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SEMIGROUPS ON THE DISK WITH THREAD BOUNDARIES 

By E. E. Dc\'un 

In an earlicr work [5} commutalivc scmigroups 011 the two-ccll without zcro 

divisors whosc boundary consisted of tWQ uS lIal unit inlcrvals werc dctermincd. In 
this notc the scmigroups “ ith zerO divisors arc dctcrmincd. Moreovcr. if S is a 

commulativc semigroup on thc two α11 whose boundary consisls o[ two thrcads 

with E (S) (thc sct of idempotents of S) = {z. i} whcre z is thc zcrO for S and i is 

thc idcntily for S. thcn a classification for S is obtaincd whcn lhc rcsulls hcre 
arc combincd wilh lhc rcsults in [5J . Standard nolalion found in [7J will bc uscd 

hcrc. In par ticular. wc wi ll let (1 •. ) bc thc usual unit inlcrvaI. AIso A‘ ‘r iII 
reprcscnt lhe lopologic.11 closurc of A. 

1. 1. DEFlNITION. A commulative scmigroup S is said to have property (β) if 
(1) S is lopologically a 1 wo , ccII 

(2) Thc bounda ry of S is thc union of lwo threads 

(3) S has zcro divisors 

(4) E(S) = {z. i) whcrc z is a zcro for S and i is an idenlity for S. 

Sincc commulative scmigroups on thc two-ccll without zcro divisors and wh∞e 

boundary consists of lWQ usual uni t inlervals havc bccn dclermincd in [5] . wc 

~ball conccrn ourselvcs only with scmigroups wi th zcro divisors. In sccLion 1 we 

exibil a mcthod [or conslruclion scmigroups \\'i th properly (ß); later in seclion 2 

\\'e show thal lhcsc a rc lhc only cxamplcs. 

1. 2. COllsidcr lhe collcclioll .Á' • .Á' = {M , . (a" b) : i=O. 1. 2. 3. j = 1. 2. 
’ l 

3. ...} whose clc!l1cnts sali"fy lhc fo IIow ing conditions: 

(1) M, is a cIosccl ideal of (1. ') x (1 •. ) for i = 0. 1. 2. 3. 

(2) 이이 X [0. I]) U ([O. 11 X {O}) SõM o' 

(3) aj' bj E (0. 1) for j = 1. 2. 3. 

(1) M ‘n M jCM O for i ""' j . 

(5) lf ,= 1, U1cn MIn kaT, b7-% : 0드t;5; l} CMo for w능1 and 

M，.n l (ι;”. r ￠t) . 0드t드1 1 nMo=rþ for O<w<1. 
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1. 3. LE~IMA . If M ‘’ i = O. 1. 2, 3. ‘ .. ore c/osed idcals of (1. ‘ ) x (1 . . ) 811C.ι 

∞ 

IIIal M ,nM.CMn for i >fti. IIIenU M; is 0 c/osed ideal of (l. ')x (l. ') . Moreovcr. 
‘ t=O 

∞ 

if Iw.} is a seqllence in .U‘ A까 wlzich converges 10 ltJ alld (w,) z.s no/ eV81ltually ù, 
’=u 

ony λf.. 111.11 wEM。

∞ 

PROOF‘ Sincc the union of ideals is an idcal wc nccù only show .U _ 1\11 i i:s closcd. 
t=U 

\\'C di,tingui,h t“ o cascs. 

Ca ,‘;e 1. Lct I까，-W with {w.} C .U. M i for ,omc naturaJ numbcr m. lf It써 JS 
’=0 

c\CJ1l ua lJy in M ; for somc i. thcn w. - .w E M ;. sincc M ; is closcd. If {wJ i, not 
J • J 

c、 COlualJy in A끼 for somc i. thcn thcrc cx싸 Sub$qllcnccs {wJIMl arl(l llU”lIMk 

fo r SQmc i and k. k7εj. I'\ow UJn• wEMj and UJ,.• wEM.. Hcncc wEMjnM. 
∞ 

CM", and w E .U M i. ’=0 
Casc 2. Now supposc {IU,.} is containcd in nn infinitc numbcr of A1i ’ s. Thcn 

’ thcrc cxisls a subscqucncc {ω”’ with c3ch wn in a diffcrcnt M k' Lc l Wn=(Xn.Yμ 

and 1O=(X,y). Sincc ，써→W. xn• x and Yn-• y. \Vc claim %11:즈%n + l il11 plics Y" <Yn+1" 

s잉JO따] 

