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SOME DOUBLE INTEGRAL TRANSFORMATION OF 

MEIJER’S G-FUNCTION 

By N. C. Jain and Rajendra K. Saxena* 

1. Introduction. Rainville [5, p. 104) , Abdul Halim and Al-Salam [1) have 

shown that the single and double Euler transformations of the hypergeometric 

function pFq are effective tools for augmenting its parameters. Recently Shrivas

tava and Singhal [8) and Shrivastava and Joshi [9] have discussed some similar 

interesting properties of pFq in double Meijer and d어lble Whlttaker transforms 

respectively. 

The object of the present paper is to establish a double integral transform of 

Meijer’s G-function whlch leads to yet another interesting proc않s of augmenting the 

parameters in the G-function. The result is of general character and on specialising 

the parameters suitably, yields several interesting results as particular cases. 

In what follows for the sake of brevity we have used the symbols (ar) , .6. (γ， 

a), 6.(r, :!:a), 6.((κ ap)) to denote the s앉 of parameters 띤， a2' … ... , ar ; 증， 

a+1 a+r-1 
7 

; 6.(r, a) , 6.(r, -a) and .6.(r, a
1
) , 6.(r, a2) , ...... , 6.(r, 

r ’ 
a김 r않pectively. 

2. In this section, we have established the following double integral transform 

of G-function 

11 s, k and r are þositive 쩌tegers， then 
。00。

(2. 1) 11 였-팬-l(X+y)U G댐 À.(x+y) 찌)잭낀t웰(x+y)1 앓 )dxdy 
00 

=(없)(1-D)V+g-울“-울에+융D추d，- 추c，+(A-울) (v-u) ζ-설ß-융 >

λa+IHu (s+k)a+ß-윷 “ 
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,.,m+Dg. n+p+D/ 
< l1P+P+Du, q+P+Du 
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D(ν -u) 16.((D.I-A-d,JJ 6. (s.l-a). 6.(k.l-ß). (a.). 
tδD 

-것D I 6. ((D. l-A-C,JJ. (b，).6.(k+s. l-α-ß). 
6.(D.I-A-df+l), .... 6.(D.I-A-d.) 

6.(D.I-A-C,+,) . ...• 6. (D.I-A-C.) 

where δ= 
sk 

S R S+X, ρ =s+k， 
(s+kr' 

, 

D=s十k+r， A=o+α+β: 

O드Dg드Dμ드Dv<Dχ+q-p， μ+v-2g드2f드2u， 0:드%드þ， p+q-2n<2m르2q; 

I n{ s-α k-β l Re(mind~ + Dmin b,) > Re( - A)> Rel D( ., -::U;, ,'" -:. tJ , a.) +Cf - D-1] , i= 1, 2,…---, 
f~/ ........... " ....... ./, ....... V' L....,\ S ’ k ’ rJ ' ~ t 

/; j=1 , 2, ••.••• , m; 1=1, 2, •..••• , n; t==l , 2, •••••. , g; μ. Re(min Ci+ A) - v. Re(max 

dj+A)-μD+v+윷D(Dv-Dμ+1)> D(Dv-Dμ). Re max 쉰뜨， 쓸ß , ar), 

i=1, 2, - ----, μ ; j=1 , 2, •••••• , v ; 1=1 ,2, ••..•• , μ; Jargλ|되f+g-한-울v)π， 

Re(a+ sbj) >0, Re(ß+kbj)>O, j=1 , 2, ...... , m , and 

the double integral converges. 

PROOF. To prove (2, 1), we start with the following knOWIl xesult [2, p.177l 
0000 0。

(2.2) "Ø(x+y)xa-1yβ-ldxdy=B(α， ß) r ø(z)za+ ß-ldz 
00 0 

which is valid for Re(a)>O and Re(ß) >0. 

It is easy to prove by following the technique of reversing the order of 
integrations, that 

(2.3) 

。00。

r r d,( ... μ，、싸-앤-lG~._n(tx월k“+yy! ~:'~ 
\.- J ,- , J / I (b ,) o 0 - . . 

- “--2 k'- 2 

a+R-」」 석 r 、-~- - P+P. q+p 
(s+k) , .- 2 0 

where s, k and r are positive integers. 
s.k 

δ=_-，s:...닫파’ p=s+k, D=s+k+r. 
(s+k) 

Re(a+sbj)>O, Re (ß+kbj)>O, j=1 , 2 .... …. 1:η: 

In (2.3) , taking 

Ø(z)=z날’:Uiz (c.) 

