai such that PaCx)ò~aCAi) for each 

aEI. Where P a denotes the projection of X onto xaò 

THEOREM 13. The binaryrelation δ dκfined in the dejt"m'Hon 9 is a K -proximzïy 
on the P1ηdμct set X. 

PROOF. i) Let A and B be subsets of X. lf xδA and α= {El' Ez, …, En} is a 

finite cover of AUB then α is also a a cover of A and there is some E i i끄 @ 

such that Pιx)δ P~CEJ for each aEI. That is, xδCAUB). u...--....-a-a...-t 

Suppose that xøA and xøB, then there is some finite covers α={Al' Az. …, 
Am} of A and ,-c = {B1, B2• …, BJ of B such that for each AiEα there is αie 

1 with P a;Cx) ø ai P ai CAi) and for each BjE-Ø there is αjε1 with Pa/x)Pa/ aJ 
CBj). αU.t' = {A1, Az, •••• Am' Bl' Bz, "', 한} is a cover of AUB and there 

is no member Ai 야 Bj m αU，-C such that P aCx) δ'aP aCAi)for each αε1 or 

PaCx) δ'aP aCBj) for each a드1. Hence we have %pCAUB). 

ii) Since α= {Ø} is a finite cover of ø and PaCx) Ø~aφ for each αEI we 

have xøø. 
iii) If xEA and A=Al UAzU…UAn then there is some Ai such that xEAi• 

Hence for each aEI we have P aCx) δaP aCAi)' that is, xδA. 

iv) If xøA then there is some finite cover α= {A1, Az, …, An} of A such that 

foreach Ai in α， Pαi(x) &‘,p aiCAi) for some αiE1• 

Since CXa;' δαl) is a K-proximity space for t=1, 2, …, n, there is EiζXai 

such that P a;Cx) ø，αßi and Yj øa, P，α/Ai) for each y iεXai-Ei• Let E=P-;'‘lCE1) 

U…UP강CEn) then xpE since {강캔i)} is a cover of E and for each i , P aiCx) 

laiPa/P강CE낀. On the other hand ypA for each y in X - E. For if yεX-E 

then y종P-;/CEi) for each i or P ai(Y)줄Ei， hence P al(Y)εXa; -Ei for each i and 

pai[ y) &‘P a;CAi) for each i. 

DEFINITION 10. Let {CXa, δα) laEI} be a family of K-proximity spaces CXa’ 
δ심. The pair CX, δ) ， where X=IIXa, δ= IIò a' is called the prodμct K-γoximity 

space of the family. 

THEOREM 14. A mapping f from a K-proximity space Cy, 진) to a product K­

proximity space X=IIXa is a K-proximitymapping iff the composition Paof: Y 
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->,.Xa is a K -proximity mapping for each projection P a' 

PROOF. We need only prove that if each Paof is a K-proximity mapping then 

so is f. Let YεY and BCY. And sUIψose that Y진B and f(y) P f(B) then there 

is some cover α={Al' …• An} of f(B) such that for each Aiεα• P a .. (f(Y))Pai 

Pα .. (Ai) for some αiE1. Since U-1(A1). . ..• r1(Aη)} is a cover of B and 

yð‘1 B. we havey까 f-1(싼) for some Aj' Hence P，α。'f(y) δαPα。f(f-1(Aj)) for each 

αε1 since Pα。'f is a K -proximity mapping. That is. Pα(f(y))ð갱a(Aj) for each 

αEI. This is contradict with the fact Paj(f(y)) PajPaj(Aj)' Therefore f(y)δf(B). 

that is, f is a K -proximity mapping. 

COROLLARY. The product K -proximïty δ=IIδa is the coarsest K -proximzïy on 

X=IIXα for μIhich each projection P a is a K -proxz.mity mappz"ng. 

We now tum our attention to the category of all K -proximity spaces. We first 

consider a category α whose cIass of objects is the cIass of all K -proximity 
spaces and for each (Y. Z) Eα×α whose Hom (Y. Z) is the set of all K -prox-
imity mappings of Y into Z and a~so consider the product K -proximity space X == 
II {Xal αEI} of a family {(Xa• δ'a) I aEI} of K -proximity spaces. Let ZY be the 

set of all K -proximity mappings from Y into Z. where Y and Z are K -proximity 

spaces. and let (Xl be the cartesian product rr {X~ I aEI} then we have a cate-Y 

Y gory øt of sets whose cIass of objects is the cIass øt= {(xy IYEα} and whose 

Hom ((X)Y. (Xl) is the set of all functions from (X)Y into (Xl. Now let T : 

@• øt be a contravariant functor such that for each YEα， T(Y)=(X)Y and for 
z ,. 'I'"y each gE Hom (Y. Z) in α. T(g): (X) • (xy with T(g)((fa깅))=(gofa깅) where 

(fa)E(X찌i갇:==페:=페: 
Combining the above. discussion and the theorem 14 we obtain the fo:여Howing: t 

resu띠llt: 

THEOREM 15. The contravariant functor T: α→øt has a μnz'versal element ((Pa)~ 

X). μIhere Pa: X-• X a is the projectioχ from the product space X =II {Xa IαElf 

to Xa a7Zd (Pg)E(X)x. 