(Xn +서t .’ yι. 1시)ι. Jlcαcn따，cc (“X'T꺼" ’ yμ. + 1)ι)，’ (κx끼’"， Y) ε M . for s잉Qmc k’ and this is a contrad 

iction. Now there exists a subscqucnα of {x. ! or {y.! which is dccrcasing. s“y 

(x"l is dccreasing and X n-• x. J\ow C<". Y.)=W’‘-• w and thcrc cxist xn,ÿn such thal 

(ζ， y.) (i.， I)=(x.+ l' ÿ. + 1 ) (I, j. ) . Hcnce (x. , ÿ.)(X". I) . (x.+ 1. y.+ ,)( l, j.+1)E 

M o' Now considcr thc scqucnce (감• y.)(x •• I ) . Sincc x션" =:%" + 1' and 자→X， 자+ 1 

• x. wc have (XII+ l' Yn)• .cx,y ) . But (진， ÿ.)(x" 1) E M O implics (x， y) ε Mo， and 
∞ “ e havc w E U M , . 

i=O 

1. 4. DEFLNITlON. Dcfine a rclation RιIi') on (1 . ')x (1 •. ) by (f . s) E RιIi') if 

( 1) r=s 
(2) f， s EM。

(3) f , s ε Mj and thcre exist a ω “ ith 0<ω< 1 s lJch that f and s arc containcd 

m the glim mmponent of (Min ka?, br-tt) : OSt드 I ! ) . 

1. 5. LE~I~IA. Tlle relalio’‘ RιA") is a closed congrucnce. and hCllce 
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[(1. ,) X (1. ')J 1 R (...t' ) is a semigro l!p, 

PROOF, The pronf [o l1o\\'s direclly from 1. 3 and Icmma 1 of [5J , 

1. 6, DEFlNlTION, Wc say the ∞IIcction ...t' dcfincd in 1. 2 is of 

Class A if for M i E .A'. Min ((O, IJ X {IJ ) U ( (I] X(O.I])=Ø 

Class B if for M o E ...t'. Mon (l X {J} )= [0.1/ 2J X {I} and M ; E .A' implies 

M i n ( {!] X(O. I]) =Ø, 
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Class C if for M o Eιt'. Mon ((1 X {IJ ) U ( (IJ x I) )=( [0. 1/2J X (I)) U ({IJ X [0. 

1/ 2J) . and Mi E -'" implics 낀(Min [(1/2. I J X (IJ J) nπ2(M;n [ [I} X 0 /2. I] J) = ø , 

Lel ...t' bc of c1as.; A , B. or C and 끼 (1. ')x (I, ,)• [(1. ' )x (I. ' )J/R (.A') bc thc 

natu ra l map. lt i!::i casily scen that this mup is monotone and no 여uivalcnα c1ass 
of Rιι) separatcs (1. ,) X (1 . ') , Employ ing a thcorcm of Whyburn [8J wc scc 

[(1. ')x (I. ')J/R(.ι) is a t\\'o ccll. Sincc (1. ' )x (I . ,) is commutativc, 、\'c have 

(1. ,)X (1. ' )1 R(...t') is commutativc, ~ Iorcovc r. [(1. ,) X (1. ')J 1 R(...t') is a com 

mUlativc scmigroup satisfying propcrty (β) ， Thus we havc thc follo\\' ing 

1. 7, THEOREM , 11 ...t' is 0 colleclio', salisfyi 1lg 1. 2 alld of Class A. B or C. tlzcn 

[(1. ' )X (I . ,)J/R (...t') is a cOl1lm.tative semigrollp with þroþerty (8), Fllrll/Crmore, 

il ...t' is 01 Class A. the boundary 01 [(1. ’ )x (I. ' )J/R(ιIt') is tlzc ,mion 01 two 

usual unit i1,tervals; il ...t' is 01 Class B. Ilze bOlllldary 01 [(1. ' )x (I. ')J/R (-"') is 

tlze union 010 usual .nil ill!erval and 0 nil Ilzread ; il -'" is 01 Class C. 11 .. "‘ Ilze 

bOlllldaη’ 01 [(1. ')X (I. ' )J/Rιí') is Ihe u’lion 01 1ωo nil tlzr，αuis， 

Now we will show that the abovc scmigroups arc thc only semigroups satisfying 

propcrty (예. Throughout S will bc a commu t:c1.t ive semigroup with propcrty (예. 

