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A THEOREM ON MEIJER.LAPLACE TRANSFORM OF TWO V ARIABLES 

By N.C. Jain 

1. Introduction. 

The author has introduccd the generalisation of the Laplace transform of two 
variables [3, p. 657J 

∞∞ 

(써 

in the form [4J 

∞∞ I la,+ b … am+ bm\ _'+ ,.o( Ic, + d l' "', c. + d.\ 
(1 .2) F (P, q) =pqj j c:펴써; ---r .시 )c: ’+lqy … · c ) õ õ ....... . - \ I “, '“",+1 I ‘ \[,1' . ..•••.. . • ι ，， + 1 I 

X끼(x， y)dxdy， R (p, q)> O 

and denote it symbolicaIly by 
r b_ .• a “ 1 

F (p, q) =Clf(x,y) : ’ ffl 1'‘ | 

L d. , c.+1J 

Wc shaIl caIl (1 . 2) as Mcijer 'Laplace transform of two variables. 
Tak.ingbi=O, i = 1. 2,"', m-1:dj = O, j = 1. 2,"', n-1 , 

( i) and b .. =am+t = d. =c.+,= O, (1 . 2) rcduces to ( 1. 1) ; 

(i i) and b",= -m,-kl' a .. = ’>"J-kp am +1= -m1-k1• d ,,= - ’'1Z2-k2' c,,= m2- k2t 

C . • = -1‘’ R ,,+1- ".2 ‘ 2' 

(1. 2) rcduccs to Mcijcr transform of two variables [6, p.83J 

양 양 -ι-융 -k-- ￡ -양-!qy 
(1. 3) F (p,q)=pq I I (px) " (qy) "e - W. ~ l ~ 

~， ,,!, ~， , -2' …i 

o 0 

(px)W •• +윌κ(qy)f(x， y)dxdy， R (p, q)> O; 

(i ii) and μ=융 7시l커， om = 2ml, a, +l=o ; d，=윷-m2-k2t c，， =싹. c"+l = 0. 

、.ve get. (1 .2) rcduccd to [8, p. 49J 
∞∞ ‘.'r r i ， m l-~ ， , m.- '2"" ---r1''''- -zqJ 

( 1. 4) F (P,q)=pqJ J ( px) " (qy) e - Wι.m‘ (px)W . .. ... 
00 

X(qy)f (x,y )dxdy, R (p.q)> O 
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and shall call it as Varma's transform o[ tWQ variablcs, 

Wc dcno1e (1, 1). (1 . 3) and (1 .4) symbol ica lly as F (P. q) 딛 / ( :x:.y) . 

k ， + ~" k.+ ! :t. 2 k .. k. 
κ.r， y) --;:-τ'F(P. q) and [(x.y)찌 F (P. q) rcspcc1ivcly. 

In this papcr wc have obtain여 a thcorem for Mcijcr-Laplacc lransform of two 

variablcs. On parallcl Iincs 10 that of Tricomi ’ s th∞rCIll [9. p. 564[ for Laplacc 

transform of onc variablc. Scveral intcrcsting particular cuses havc bccn obtaincd. 

and thc thcorcm is iII u stratα1 by an cxalllplc. 

1n wha t follows. wc havc usα1 thc sYlllbols (0,.). ò(κ 0) . ò ((n.o,)) and 

ò(κ :ta) to dcno1c rcspcc1ivcly thc sct of paramc1crs 0 ,. o? …- -, a, : 3 , 므土L 
n 1t 

, 약g-L ; 4(ι 01) , ....... ò (n.02)' ò (n. a,) and ò (κ 0) . ò (n. - 0) 1hroughouL 

this papcr. 