In the folIowing we shall introduce the concept of quotient K -proximity. 

THEOREM 16. Let (X. δ') be a K -proxiηz쩌I space and let f: X • Y be a 11Mψpi%g， 

where Y is any set. If we defz"ne yδ1B iff each f-saturated c!osed sμbset of X 
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containing j-l(B) contains j-1(y) , theη δ1 is a K냉roximiψ 012 Y and j is a K -

proxiηzity mapping. (or δ1 is the jinest K -proximïty on Y sμch that j is α K­
proximity mappz"ng.) 

PROOF. We first show that 낀 is a K -proximity on Y. 

i) Suppose that yδ1 (AUB) and y윈B then each j-saturated closed set F contai­

ning j-1(AUB) contains j-1(y) and there is j-saturated closed set G containing 

f-1(B) such that Gnf一l(y ) =￠. Consequent1y each f-saturated closed set H 
-1/'... . .,.. T 'r_ ,.-1 containing j-~(A) contains j-"(y) , since if Hnj-"(y)=rþ then the closed satur-

ated HUG containing j-1(A)Uj-l(B) does not contain j-\y) and it is a contr­

adiction. Hence yδ1A. Suppose that y힌A then each j-saturated closed set F 

containing j-1(A) contains j-1(y). Hence each j-saturated closed set H containing 

f一\A)Uj-1(B) also contains j-l(y). That is, yδl(AUB). 
ii) Since the empty set ø is af-saturated closed set containing ø=j-1φ) such 

that j-1(y)nø=ø for each y in Y , we have y j}lrþ for each y in Y. 

iii) If yεA then j一l(y)ζf-l(A) and each j-saturated closed set F containing 

j-l(A) also contaíns j-l(y). Therefore we have yδ1A• 

iv) If y iJ1A then there is a j-saturated closed set F containing j-l(A) such 

that Fnf-1(Y)=ø. Let E=j(F) then j-1(E)=F and YP1E. If zEY -E then 

j-\z)ζf-l(y -E)=X _j-1(E)=X -F. Hence zP1A for each zEY -E. 

Next we show that f: (X, δ)→(Y， δ1) is a K -proximity mapping. Let xδA 

.and let F be a f-saturated closed set containing f-1 (f(A)) then xδF because of 

F그'F1(f(A))그A. Hence xEF and f-l(f(x))nF낯ø. Consequently F그f-1(f(x)) 
since F is saturated. This means that j(x)이 j(A). 

THEOREM 17. In the theorem 16, δ1 is the jinest K -proximity on Y sμch that f 

is a K -proximity maPPing. 

PROOF. Let δ。 be any K -proximity on Y such that j is a K -proximity mapp­

ing. And let YPoB then YPoB and we have xp f-l(B) for each x in j-l(y) , that 

is, f-1(y) n j-1(B) =ø. Since j-l(B) is a f-saturated closed set containing 

j-\B) , y찌B. 
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DEFINITION 11. Let (X, δ) be a K -proximity space and let j: X • Y be a 

mapping. The finest K -proximity δ1 on Y such that j is a K -proximity mapping 

is called the quotient K-，ψroximity for Y relative to j and the K -proximity δ 
on X. 

THEOREM 18. Let f be a K -proxim씨y mapp쩌ig of a space X onto a space Y and 

let Y have the quotient K -proximity. The1Z a maPPing g on Y to a K -proximity 
space Z is a K -proximity maPPing iff tlze composition go f is a K -proximity, 
maþping. 

PROOF. Let g。f be a K -proximity mapping and let g(y)4g(E) then g(y)와굵B). 
-1 -1 Since gof is a K-proximity mapping, for each x in f- J.g _J.(g(y)) , xP:J-<g 

(궁B)) or for each x in f-\y) , xø’ ，J-1g-\굵B)) 그 f-1(B) or x axf-l(B) and 

f-1(g-1(굵73))) is a j-saturated closed set containing f一l(B) in X. Hence y찌B. 
The converse is clear. 

Let (X, δ) be any given K -proximity space and let R be an equivalence relat­

ion on X , then we have a quotient K -proximity δR on the quotient set X/ R defined 

by the projection PR : X • X/ R. Now let us consider the category α of all K­

proximity spaces defined in the theorem 15 and a category .1/ of sets whose class 
X _X 

of objects is .1/ = {yX I Y Eα} and whose Hom (y"" , Z"") is the set of all functions 

from yX into ZX. Then we have a covariant functor F: α→.t such that for 
x each YEα F(Y)=Y"", and for each gE Hom (y, Z) , F(g): Y • Z" with 

F(g) (f)=g댄 If we consider a subfunctor H of F such that for each Y Eα， 

H(Y)= {flεYxl 〔x， y)eR =;f(x)=f[ y)} and for eachgε Hom (Y, Z) , H(g)(f)= 

gof, then we obtain the following result from the above discussion and the theorem 

18 : 

THEOREM 19. The sμbfunctor H of the covariant fiκnctor F : α→.1/ has a universal 

element (PR' X/R). 

J 
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