We inlend to constrllct a collcction ...t' SlIch that [(1. ,) X (1. ')J 1 R(.A') is iSCJ 

morphic 10 S 

2, 1. LEMMA (Hilderbranl [6J) 11 Ihe bOlmdary 01 S = UUV where U (lIld V are 

Ilzreads. Ilzen UnV = {z.i} O!ui S = U , V , 

Since U and V are threads wilh E (S) = {z. iJ, there exist homomorphisolS 1 : 

(1. ,)• U and g : (1. ,) - .V, 

2, 2, LEMMA , There exisl 0 conlinuous hOl/lomorphislll h: (1. ')x (1. ,)• S ωhich 

is onto S. 

PROOF, Define h: (1. ’ )x (1. ,)• S by h(x.y)=/ (x) 'g(y ), Sincc S =U ,V. h is thc 

product of homomorphisms. a nd h is continuous; ι (1. ' )x (I. ,)• 5 is a conti 

nuous homomornhism onto S. 



162 E. E. DeVU1l 

Moreovcr. thc homomorphism ,, : (1.') x (1 . . )• S on1o S can bc choscn such 

1hat 

(a) if U and V are usual unit intcrvals 1hcn 1he rcstriction of h 10 {l} X I and 

I x {l} are iseomorphisms on1o U and V rcspcc1ivcly. 

(b) if U is a usual unit intcrval and V is a nil th rcad. 1hcn " rest rictcd 10 

I X {l} is an iscomorphism onto U wh ilc " maps {l} X {0. l/2J onto z and is 1- 1 

restric1cd to {IJ X {1/2. l J 

(c) if U and V arc nil thrcads. thcn "rnaps {IJ X (O. l/2J and [0. l/2J X {l} to 

z and is 1- 1 restrictcd to {1} X [1/2.1J and [1/2.1J X {!} 

Thc homomorphism Iz will always bc chosen this wa)'. 

Combining thc rcsults in [IJ. [3J. and [5J it can bc shown that fo r cach s E S 
L , . ~ t .1-t 

- {z} thcrc cxis1s a,. Ò, ε(0. 1) and 1,. 1 ，ε [0. lJ such that " ‘ (s) = {(a',. ò;- '): 1, 

드t드I，} . Sincc S has this propcrty wc will call S rootcd. 

-1 2. 3. NOTATION. Lct J = (s:sES and ,, - ' (s) is not a point}. Notc J is an idcal 

of S. 

2.4 DEFINITION. Let P bc an idcal of S. Wc say P is posilive if for p.p’ ε p 

- {z} thcrc exist s. s' E S such that ps =pγ ""， z 

2. 5 LE~IMA. If S is rooled and Pζ:] is a þosilive ideal. and P.P' E P- {z} wilh 

h-l(P) = {(at, bl 」) tl드t드1，. I, "",I,). Iltell Iltere cxisls w E (0. ∞) such IIIal 

w( l -t)
,,\ / 

_~ 

__ 

~ l -L,' h- '(P’ ) = {(a"" .bw ,,-,!): 1 ，드t드t2， t 1낯1 2 } • 

PR∞F. We know 빠rc cx ist c. d E (0. 1) such that 끼(p’)= {(μ'-1) 섣t 

드t2 ， / 1윷 t 2 } . . Now thcrc exist s, s’ E S such 1hat sp= s' p’ "", z and sp. sγ E J. Lct 

-1 II (x ,.y,) = s and " (x2.y, )=s’. For (x.y ) E ,,-'(p) . (x I' Y,) ‘\'c havc h(x. y) = ps. and 

for (x'. y') E h -, (γ) . (x，. y, ) we havc h(x' . y')=γs’. ßu1 Icmrna 1 [5} implies 

h 
-l 

(P) · (Xl, yl)= {(aua, b“(1-5)) : δl드δ~iJ， . 0 ， "'"δ2) and ,,- 1 ( p’ ) . (x, . y,) = {(/n. 

d
r (1 -n)): "1드’t드"2’ "1 ~n2} ' Howevcr, thcrc cxists 

…
.qe(0. 1)such that h-l(sP) 

= ,,- '(s’Y) = lo llA, ql λ) 지~À~드À，. À ， ""，λ2}' This implies a"= 1II = / and Ò“= q 

“jr “jr =d'. or c=a"" and d =ò"" . This complcles the proof. 