(d.) 

6. (s, l-a). é，.(k.l-이• (0,) 
Idz 

(b,), é,.(k+s.l-a-ß) 
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and evaluating the integral on the right hand side using [7, þ. 401J the result 

(2.1) fo lJows. 

3. Particular cases. On choosing the parameters suitably in (2. 1), several 

known and unknown results are obtained as particular cases. However, we 

mention some of the interesting results here. 

(a) Taking f=v=2, 

using [3, p.216, (5)J 

g=O, κ= 1, c1 =융， d1= J.J， d2=-ν， (7=μ十웅 in (2.1) and 

? () Gi, )!x 
1, 2 bfb) =π-윷e수Kb 울XJ ’ 

we obtain 

(3.1) g xa-!yβ-1 (x+y)μ+ 화-한(..-+y) K IJ f웅A. (x+y)f x 
00 

{ ... s .. k , .. , .. v I (a ,)\ xG~'~"( txs/(x+yY I ~~'~)dxdy \ --- J ,-- 'J; I (b.)J-~-J 

÷α-D)~A_l , Sa-윷%-÷ 
=(2π) ι D ‘/π ï X 

tη.n+p+2D 
xG p+p+2D. q+ p+D 

l+a+β(s+kt+P- ;; 

n 、 D I ，6(D.I-A주IJ). ,6(s.l-a). ，6(1l， 1-β')， (a,) 

tδ{숭) I (b.). 식D. 울-씨. ,6(k+s. l-a-β) J, 

where δ， D and λ have the same value as 잉.1) and A=μ+a十β+울 ; 
þ+q<2(m+n) , Re(a+.s，아±ω>α Re(β+kbj±ν)>0， Re{a+β+μ:f:J.J+Dbj+웅)>0. 

(b) Further, repla미ng q, t and (a시 by q+ l. -1 and (I -a~ respectiv리y and 

then putting m= l. n=þ, h1=0, hj+ l=l-bj (j=1， 2， …，잉. nsing then영띠t [3, p. 

215, (1)J and [3, p. 4, (11)] we obtain an int하esting res띠t. 

∞∞ μ+운 - ~ À(x+.v) 

00 
.e ~ KIJ{숭À(x+y)}pF’ql;z;: 

.vπ r{α+β+μ土ν+」-
l , 2 1 B(a.β)x~ ， <>., <>., ,,_ F_ , "_, "L. J(a,). 

2r(a+β+μ+1) 
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l:. (s.이• l:.(k.ß). 아+k+ι a+ß+μ±u+울) : tδ(효함Z-‘\ S+ k+rl ’ 

l:.(S+ k. a+ß). l:.(s+ k. a+ß+μ+1) ‘ “ 

provided Re(a) >0, Re(ß) >0. Re(λ)>0， Re(a+β+μZlJ+울1>0， 
recently obtained by Shrivastava and Singhal [8]. 

(ψ Setting v=f=2, g=O, #=1 , 쉰-μ， d1=울+lJ， 따=울- J) in (2. 1) and 

using the known formula [3, p. 216, (6)] 

~ I I 1-k 
.>·x| 1 -- 1 

- _ 1: 

=e ‘ Wk.m(x) , 

we have 

(3.3) 
。000 1 

-」4(x+，J J r<-ly P -
1 Cx+yye ‘ 

00 

vt 
뼈
 

저
“
 

、
“
、
“

ni 

?hu 

f
、

/
，
、

l ... nn,...... 1 a-」」 R-上
=(2π)2'- -'D ‘ - - 2 -- -- - -o 1 X 

ì.~T''-'V (s+k)“ "t" P-τ 

× Gm·”+P+2D /tδ ( I? { l:. (D.운A:!:에. l:. (s. 1-이. l:. (k. 1-찌. (a ,),. 

p+p+2D. q+ p+D\ ‘ A. I I (b，).l:.(k+s.1-a-ß). l:.(D. μ-A) J' 
￦here D , P. δ and A are given in (2. 1) : 

þ+q<2(m+n) , 1 따g tl <(m+n-웅þ-웅q)π. Re(λ)>0， Re(a+ sb)> 0, 

Re(ß+빡)>0， Re(α+ß+o-+D아Z lJ+웅1>0， j=1.2, .... m. 