2. Thcorcm. 

1/ 

F(p.q)=c fI( :x:.y) : 아’ 0 .. +11 
L a". r.: ,,+lJ 

t hen 

(2.1) 깜-r qf-r F@÷ q-공)=C[s'폐 H(ι 1. x.y) [ ( x. y ) d.쩌‘ 

tolzere 

f ‘ . e“+11 
h,. go+ d 

-ζb.+ 숭 c…-εd，+흐 .J.(’ ‘+’ .-$,-1,,)(' ;"=1-" ~ c: 

(2.2) H(ι 1. x.y) (2π)“t 二2

•. H-Eι+ '_ + 4. _ . ， .-t’ -~ι + ，.+-t. .-, 흥 n2" OTO ;;'j 

X Glim+Sl ” /F맏ò((nt • -e.-ζ-까， 

끼. +씨”써“’."+ "，\ S ,‘ n, ’ Ò((St' o .. + t)) ' ò((까· 
AIsl, a +b，씨 

-e‘ +1- ' 1)) / 

xGι써 .•. u (펴仁|A((”2- -g, - h,-?), A((S2· c，+d”끼 
’ :V+ 5,11', $1" + s.+ "."+’‘\ 2 ’ n2"'lò ((S2' c.+ 1)) ' 이n'!. ， -g"+ l-r，끼 / 

þrovjd.ed. ι. Sr are posiUve inlegers s,.> "" r = l . 2: 

larg(상/p’， )[ <(SI -씨)융. min (R(e,). R(e‘ +1) ) + nl minlR( ~: )}> - 1- R(r1)> 
‘ '1 ’ 
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R(e; +지+η) -2 for i = 1, 2. ll. j = 1, 2. 111 + 1 ; 

l argψ/q") 1 <(s2-"2)풍. min IR(g , ) . R (g ,+ ,) } + " 2 min (R(풍)} > - 1-R(r2)> 

- R(g，내 ",+ r2)-2 for k = I.2. ι 1= 1.2. " + 1 ; 

and the do“b!e integral i" (2.1) is absolutely convergenl and Meijer-Laplace 

transform of 

FγlJH(s. μy) dx，혜 exisls 

” 
nl n, 

PROOF. Jn (1 .2) . rcplacing Þ and q by p- -,,- and q- -,,- and multiplying by 

(2.3) 갑쉰-'， F(삽 갑)팬-rlq팍댐(þ - 한뚫;’")) 
' +1. 0 { _-"'- I(c + d) \ 

x G I q " yl ' • )f(x,y) dxdy 
”’ ' + ' \ I(c, + ,) / 

Further, it can bc provαJ easil y. using [1. p. 3. (2. 3) 1. that 

m+ 1, 01 _ .!!니 (a_+b씨 . + " O{ _-"'-lCc.+d씨 
(2. 4) rηq→"G Ixþ ’, 1 … … 1 G Iyq" 1 ‘ "1 

m, m+1\ I(am+ ,) / " ' +' \' . I(c.+ ,) / 

∞∞ “+1. O{ ,(e“ +1.) \ ,+1. O{ I(g “ + hJ\ 
=þ이 I G [þs “ ‘ 1 G I qt[." .' V't' , H (s. t. x.y) dsdt 

@@ U UT l \ '(e“+,) / ,. '+' \ [( g ,+,) / 

On using (2. 4) in the right hand sidc of (2.3) . and intcrchanging thc order of 

intcgration . thc rcsult (2.1) follows. 

To justify thc changc of ordcr of intcgration we obscr\'c that 

( i) s. t- integral in (2.4) is absolutcly convcrgcnt [7, p. 84) as ",’ 1t2, S, and 52 are 
positivc intcgcrs , 

s,> η" 1 arg (x" / þ" ) 1 <(s, - "， )π/2. 

min {R(e;) . R (e.+,)} + ", min (R (a/ s,) }> - 1- R (r ,)> -R(e， +f;十 r，)- 2

for i = 1. 2. … μ• j = 1, 2 ..... .. 111 + 1; 

S2> " 2' 1 arg(y" / q'’) 1 <(s'- "2)π/2. 

min{R(g,). R (g ,+,) • "2' min {R(c/s2) J> - 1 -R(η)> - R (g.+ ".+ r2)-2 

for k~ l ， 2 ， v. 1= 1. 2 ........ n+ 1. 
(ii) x,y- in tcgral in (2.1) is absolutely convcrgcnt. 