2.6. DEFINITION. Lct P bc a positivc ideal of S with PCJ. If PεP- {z} with 
，， - ' (p)그 l(at, bl t) : llEω51드12， 11 "",12} , if a l50 N is a n idca l of (1 . . ) X (1 •

. ) such 
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1hat h- ' (P - (z) )CN and Nζ，，- ' (P) . 1hen wc defin c C01lt ((P.N );(a".b' -")) 

10 bc the colllponcnt of (N n{(a'.b1- ,): 0드1 ::; 1) ) con1aining (a". b'-") . 

2.7 LEMMA. If S is rooled and PCJ is a þosilive ideol and N is on ideal 01 

(1. ')x (1.') such Ihal h - ' (P - (zD CNCh- ' (P ) and þEP- (z) wil" h-'(þ) 

= {(at, b1-t) tl드t드12， 1,;"12). Ihen h - 1(þ) = Com((P. N); (0". b1- ' ,)). 

PROOF. Lct ç1( þ) = ((o'.b'-') : ql르q르q2' q,;"q2) C CoIll ((P. N ); (a".b' - " )). 

If ,,-'(þ);"Colll((P.N); (a".b1- ,’)) , we can asswne without 1∞S of gencrali1y 

1hat there cxists an r <이 such that for all 1 “ ith r드t드ql We have h(at, b1 - t) EP 

- {z)CJ - (z). Hcnce for each IE [r.Q1J 1herc exist 8, and η such 1hat h-'(h(o'. 

b' -'))= {(a". b
1- w) 에드W드η， β，;"r，) . Morcover for each sl' 52 εS with 51 r= S2 

lrl(Sl)nh-l(S2)=￠ Thus {k-l(s) - sE {lt(at,bl-t) - r드l드Q，)) is an uncountable 

collcction of disjoint non'dcgencrate closcd intcrva ls containcd in the in1crval {(a'. 

b' - ' ) : 0드t드1). This is impossiblc. We conclude 1hat h-'( Þ)=Com((P. N ) ; (0". 

b' -'‘)). 

2.8 LEMMA. Lcl S be rooled wilh PζJ 0 þ05ilive ideol. 0ηd N on ideal 01 (1 .. ) 

x CI.') such that h-'(P - (zJ )CNζ，，-' (P) and Nnç' (z ) clo5ed. Tltell (I .d)EN율 

끼ψlie5 ( 1. c) ε N for 011 0드c<d. 

PROOF. Let (1 . d ) E N ‘ . One sc잉 unmαliatcly that ((x.y): O::;x < l. 0드 y<dJ 

CN. Let peP-{Z} and h- l( P)= {(at, bl - t)
‘ 1 ，드t드12， 1,;"12) , For O< c<d 、，VC

havc ( l. c)= (1 .b
w

) for somcw E (O. ∞) . Hcncc 1hcre cxists a q such that {(a“. 
b" “ ) : 0<1 <끼ζN. [f " (0"'. bW-ω) = z. hcncc 1I(1 .c) = z and thus (1 .c) 드 N. Abo 

if h(aæl' . b"-μ')=þ' E P - {zl for somc t' E (O , q). thcn lI (aw'.bw 찌 
) þ’ [or all 

I E (0. q) . Thus "(1, c)= þ' E P - (z) and (1. c) ε N. For c= O. wc havc ( 1. c’ ) EN 

for O< c’ < d. and N is an ide,'. Thus (1. c) = (1. 0) E (1.0) . ( 1. c’ ) EN. 

No \V wc shall invcstigatc 1hc ideal J of S. 

2.9 Lnl~IA. If sEJ. Ihen 5S= 5U = 5V[5J. 

2. 10 DEFINITION. Lct 5EJ. and dcfinc G,= {5' : such that 5'S nSS;" (z). and 

S’ . s εJl U {zJ. Lct S = (G,: sε1J . Notc s E J implies s E G,. 

2. 1l LD1MA. 11 r. s. ω E S alld runsu;" (z). alld sunwu;" (z). Ihen runwU 

;"(z) . 
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PRoor. From abovc wc havc TU 1 = su2::;é z. and S1I3 = WU ,I':l:- Z. Lct ll = mÎn {U
2
• U

3
} ~ 

Thcn su낯 Z， and s“ ErUnωU. 
2. 12 LEMMA. /1 r , s, ω EJ， and rSn sS ;é (zl. ond sSnwS ;é {z} , IIIen rSnwS ;é {z} . 

