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A SHUTTLE CAR REARRANGEMENT
PROBLEM IN A COAL MINE

H. S. Haun

1. Introduetion

Suppose a coal mine composed of n sections and in each section two shut-
tle cars are assigned to carry coal from its underground coal face to the
conveyer belt which links up to the coal train to surface. Restricting our
attention only to operation of shuttle cars, we assume that the output (amount
of coal per unit time) of each section is 1 when both shuttle cars are in
operation, 6 (1>>6>0) when only one car is in operation, and 0 when no
cars are in operation. The total output, as far as shuttle cars are concerned,
depends on & and possible failures of either one car or two cars in different
sections. And car failure depends on its machine design, age and history.
Now, our shuttle car rearrangement problem may be stated as follows:

Problem. For 2z shuttle cars in the mine when a simple ranking of those
cars in increasing reliability is known, what is an optimum rearrangement
of those cars which maximizes total expected output?

Reynolds [2] gave the following solution for the realistic case when 5>1/2
and verified his solution, using a theorm on a system of common represen-
tatives in Combinatorial Mathematics.

Solution. Given a mine with n sections, let the shuttle cars ¢1, ¢z, =, cp
€ni1s ***» C2n be arranged by increasing order of reliability. Then the maxim-
izing solution is given by the pairs fe1, 2.}, {2 €2n-1}s s  {Cns Cna}-

One of the purposes of this note is to give an elementary and self-contained
proof of Reynolds’ solution (Theorem 1). Secondly, we give a solution for
the case 0=1/2(Theorm 2), and finally, we consider the case, for pure

mathematical interest, of three shuttle cars in each section, instead of two,
and give a partial solution (Theorem 3).
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2. Mathematical meodel.

Let pu; and pu be the probabilities of failure of the first and the second
shuttle cars in the 2th section. Then the probability of both cars in
operation is given by (1—p.) (1—p.e) (assuming that each car’s operation
is independent of one another). And the probability of only one car in
operation in the kth section is ps (1—psz) +p2(1—pe)- Therefore, the total
expected output f is a function of a 2Xn matrix

= (Pn le"'l’nl)
P12 P22 "Prz

and thus we have

F(89)=51—pu) A—p:2) +6 Lo (1~ p02) + 01— p4) ]

or

@ [ =n+(6—1) ;Z-:'l (pratpu) + (1"25)‘; Pir w2

In (1) the first sum will remain invariant but the second sum will be af-
fected by a rearrangement. Hence to maximize f(S) we have to minimize
Yopuipsz if 8>1/2, or to maximize the sum if 6<{1/2. If 6=1/2, F(S) will
remain constant under any rearrangement. To derive the solution stated in
the introduction from (1) for the case §>>1/2 and to help other proofs the
following simple lemma (see [1]) is essential. ]

LEMMA.  For given two sets of positive reals: {a;, a5 -, a,} and
{bla bZ: =ty bn},

() the minimum of ila,-b,- corresponds to opposite ordering (e.g.,
H=a= - =a, and b;=b,= - =b,), and

(ii) the mazimum of glaib,- corresponds to similar ordering of two sets(e. g. ,

ag=ay= -+ =aq, and b;=b;=--- =b,).

Proof. If there are i and k£ such that ¢;=a, and #;<b,, then ab;+a;b,
- (aibk +azb) = (ai—‘dk) (b;—b,) =0.
3. Optimum iearrangement when 6>1/2.
The following theorem clearly implies the above mentioned solution. .

THEOREM 1. For 2n positive reals a;, as, +**, as, the minimum of > a:ds,11-;
i=1
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occurs when a;=arE - 24, S0,1= - Eay,.
Proof. Suppose 2n positive reals a; are given with the above stated order.
Let m be a real such that a,=m=a,;;. Now, suppose Z=:1 x:x’; gives the

minimum, where z;, z3, ***, Z, z’3,-*", ', is a rearrangement of a;'s. If we
assume without loss of generality z;=x,=---=<z, then by Lemma (i) we
must have z/;1=2",=---=2z',.

In a special case if 1=z,=-=z,=m (or m=z' ;=2 ;= =z',) the matrix
14 4
(xla Tz, 40 xn) <0r<$ s L p=1s **% $,1> >
’ ’ s
Tl LTy Lny Tp-1» " Iy
is identical with
(als as, % a, >
A2ny B2n-15 *** Qptl ?

and hence the theorem holds.
In a general casei f 2,=2,=< - Sz, =m<zp= *» =z,, then it must be that
M= 1 =0 19== - =1, and hence two sets {z1, Zs, %, Tpy T4t1, > T'n} and

{a1, as, -, a,} are equal. Since these numbers appear in every term of

S 2z as only one factor, this sum can be rearranged and renamed as
i=1

> a:y. By Lemma(i) again, a;=a,=--- =g, implies y;=y,= *** = v,. Since
=1

also {yh Y2y ***y yn}z{aZm A2n-15 """ an+1}’ we haVe Vi=Aopt1-: fOr 1§i§”'

This completes the proof.

4. Optimum rearrangement when 6<1/2.

For this case we have to maximize > p, ps2 in (1) and the pairing in
k=1

the solution should be rearranged as {c1, ¢}, fe3 ca}s vy {C2n-1, €20 The
next theorem verifies this assertion.