(iii) thc rcpc3. tcd intcgral is abs:>lu tcly convergent as Mcijcr -Laplacc transform of 
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F trfI H (s t x y) 썩xists 
3. Pa r ticula r cases 

In what follo\\'s. wc have assumcd tl j, n2, sl and s2 as positivc intcgcrs with 

sl> n1, s2> n2 : 

/arg(%“φ”이 〈÷(Sl-nl)π /arg(y‘/q'이 <+(s，-n2)π， 
and integrals involved arc absolutcly convcrgcnt. 

(i) Sctting 이=0， j = 1. 2, •••••• , m-l: b", = am +1= -ml - k l’ (1m= m\- k j ; 

d .=O. ; = 1.2. n- l ;d~ =CM ' ,=-m'}- k?, C .. = ’“-k." WC oblain : ’ + 1 ".4: •• " . - 11 ι z 

lf 

μ÷， ι+÷ 
(3.1) f(%.y)-~， . "'. • F (þ, q) , 

I _...!!.!... _i\ 
(3. 2) þ " - " q"- - ’ F IÞ .. q "-1 -

-2 
+ 

2 

-
샤
 

U 

-
끼
’
 

、

ν
-
.
3

‘
”

ι
‘
-
…
 

/
，
、-,. 

깅
 -
aa 

“--,

L2 

• 

-
이
 

μ
 
-·Sm 

% 
-“ /

、--n 

XG[s" I'헬H(s， 1, %.y) ω y ) d%，ψ 21 @;;l] 
whcre 

강， •• 이 ( %’ ' s’, IMn1' -e‘-ι - r1 >> . ll ( sl' -2kl)\ 
(3 . 3) H (s, 1, %， y)= G τ「「 | 

" ,11+'1' 2s,+1'I“+" \Sl “1"' Ill (sl' :!: ml- k l ) , ll C이1- -e‘ +I-rl )) / 

xG각 ' .' (파.:. I~~n2' -g,,-h,-r2>> . ll( s2' -2k2) J 
"."+' •. 김.+‘Hμs4l까”’ ll ( s.‘:!:’"2- k2)' 이n2， -gu+ l- r감/ 

provided 

min (R (ei) , R (e“ + I )} + nl min (R(:!:씨 -kl )/sl) > - 1- R ( r l)> -R(c‘ +ι +r)-2. 

i = 1. 2. U; 

min (R (g). R (g ,.;. 1)) +까 min (R ( :t m,-k2)/s) > -1-R( r2)> -R(gj+hj+ r2) -2, 

j = 1. 2. u. 

(ia) Furthcr with k l =:t >>l l' k2= :t η'2 in (3. 1) to (3.3) wc get 

lf F ( þ, q) 득 I ( .<.y). thcn 
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(3. 4) 
과」-rl jL-r, e / 4 -씌 (2π)(-，싸→， -$.)/2 긴펴) 

P s, .q s. F IP s' . q S. 1= _ '_ ' __ _ 
\ I iI! . ... ，-，Ef，+ r，+응 Il .... ,- :!느h， + rt+ 응 n

1 
. - 1 ‘ n

2
-. ' . j-I ‘ 

r ';:∞ r, .. e‘ , ,f] 
x GI s" 1이 I H (s.l. x.y) f ( x.y) dxdy:;, ‘ " T ‘U 

"'0"'0 '~v' .5 v+ l r1 

whcrc 

’” “ I x" s-’ 띠((11 ，. - e,“ -f.-r, )) \ 
(3.5 ) H (s.l. x.y) =G 1--;:-':-;.:1 " '" • 

’ ,u+S,. 이+’‘’+"‘ \s, ’', ' t. (s" 0). t.((n,. -e‘ +,-r,))! 