PROOF. F'rom 2. 9 、\'C havc lhat rS= rU, sS =sU, and wS =ωU. Now apply thc 
prcviolls lemma 

2.13 LEMMA . /1 G" G, E ε ond there exisls ω;é z such 11101 ω E G,nG" IIIen 

Gr= Cs. 

PROOF. Lel r' ε G，. If , ' = z‘ thcn r' ε G，. J[ r ’;éz, lhen r'SnrS ;é {z }. Also 

wsnrS.< {z} and wSnsS ;é {z}. Applying 2. 12 、\'c scc lhat r'SnwS ;é {z}. Applying 

2.12 aga in we gct tha t r ’SnsS ;é {z} . Hencc r' E G" and G,CG,. ßy symmctry 

wc gcl G,CG,. Thus G, =G,. 

2.14 LEMMA , /1 G, E ι’ ， IIIen G, is an ideol 01 S. 

PROOP. SuppoSC G,= {z}. Thcn G, is an idcal of S. Now supposc G,;é {z}. Lct 

w E G" and r E S. If rω=z， lhcn by definition rw= z E G,. If rω낯Z， then w:;é z, 

hcncc u'S nsS;é {z}. Also rw ε ηoSnwS;é {z}. Thus by 2. 12 wc havc rwSnsS ;é (z) . 

Hcncc G, is an idcal of S. 

Without much difficully it Can bc shown lhc collcclion J; is counlablc. Also by 

2. 12 πe scc tha t for cach G E J;- {{z}} , G is a positivc idcal of S. 

2. l5 LEMMA. Lel G be a posilive ideal 01 S ωhic/t ls conlailled in J. Suppose 

II (x,y)= z. Jllhere exisl nEG- {z} wilh ,,-'(n)= {(a',b'-') : '1 ';;1';;12} alld ω> 1 ， 
u;t" .... t'’ I(I - Id" .... . 1-(’ 

t ’ E [0, I}, 1" E [11' '2J such Ihal a~' =x <a' , b'. - ".' =y <b' - ' , alld il q느w Ihe1t for 

all (x , y) E (h-' (G) n{(a" , b'- "): O';; I';; I} ) we have h( x , ÿ) = z. 

PROOF. Suppose h( x , ÿ) ;éz. Then n, h(x , ÿ ) ε G- {z}. Hcncc thcrc exist s, s’ ε S 

- (z/ such that ns=h(x , ÿ)s’낯z. Now h- 1(ns) = "- '(h (x， ÿ) . s’)~ {(a" , b’ -rt) tl S t 

';;12, '1 ;é (2). rzq능w， Morcovcr, lhcrc cx isls 1 E [I"I.,J such that O<a" ,;;x and 

o <b'- " ';;y, hcncc CX, j) . (x ,y)= (a" ,b'- ") for somc U , j)E (I, ')x (I, ') . ßut 

z= h(x,y) ' hCX, j )=h(a" ,b'-" )=ns. T his is a ∞nlradiclion . Hcnce h(x, ÿ)= Z. 

2.16 LEMMA. 11 G E J; and G;é {z} and n E G- {z} , Ilten 'here exisls U 드 U- {z} 

such t11at 1ZU = Z, olld there exists vEV - {z} such tltal 1lV = Z. Moreover u atuJ v can 

be chosell /0 be maximunl with resþecl 10 this þroþerly. 
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PROOF. Lct nEG-{z}. and h- I(n) = {(a'.b' - ' ) : 11";'1";'12, 1, O;><12}. Sincc S has 

zcro divisors thcrc cxisls ( X.y) E (1. ' )x (l. ')-( {O} x I)U(lx (O} ) such lhat 0< 

x <a'. O< y <b'-' for somc 1 E [/1.12] and h(x.y)=z. Now lhere exist x' .y’ E (0. 1) 

such that (x’ .1)h- l(n) U( 1. y’)h- I (시C {(aw'.b
w

- “): 0";'1";'1) and (“xι’.y)ε {(““ai，…씨 
bW

-
W
') ‘ 0";'1";' 1} ’ w>1. NO\‘w [or (α:f . ji) E (x' .I) h -샤l닛(η) U (I.’.y')씨h - ' (n)ι’ h“(.r’ ji) z 

