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ON A SPACE OF CONSTANT CURVATURE WITH (f. g. u, v. λ)-STRUCTURE 

By U-Hang Ki and Jin Suk Pak 

~ 1. Introduction 

In previous paper [3). the present authors proved the theorem; 

THEOREM 0.1. Let M be a complete qμasi-normal (f, g. μ• V, λ)-strμctμre sati

s껴ing one of the following condz'tions; 

!?Ug=2αÀg. dμ=2ß，ω， 

!? vg=2rÀg. dv=2δω， 

α， ß， r and δ being non-zero fiμnctions . and g; u denoting the operator of Lie dif

ferentiation with respect to the vector field U. 1f λ(1- À2) is almost eν'erywhere 
non-zero function and diηz M> 2. then M z.s z.sometη:.c wz"th an even-dz.mensional 
sphere S2n. 

The main purpose of the present paper is to prove the following theorem; 

THEOREM A. Let M (dim M>2) be a complete Riemamzian space of constant 

curvatμre with (f. g. u. ν， λ)-strμctμre. 1f M satisfies 

(0. 1) Vli= rÞ.좌， 

ø being non-zero differentiable fiμnction. and λ(1-X2) Xs al??tost eueyyzuhere %0%

zero fiχnctz"on. then M is isometrz.c with an even-dimensional sþhere. 

~ 2. A space of constant curvature with (f. g. u. V. λ)-structure 

Let M be a 2n-dimensional differentiable manifold of clase C∞ with an (f. g. 

μ• v. λ)-structure. that is. a tensor field f of type (1.1). a positive definite 

Riemannian metric g. two 1-forms 싸 and 깐 (or two vector fields associated with 

them). and a function À. satisfying 

(2. 1) 

(2.2) 

(2.3) 

져t파h=_δ1h+μjμh+UjUh， 

J;%t=-Xut, Mtj;t=λ꺼， 

f/vt=Àμ1， Vt.지t=-λUj' ’ 
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(2.4) 

(2.5) 

%t%t=1-λ2， 

z’tZ
,t = 1-λ2， 

Utνt=0， 

Z!tZtt=0, 

(2. φ gts，져퍼S=gji_μ，Ui-VjVi. 

We put 

(2.7) 렇=강'Vtd-화'V t/l- ('V j，좌t_ 'V펴f)파h+%zμh+낌삶， 
where 

(2.8) uji= 'Vj깐-'Vi씬， ν1i=Fj칸-V，”i’ 
'Vj denoting the operator of covariant differentiation with respect to the Riemannian 

connection. If the tensor Sji
h vanishes, the (f, g , μ， V, λ) -structure is said to be 

normal [1]. 

Transvecting (2. 7) with 싸 and using (2. 1)-(2.5), we can prove 

(2. 잉 렇νh=낌i-져파S까S-À(껴t%t‘-￡tx써 
-(파씨-1/uj)Vtλ十 λ [('Vj':/.)Vi- (민λ)νjJ. 

We now put 

(2.1이 I jih = 'V/ ih + 'V/hj+ 'Vh자i· 

If S낌-(져t1tih_ I/It/) =0, then the structure is said to be quasi-normal [2]. 

Moreover, if a space has the curvature tensor of the form 

(2.11) Rkjih=C(gkhgji- gkigjh) (c=constant), 

then it is said to be a space of constant curvature. 

In the sequel we assume λ(1-λ2) is almost everywhere non-zero function on M. 

~ 3. Proof of Theorern A 

Let M be a Riemannian space of constant curvature with (f, g. U, ν， À)

structure. If M satisfies (0.1), then by transvecting (0. 1) with 상 we find 

(3.1) 'VjÀ=øμ'j. 

Differentiating (3. 1) covariantly, we get 

'V k 'Vjλ= ('VkØ)μj+￠FKXj’ 

from which, 

(3.2) 0= ('VkØ)κj- ('V,4J)uk +Ø('V씬:j- 'VPk). 
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We have from (0. 1) 

(3.3) Vli-V씬=2rþ!ji' 

which implies 

(3.4) O=(Vkφfjj+ (Vß)fik + (V때)fkj+rþ!kji" 

Since VkVli=(V때)fji+rþVkfji' we obtain 

VKFYz - FjVk칸= (Vkrþ)J심- (V/lJ)fki+rþC'V kJ싸-Vjfki)， 

from which, using (2.10), (2. 11) and (3.4), 

(3.5) . -c(v짧ji- ν'jKki)=-(V찌)!kj-rþV/kj• 

Transvecting (3.5) with !kj and taking account of (2. 1) and (2.3), we find 

-c(À깐+λUi)= - CVirþ) {2n-2(1-À.2)}-rþ'Vi{n- (1- λ2)}， 

or, using (3. 1), 

(3.6) {n- (1-À.2)}'V쩌=-À.Crþ2_ C)싼· 

Using (3.2) and C3. 6) and taking account of n-(1- À(2)낯0， we have 

(3.7) rþCVkUr 'V,-Uk) =0. 

Owing to (2. 7), (3.3), (3.5) and (3. 7), we find 

(3. 밍 rþs힘i=-j따(Vtrþ)j삼+껴;tCVtrþ)!ki+(V따)( -gji+쟁i+씬깐) 

- (V,.rþ)( - gki+ukui+Vk깐)+2(rþ2_ C)!kj깐· 

Transvecting (3.8) with v' and using (2.2), (2.3), (2.4) and (2.5), we have 

(3.9) rþSkj/ =λ.f;(V찌)씬-À.상(V찌)Uk 
-λ2('Vliφνj+λ2(V껴)까+2(rþ2_ C)(1- À.2)!kj" 

Multiplying (2.9) by rþ and substituting (3. 1), (3.3) and (3.7) in the equation 

obtained, we have rþSkj/ =0. Thus, from (3.6) and (3.9), we get 

from which, 

(3.10) 

0= _À.3(rþ2_c)깔꺼+λ3(rþ2_C)깜Vk 
+(1 -λ2){%- (1-λ정}(rþ2_ C)월， 

J k 
transvectïng z‘ ø. 

rþ2-C=O, 

which means that rþ is constant. Consequently (3.4) and (3.8) can be respectively 
h written as !kji=O and Sjt=O. Hence our structure is quasi-normal. Combining 

Theorem 0.1, we get the result. 
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