(d) Further. replacing q. t ançl. (ap) by q+1, -t and (l-ap) respectively and 

then putting m= 1. n=þ. 이=0. bi+ 1=1-bj (j=1.2. …,q) and using the result [3, p. 

215. (1)] • (3.3) reduces to a result due to Shrivastava and Joshi [9. p.19. (2.3)] 

--

。000 1 

%-댐-1(x+y)O"e -호2(X+Y)W [X(x+y)]f I(a,): t째k(x+yl!dxdy 
μ. lJ , •• ,- . "'.n p- qL(b,) 

o 0 

rlα+β+ o-Z J)+ l 
; g 4 l B(a， β')X 

ii.a+β+Ur(α+β+0--μ+ 1) 

(3.4) 

Xp+3p+ 2rFq+2p+r 
(써a따찌’샤μ) 

(“bι，).’ l:.(P. a+ß). l:.(p+r， a+β+0"-μ+1) 

where 

p=s+k. δ=_--=-s빨_ . L ' Ò _ ,.- -

(s+k/+ fl 
V 

s+k+r 
-것 

s+k+r 
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Re(α)>0. Reφ>0. Re(지>0. Re(a+β+O':bJ+웅)>0 and the r잃ulting hyper

geometric series converges. 

With μ=o， u=±윷 and 0'=-울. (3. 4) will reduce to the 없r빠 r않비ts of 

Jain [4) and Singh [6). 

1 I ~I .J _ 1 (e) Choo업ng l=g=u=l. v=2. c
1
=I-k. d1 =τ+M. d2=숭-M in (2.1) and 

using the known result 

1. 1 
G 

1.2 

l-k 

x I 1 ,... 1 
τ，... U~，τ-m 

r(윷+k+m 
r(짧후1) 

e-융XMk m(X) 

we obtain 

∞ ∞ 1 ""' __ 1 n -초:I.(%+y) … … I L 

xa- yβ-(x+y)ue a MK,M [λ(x+y))Gι’q"(txYl(x+y)" 
00 

(3.5) 
(a,) 

Jdxd'γ (b,)/-"-J 

1 (2-D)n+A-上 r(2M+l) 
=(2π)τ D” 2 / 1 

F(k+M+숭 

1 " 1 
α- u-

S 2 k' 2 × 
+β+u α+þ-τ-

λ (s+kY'" 2 

m+D.n+p+D I xG .. _..:,.. _(tδ 

P+p+2D.q+p+D\ ‘ ^' 1 ll. (D. k-A). (b,).ll.(s+k.l-a-ß) 

where P. δ• D and A have the same value as in (2. 1) ; 
r 

Re(β+쩨>0. Re(α+β+ O'+D낀+M+윷)>0. j= 1, 2 • .... m. 

(f) Substituting 1=1. g=u=O. ν=2. d1=울ν， 강=-울 and using the r않ult 
[3. p. 216. (3)) 

G1,o 
0.2 x I 1 IJ. _ 1 "l = J 11(2‘ I x). 

τr“’ τr‘ 

(2.1) reduces to 
。00。

(3.6) y 
뼈
 

d l 、, f 

、
/’ 

a 

b 

r 
I ‘ 
、

/ , 
、

J ” 
l 
l 、, / v 

“ 싼
 

/ , 
、

‘ 
k 

j떠
 

o 0 

2A-1 1 a - D sa--2-k-τ 
=.ý'2π * ’ -,,, ’ 

;t -r“Tμ(s+k)a+β-숭 

m.n+p+D 
xG 

P+p+2D.Hp (b,).ll.(k+s.l-a-ß) 

• 
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where δ， D, p and A have the value given in (2~1) ;; 

十n-웅p-웅q)π， Re(λ).>0 .. J 

Re어+딴)>0， Re딴+β+a十윷ν+D얀J>α j-1 ， 2;'‘’7/1;， R획α+β+σ-Ð+Dai)< 
1/4, i= 1, 2, …, n. 

In view of the numerous properti.es Qf Meijer’ s: G←f~φn [3, p.216 219] , on 

specìaIising the paTameters suitably, a large number of interesting results may- be 

()btained as particular case. 
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