Sclcct i =늬lu매lb {βî: (x . ji) E드 (αx’ 1)끼，，-카'(n)샤) imp미l“ies h“(x’ y)= z치} and Ict ý= lubψ (x. ji) 

ε ( l. ÿ)h - 1 (n ) implies h(.i'. ji) = z}. For (.r. ji) E (i. I )h -I (n) we have h(.r. ji) = z 

Also for (X. ji) E (1 . ý)h - '(n) . hCi. ji) = z. Also sctting u = h(i. 1) and " = h( 1. ý) ; 

u E U - {z]. " ε V - {zl. llu = z, nv= z and u and v are ma..ximum with res야ct to 

this propcrty. 

Lct G εS and G o;>< {z}. Sclcct n E G- {z}: thcrc exist c. d ε (0. 1) such that 

h-I ( n)= {(c' .d' -') : 1 ， ";' / ";' 12.1 1낯12}. By 2.16 thcrc exists u E U - {z} such that , -, 

nu = z. but u < u''';' i. nu' O;>< z . Let h(x. l )=u. From lemma 1 [5). (x. 1) {(c'.i-')‘ 

I1 ";'1";'12} c { (cω't ， d‘， -ιt) : OS t S l} . Let a = cW, b= dW. It ankshOM1 Withoutany 

difficulty that thc a and b obta in여 above arc indepcndcnt of thc choicc of n. 

For each Gi ε 1: and Gi o;>< {zJ, find ai' bi ε (0. 1) in thc manncr 0 and b wcre ch∞cn 

a∞ve. Sct M i= h- I(Gi)- {(x.y): h(x.y)=z and 시 < x";' l. bγt〈YSI for %mc t 

E [0.1)). 

2. 17 LEMMA. M i is an ideal o[ (1. ' )x(l . . ) alld M,n,,- I(z) is c/osed 

PROOF. Let ( x.y) E M , and ( x’ .y’ ) E (1. ' )x (l. ' ) . If h(x.y)= z thcn O";'x션";'a껴 ; 
nn뼈d 0sys b:r-t fmo@rsmommrnmr 

t마ha따t IS’ ( xx’ .yy’) E M ,. Supposc h(x. y)낯 z. If h(xx’ .yy’ )O;>< Z. then (xx’ .yy’) ε M j • 

If h(xx' . yy껴Z， we must show O~XX' s:a~ ， O:S:yy’S bj -t for SOlm t e [0, l1. 

Supposc 0럭 < xx' and 0랙-t〈yy/ for me t ε [0. 1] . We have (xx' . yy' ) E {셔. 

b, -ql): 0";'1";'1} and O<q<1. From thc conslruction of M ,. thcre cxists U. ý) E 

{(a". b'-"): 0";'1";' 1}. O<q<r<1. h(;; . j) ε G - {z}. But by 2.15. h (.r. 씨 = z. This 

IS a ∞ntradiclion . Thus ( xx'. yy’)εMi and M i is an idca l. 

Lct (x.y) 훌 M, nh- I(z) . Thcn cither h(x.y) O;>< z or It( x.y)=z and therc exists 

1 E [0.1] such that 이 < x";' l and b; -' < y";' l . If h(x. y ) O;>< z . thcn there exists a 

ncighborho여 Q of (x. y ) in (1 . . ) x (1 . . ) such that z $. h(Q). If h(x. y ) = z. then “ c 
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nced only show Ihat thcrc cxisls a ncighborho여 Q of (x.y) sllch lhat QnM,= ø. 

SupP<>sc to thc conlrary that QnM" 얘 for cvcry ncighborhood Q of ( x.y) . Thcn 

[0. x)X [O. y )CM,. μt (x .y) ε (서 . x) X φ1-'씨. Then II (X. y) = z. (:t. y) E M , and 

Ci. y) E [(0". b'-") : 0 ";; 1드 1} and O< q< 1. This is impossiblc. Thlls M ,n" -1(z) is 
c\osed in (1 . . ) X (1. ' ) . 