x G ’‘ -.' f캄간렌(("2' - g, - h, - r2)) 1 
”iV+%, s+ ”lV+ ”.S2s，η2”‘ 띠(sι 0). t.((n2. -g,+\ -r2))! 

providcd 

min IR(ei). R (e‘ +,)} + R (r ,)+ l >O. R(e;+끼)>-1. ; = 1.2 .... …. U; 

rninIR(g). R ( g,+ ,)}+R (r2)+ 1> O. R (gj+ hj)> - 1. j = 1. 2. … .... v. 

(ib) Putting k , = :t m,. 씬=:t 1.씬 and f.‘=0. ; =1.2 •......• U; e‘ +,=0. 까=α 

j = 1, 2 ........ v. g,+,= O in (3. 1) to (3. 3) wc have: 

lf F (p. q) 듭 f(x,y). 

thcn 

(3. 6) p한가란-，’ F&÷ , qι-÷것÷쉰「꺼1듬듬(a짜/‘+석껴-，ι←，-“썩)/2깐킹;꾀;강꾀'Js'강당짜s;r김낀r끼ηγ'1γtfr 
‘ / 시，+숭 ~r~+ 숭 

” ” , m 」u 、l 
/ 

J X 
κ
 

、

껴
 

x t s 

땐
 
. 

whcre 

(3. 7) H짜(“s.1ιμ. 
0ι .. ι，+ ’- ， 、s이1-'"끼‘시' 1띠ð(“s， . O) . t. (n까l'’ r끼，)ν / 

xGιι .. 0 (킨f프꾀r띄 ì 
0. sl+ ”i lS2 nz jA(s2, m. A(n2- -r2)/ 

for R(η.r2)>- 1. 

(ic) Setting n,=s' = " 2= s2=1. ',="1' r2= " 2 in (3. 6) and (3.7) we get a known 

rcsu]t obtain<최 carlicr by the author 15J . 

(id) Furthcr with r, = r2=0. we gct a known rcsult 12. p. 58. (2. 58)J 

(ii) Putting bl=o. i = l,2- -- , m-1, %=융- m1-kl' onc =2싸 
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익=0. j = l , 2, ’• n•-• 1. d익’=각÷운-얘'"써’”써l잉'2- k2’ c깐，，= 2111싼l 
lf f 

f(x.y)갚등F(p.q) . 
then 

(3. 8) 강-깝-rl FP÷ q÷) (2")<"‘+，，--，-.，)/2Slκ +k1 S2m， + ι 

”l e. ， 1-i슨( + rl+ ￡%gj1-씀세감 

XG[3"1’훨}{(s. 1. x.y) f(x.y)뼈 
:: 합:] 

whcre 

2.0,’ “ ( x"S"‘ i~ ((n .• -e-f-r .>>. t. (s ←~+m. - k ,)\ (3. 9) }{(s.l.x.y)=G (;-ττ("" ， 

“ ‘ r "" ... 1’ "2 , m 1 "'1') 

’l‘ +$1 ' 강，+ "“+0，년(IJl J ‘ 1t. (s,.211’,). t. (S,.O) . 띠n l ， - e
i‘ +,- r ,)) } 

xG강‘. "‘’ ( y."갇1~ ((n2' -g
tJ
- h

tJ - r2>>' .ó(S2' 융+m2-k2)\ 
싸$.， 2"1 + 11‘’+아si까’ IMs2.2"，，) . t. (s2' 0). 이nz' -gfl+ l- r2)) J 

min (R(e;). R (e.+,)) +맏min (R(2"' ,)) > -1- R (r ,)> - R(낀+1;+r，)-2. ;= 1. 2 ..... “ . “ l 

n. 
min (R(g,). R (g ,+,)) + 텅min{R(2써)) > -1-R(r2)> -R(g, + h,+ r2)-2. 

k = 1.2, ....... v. 