THEOREM 2. For given 2n positive reals a;s the maximum rearrangement of

aax+azayt o +ag,-1a,

occurs when ai=a=a;<a,= - Sap, 1=0a0,.
- Proof. Suppose aias+asas+ - +a2,;_1a2,, gives the maximum. Therfe is no
loss of generality in assuming a;=a@3= - =a,-;. Then by Lemma (ii) it
implies a;=a,=-+*=a,,. Say a; is the smallest. Then we can. show a, is the

next smallest if a;7a;. For, from our supposition a1a;+asa; must be also
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the maximum for a;, a,, a3 and a, and then aay+asei=ajas+aas and
aj=a, imply as=a3 by Lemma (ii) for n=2. By the same argument if a; is
the third smallest then a, is the forth, or if sy is the 22+1th smallest
then ay;.2 is the next smallest one. This proves Theorem 2.

5. The case of three shuttle cars in each section.

First, we modify our previous assumptions for this case. Let the output
of each section be 1 when all three cars are in operation, § when only two
cars are in operation, ¢ when only one car is in operation, and 0 when no

cars are in operation. Naturally 1>6>¢>0. Then the total output is a

b par e Pu
S= (1’12 b - ?nzj
P13 P23 = Pus
where p,; is the probability of failure of the ith car in the %th section, and

n

f(S)= Zl (1= pp1) (1= pr2) (1—p13)

=

function of

+0 ‘Z:‘:l[ﬁkl A —pr2) A= pu3) + pra(1—pr1) (1= pi3) + Prs(1—pr1) (1—pa2) ]

+e ‘Z;;IEPquz (A—pu3) +Przpas(1—pu) + (Puprs(1—pu2) 1, or
F(S)=n+(6-1) Zﬁ:(?kl+?k2+pk3)
+(1—25+¢) Z‘:(Puphz“{‘hzhz"’l’kspu)
+(36—1—3¢) ; Dr1 Drz Paze
There are four cases to consider under the general restriction of 1<(e<(6<1
Case 1. 1+e=26 and 30=1+3,
Case 2. 14+:=20 and 36<1+3,
Case 3. 1+e<{2 and 30=1+3,
Case 4. 1+e<26 and 30<1+3e.
We are able to answer only for the case 1 by the following theorem.

THEOREM 3. For givin 3n positive reals ai, by, ¢1, @z, b2, €2y ***s @y byy €y the
masima of botk (i) Z a,-b,-c; and (ii) E(a,—b;—i—b;c,—-{—c,—a,—) occur When e.g.,

Proof of (i). Assume that iia,—b,—c,— gives the maximum and say a 1s
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smallest number. Then clearly a;b1c1+agboc, has to be the mazimum among
those values obtained by permutations of six numbers involved. By Lemma
(il) a;=a, implies bc;==bsc.. Hence
0=aibic1+azhace—ara261— bibocs
= (baer— arc1) (az—by)
= (boeo—~byc1+bici—ayc)) (@a—by)
implies @y==6;. Similarly, a;=¢;.

Thus we have shown that none of @, by, or ¢ is less than &, or ¢; (there
is no reason b, or ¢, are different from a, in the above argument). By
repeating the same argument we can show that a;;; is no less than a;, &,
or ¢, (£#=2). This proves(i).

Proof of (ii). Assume 3 (a;b;+b;c;+c:a;) gives the maximum and q, is a

2
smallest number. Then ZJ} (ab;+bici+cia;) is also the maximum among its

rearrangements.
Now, since

0= Zj'; (a;bi+bic;+ca;) — (a1by +bico+coay +ashy +bocy +c1a2)

=(cs—cy) (@2—ay+b—by),

b,=b; implies ¢;=c;. This means that if b, is less than or equal to any

one of as, bs, c2 then we should have

a=Eh=a=a=h=c

(with appropriate renaming between a;, b; and ¢;). Finally, it is sufficient

to show that when a;<a;, both &; and ¢; cannot be greater than each ay, .
and ¢, at the same time. For, if they could then

albz +b2€2 +¢:2a1 +a261 +blcl +cla2 hd .-ix (a,-b,- +b,-c,- +c,-a,-)
=(az—ay) (by+e1—by—c2) >0,

2 -
and this means Y is not the maximum, contrary to our assumption.
i=1

By the same argument we can assert that none of @1, bp+; and cuyy are
less than as, b, or ¢, (£=2). This completes proof of Theorem 3.

REMARKS. 1. It seems that an easy rearrangement pattern (such as in
Theorems 1, 2 and 3) for minimum of Z abic; or Z'_(a,-b,-+b,-c,~+c;a,-) does

not exist in general. Even we find two rearrangements, say by computer,
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to make the above two sums the minima, respectively, we do not necessarily
have a solution for the case 4, unless these two rearrangements coincide.

9. To maximize f(S) for the cases 2, 3 and 4 we need to compute f(S)
for all possible rearrangements. Hence we have to know the precise values
of pu;, in addition to the values of & and e. Of course, a simple ranking of
pu; will give no light for these cases.

3. Theorem 3 can be generalized for % positive reals (£>3).
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