2. 18 RE~IARK. l'or G, E J: and G,T' [z}. 、‘ c nolc thal thc definition of M, givcs 

I'S ,, - ICG,- [z})ζMiζh - 1 (Gi) . and M ,nh- 1(z) is c\oscd in (1. ' )x (I . . ) . Thus 

2. 7 and 2.8 apply to M, 
2. 19 LE1>l"IA. úl M o= h- 1( z) . 1/ i T' j . Ihen Mi nMj ζM 

PROOF. Lct (x.y) E M; nM;. i T' j. lf h(x.y)낯z， thcn thcrc exist x'. y'ε (0. 1) 

such lhal (u'.yy’ )EM,nMj and h(xx’ .yy’ )T'z. But lhis implics h(xr' .yy’ ) EG,n 
Gj - {z}. This is impossiblc. Thus II(x.y)=z and M; nMj ζMo for i T' j . 

Thc ideals Mi , M o for ; = 1. 2. 3. "', are c\osed idcals of (1, ')x (l . . ) 씨so 

M ^= M ‘ 0- "' 0 
Now considcr lhc collcction 1 (S) \\'hcrc 1 (S)= {M;. (oj' bj ) : ; = 0, 1. 2. 3, .... 

and j = 1. 2. 3 .... } 

l'rom lhc ∞nslruction of 1 (S) and 2. 19 wc scc that 1 (S) satisfies thc hypo 
Ihesis of 1. 2 and thus “ c havc thc follow ing rcsult 

2.20 LE 1> IMA . [(1. ' )x (l. ')}/Rι;I' (S)) ;s 0 semigrollþ 

2.21 DEI‘ L'<ITION. Wc 、‘ ill say that S is an A-semigrol，ψ if S salisfics propcny 

(β) and thc boundary of S is thc union of lwo llsual unit intervals 

2.22 THEORE 1> I. 1/ S is On A'semigroup. Ihen 1 (S) is 01 Closs A o1ld IIe1lce 

[(1. ' )x (l. ' ) I / R(1 (S)) ;s on A'se’mgroψ 

PROOF. ln view of 、，\'hat has alrcady hccn sho \Vn , we nccd only sho \V that M; 
n ( (이 x /U/ X (O} )ζ /(0. 1). (1 . O)} for ;> 0. Let (x.l )EM; and x> O. Thcn by 2. 8 

“ c scc that (x’. 1) E M i for O< x’ < x. No \V the rcstriction of h frorn I X {1} onto 

U is an iscornorphism, hencc II(x'. 1) E Gi - /z}. l'ix x’ ε (0. x) and Ict (.f. y) E 

(1 ‘ .) x (1 . . ) - (l x /1} U /1} x I) with h( .f. y) = h(x’, 1) . Sincc S has zcro divisors 

lhcrc cxists (c. d) E (1 . • ) x (1 . . )- ( /O} x I) U(lx /이) such that h(c. d ) = z. No \V 

thcrc exists n E /1. 2. 3 .... } such that O<.f’<c and O< y" < d. Hence h(x'". 1) = 

h(x', :/) = h(p.q) ' h(c.d) = z for some (p, q) E (1, ') x (l. ') . This is a contradiction. 
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Thus if (x. 1) E Mi • .< = 0. A similar argumcnt can bc uscd 10 sho“ that if (1 .y) 

E M;'. 1hcn y = O. We conclude that Mi n( (0) x JUJ x (0))ζ((0.1). ( 1. 0)) . 

2.23 DEFINITION. A scmigroup S is said 10 bc a B' semigroup if S s<11isfics 

pr때crty (β) and 1hc boundary of S is 1hc wlion of a usual unit intcrvaI and a 
nil thread. 

2.24 THEOREM. JI S is a B.semigroup IIIen .At'(S) is 01 Closs B ond hence [(l . . ) 

x (l. ')J/R(.At'(S)) is 0 B.semigr때. 

PROOF. Wc nccd only show 1hat Mi n((!) x I)C(( 1. 0) ) and Mon((!) XJU(I) 

x I) = [0.1/ 2J X (1) U ((1. 0) ). Thc latter holds since M O=,,-I (z). Now SUppo3C 

(1. y) ε M; n ( (1) x l) and y> O. Then by 2.8 ( 1. y ’ ) EMi for O<y' <y. Now 

h I (1) X J- .U is an is<!omorphism. hcncc " ( 1. y') E Gi - (z). Fixy' E (O.y) and Ict (ï. ÿ ) 

E (l. ')x (l • . ) with h(x, ÿ) = h( 1. y’ ) . Sincc M。그 [0. 1/2J x l thcrc cxists <1 n n E (1. 