( iia) Further with 지=0. ;= 1. 2. u-l. 1. =윷-ιl-Vl' e
‘

= 2u1
, e

‘ +,
=0 

까=o， j = 1.2 •• , u-1 , Ig,=÷-” 2-U2· g, = 2u2· g
”
+l = o, we obtaln 

If F (P. q퍼갚f(x.y) 
thcn 

(3. 10) 당-r q한-r FF÷ q-곰)쉰딴 sr1t젠}{(s.l. x.y) f (x.y) dxdy 

、，yhere

(3.11) }{(s.l.x.y) 
(2π)이，+ 까-S1 -s，)/2Sl’‘ + k'52"" + ' . 

n “H깨;，+씨 

×
Gal ”1 

LflS뜩\ t.( ",. -융-u， -v，). t. (s ,. + +m,-k,) ì 
”‘+’ to 2$ ， +211‘ γi ’‘1 I t. (SI' 2m1). t. (sl'O). Mn l' -2"1-η) . t. (n 1• '1/ 
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xG강'， . n,’ /캠파1 '+2' -융，-u2 -vJ Il (S2' t +’"2- k2) ) 

”’+‘. 2s.+2n. \ Sι "2“’ I ll ( sz' 2’"2) ' Il (S2' 0), ll (n2, - 2u2- r2)' ll (n2, -r2)1 

.and 
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4, Application, 

Lct 

! ( x,y ) = IvC2(쟁)장)， 
whcrc 1 vCz) is Bcssel’ s f unclion for imaginary argument, lhcn from (1 , 2) 

tlll -'- 1 “”• 、

η- T( Oj +좋+ I)ir: r lcj+융+1 ) 
j =1 j=1 ’ 

(4 , 1) F (p, q)= • r 
(P<J)씨 「(u+ 1) E r (al+ bj+ u/ 2+ 1) b r (Cj+dj+ u/2+ 1) 

=1 j=l 

i(a，.↓ 1 +ν/2+ 1), (c.~ 1 +ν/2+ 1) • 1 
x m+’ +2F m+,1+ I1 …, • …F ;i | 

Lv+ 1. (a.‘+ b .. + v/2+ 1) , (c. + d. +ν/2+1) ,.., J 
providcd R (aj+ v/2 -H)> 0, j = 1, 2, "‘+1 ; R (ci+v/2+ 1)> 0, 

; = 1. 2, """, 11 +1 ; R (p, q)>ü, 1p<J 1> 1, largp l <π/2 and largq l <웅· 

I[cncc from (2. 1) , wc gct 

(4.2) 
..!!..:... _ _ V _ _ r ‘ 

.2'L_ ι-， 

P $, 2 ‘ q s. 2 ‘ 

n‘ 
r (v + 1) n r(a;+b;+ν'/2+ 1) lTr’(c;+ d ;+v/2+ 1) 

j=l ι ’ j=1 

1 ~am + l + lJ/2+ 1 ) . (C II +I+ ~ + l) ..!!L -..!!!...l 
Xm+ 'H2 Fm+사" “ ι ;P s, qS;- / 

L 1)+ 1. (am +b"샤융+ 1) ， (c.+ d. + v/2+ 1) J 
r -;.∞ "" ’ e ‘ ,l 

= G ~ 5" 1이 I H (s, 1, x ,y ) I ,,(2(xy )“ )dxdy: ‘ l 
| 0p - /2v g v+ l | 

까 l「(0j+u/2+ 1)해l「(Cl+u/2+ l) 

“ hcrc H (s , 1, x , y ) is givcn by (2.2) , providcd condition givcn in (2. 2) aud 

( 4.1 ) a rc satisfi ed. 

l ‘IlTI thankful to Dr. I~ . K.Saxcna for his hclp and guidancc during thc prcpara

t ion of this papcr. 
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Shri G. S. lnstitutc of Tcchnology & Scicncc. 

lndorc ( l nd ia) 
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