2. 3. ... J such that (x". ÿ'’) E Mo. But "(I .y'") = " ( x", ÿ") = z. This is a contradic‘ 

tion. Thus y =O and M; n ( (1) x / ) = ((1. 0)). 

2.25 DEFL\lITlON. A C.semigrOl•φ is a scmigroup S satisfying propcrty (β) and 
thc boundary of S is 1hc union of two nil thrcads. 

2.26 THEOREM. 1I S is a C'semigroup. Ihen .L(S) is 01 Class C and hellce 
[(1. ')x (l. ' )J/R(.L(S)) is 0 C.semigroψ. 

PROOF. Sincc M ô = MO= ,,- I(z) wc gct Mò n ( (1) x /U/ x (1)) = (!) X [0. 1/2J U 

[0,1/2) X (1) . Hcncc we nccd onJy show that if (x.I) . (1. y) E M;. then 0';;.< ';; 1/ 2 

Or 0';;y';;1/2. Lct (.<. 1). ( 1. y) E M; and 1/2<.<드 1 and 1/2<y드1. Thcn (x',I). 

(1. y' ) E M i for 1/2< x' < x';; l and 1/2 < y' <y';; 1. Hcncc " (.<'.1) . " ( I.y’ ) EG‘ (z). 

This implics 1h<1 t thcrc cxist s, s’ E S- (z) such that lI (x'.I )s=" ( 1. y' )s' ;"z. Hcnce 

by 2.9 therc cxist x. ÿ E [0, 1) such 1hat " (x’ .1 )" (x.I) = II (1 .y')II(1. ÿ);"z. Thus 

h(x’ x. I) = "(1, y'ÿ);"z. This contradicts thc fact 1hat unv= (z. i). Wc conclude 

that if (x, I) . ( 1. y) E M: that 0';;x';;1/2 or 0';;y ,;;1/2 

2. 27 RD1ARK. If S satisfics propcrty (ß) . then S is an A.scmigroup, B.scmi 

group. or C.scmigroup. Hcncc ‘ι(S) is of Class A. Class B, or Class C. rcspcc' 

tively. 

2. 28 THEOREM. 1I S sOlisjies properly (ß) , Ihen [(l,') x (1. ' )J / Rι"'(S)) 

sol패es properly ( ß) . Moreover. [(l . ') X (I, ' )J/R(.At'(S)) is iseollloψhic 10 S. 

PROOF. Considcr thc following diagram 
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( I , ·)X(I. ·)--L• S 
../ 

Øl ../../짜l 
[(1, ，)짜 )J/R (L (S )) 

To show that 11φ- l ls an lsmmOrphism we need only show that ￠-i ￠(x， y) = h-l 

h(x ,y) for a l1 ( x ,y ) E (1, ')x (1, ') . If ( x ,y ) EMo= h- 1( z) , then r 1ø(x ,y )= M o 

and ,,- I(h(x, y) ) = h- 1(z) = M o' Also if r 1ø(x ,y ) = ((x ,y ) ). thcn h( x,y ) $1, thus 

,,- I( I1 (x ,y))= {(x ,y) I , Now supposc (x， y) 훌 Mo and Ø- 1(Ø(x ,y)) is not a point, 

Thcn ø- 'cØ(x,y))= the componcnt of (M; n { (a~"， b~- WI): 0';;1';; 1. for some w E 

(0, 1) containing (x ,y) = { (a;'， ψ-‘ι 섣1';; 12’ 아121 ， Hcncc {(c, d ) ‘ C< a?, d < 

br-찌 for sOmc 1 E [11' 1211 ζM， Let W.-W' O<W<Wκ1. We have ar·t < art.

ψ.-"，1 <b7-w1 
for 1 E [11, 121 . This implics {짜·t， br·-g.ι 섭/';;121 CM‘. From 

2. 8, h(a;ot,, br·-‘”= h(art, br ·- ‘ ·t) = h(a?·t’·br· -w.t) for t까l드1 ';; 1상2" Hcαcn따1C야c limh“(a각r.JtC . 
b샤깐r?.r-u”.Jt) =늬h씨ι ’， bψrrγ-카lιWI) 

';;1센2싱1 and ø-카'cφØ(“xι， y))η)=h - 1 (l1(X,y )). Thc induced homomorphism theorem implics 

that 뼈- 1 is an iseomorphism 

Wichita Statc University 
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