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CERTAIN DOUBLE INTEGRALS 

By Pratap Singh 

1. Introduction. In 1931. G. N. Watson [4J proved that the funclion 
∞ 

w. μ)=ιτjJ‘(x씨，(t)dlμ. 
o 

R(u+ 1/2)능O. R (v+ !/2)~0 is a fouricr kcrncl. 

We say lhat g(x) is the ÙI‘’ ,(x) transform of f (x) if they satisfy the cqlmuon 

” . 1 / , 
、

∞ 

g(x) = J ÙI‘ ,(xy )! (y )dy 
0 

(1. 2) 

If g(r) = !(r) thcn ! (x) is said to he sclf'reciprocaJ undcr thc kerncl w“ (x) and 

is denoted by Rμ. If g(x) = - !(x) thcn ! ( x) is said to he skew.reciprocaJ and is 

dcnoted by - R‘ " Thc kcrncl w‘ ,,(x) has the followklg prOIrrues-

(i) ÙI“·”(x) = tie- “(r). 

(ii) w，ι ，(r) =0(x.+ 1J2’ x'+ 1/2) for smaU x. 

=O(r -') for Jarge x. 

(i ii) ,õ‘·‘_1(r) =J 2._1 (2‘11:" ) . 

In this chaptcr wc shaJJ cvaJuate doubJc intcgraJs. 1 have madc usc of a numher 

of known functions which are self-reciproCc:'11 undcr the w‘ ’(x) transform and aJso 

have utiliscd ccrtain rcsuJts obtaincd by Singh. B [3J. Thcsc resuJls arc appended 
in lhe beginning. The doubJe integraJs evaJualed are givcn in thc form of a tabJc. 

2(a) Thc foJJowing rcsuJts arc provcd by Bhatnagar and Singh. B. [1. 3J. 

1/' (i) y" '1 _1/,(y/2) K _1/ ,(y/ 2) is R _I/'. -1/" 

(ii) ..,ry J ，(y/、/호)K，(Y/./호) . R1/2. 1/2' 

(iii) 1/2+‘/2+ I /2K' /2_ ‘ /2(y)' Rμ· 

(iv) 1 ,(y) - L,(y). R 1/2. 1/2' 

(v) 

(vi) 

l 3(Y/2)+Y삶/2). R_1/ 2• -1/2 

11/2-... /2+ 1/2 
j l/2+u/2(y), Ru,,· 
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(v ii) 

( vii i) 

(ix) 

( x) 

(xi) 

(x ii ) 

(xiii) 

(xiv) 

(xv) 

(xvi) 

(xvii) 

Pratap Singh 

y -'I ,,(y/ 2) K / Y I2), R - , -1/2,3'+I/T 

y -u/2H (I/2)(,- l) [ y) , Rμ· 

y’ [H _.(y ) -Y _,(y )]. R 2'- 1/2 , l/2' 

1j'l - N r T " 01 .... \., 2 
y ‘ [J“ 1/2(y / 2)J -, Ru,3u_l' 

K , (y )L'_ I(y )+ L ,cy )K , _I(y) , R 2'- I/2 ,3/2' R(v)늘0， 

-1/2 
[1' +1(2- L , + 1/2(y)J , R 3o+ 3/2,1/2' 

‘ I y [Y ,(y)H '_ I(y)- H ' (y )Y '_ I(y ) , R' ,2" 

y' [Y 1/2(y )H - 1/2(y ) - H
'
/2(y )Y -l/ly ) , R'_ 1/2,3/2_ ,' 

y“/2+ 11/2-3/2 S -u/ 2-11/ 2+1. “/ 2-'/2(y ) , R ‘ -2.v-2" 

-1/ 2 
π‘Iy [H ,(y )-Y ,(y)J -y-" . , -R"" 

-1/2 
π‘1)1 [1,(y )- L,(y )J - y - "., - R"o' 

2( b) Singh, B, [3J havc obtained the following rcs띠ts: 

∞ 
F ’ I?? _312 _.~ 

(i) J ,' "(X- + 1) "' "W1/2，， (xy)dx=ι강 sin(ι양)e •• , 
0 

、/ ” 
J 

( 
0 」딩

 
찌
 

( … U ~ w 、” ( 。H 
。r ’ 

J o 
” ( 

(“ω쩨1Il…11띠l”) f￠F숭x낀-카1/산lι(짧w싫싸값ax) K1 (2.，/“…(2.，/싫값)껴때@ 
、 y 

(iv) J x -1/2K2，c2ι값)íii _", ( xy)dx 

~ ’ 12 =iζ r(얀1깐딘댄브2... .F, [v+ 1/2, 1/ 2: 1: l-//iJ , 
4a ’ r ‘ 

R (y + a)>O, - 1/2<R (v) < 1/2, 

∞ 

(v) J /J，/lX/2)Y"앙/2)띤-l+싸+l-l/2 (xy)dx 
U 

“'+lrcÀ+ν/2+1/2) 
)' 1 \ .. J" '- fl/I;. T ~/ ~/ lF2 fÀ+ν'/2+ 1/2 : v+ 1. λ+v/2+ 1: -y"/ 4J 
‘/π2'r(À+v/2+ 1) r(v +1) 
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∞ 
r 3/2", 2, - 3/2 

(vi) I x-' -(1 + %-) -'-W'， I (xy)dx= 2、Iy!.(‘12y)K.(‘12y) ， R ( u)> - 1. 
U 
∞ 

(vii) J강!，(ι짧)K.(ι짧)W" ..cxy)dx 

「(v/2+Or(v/ 2+ 3/ 2)x'+ 112 _ rv/2 + 3/2, v/2 + 1; ., 2 μ씌 
‘/g「(u+1)aeT2 2r l tu十 1 ; J ,- j 

R(v)늘 -112， 

∞ 
r /-="" 2 2, - 3/2 

(viii) J ‘ 1%'(0-+ x") - -' "WO， O(xy)dx=(2/aντKo(ι깡)!o(ι짧) 
o 
∞ 

f . .3/2 r ,, __ • r^" , ." " 3(2 
(ix) J X-' -!I (X/ι효)K，(x/‘/호)ω' ，' (xy)dx=y''70(y/ι흥)Ko(y/ι호) 

o 
∞ 

(x) IιfIu2+%(X/2)Kvα-‘12 (x/2)힌 .(xy)dx = e -’ι; 
0 

“x) J;-‘-1션'2.(2.강)W‘ 2v_.(by)dy 

121 

2(,,-‘ ) r> "", • • ,,.., . 2v-‘ +112 
2 r(2v- u + 1I2)b ” c 「u-u/2+l/4， v-u/2+ν4; 2 1 
r (v+ or(u- v+ 112)(1 +b')“-‘+1깅 2r llu+ l ; 4b j 

L 건감1)I.J 

∞ 

(xi i) J x-χ(x/2)! -，cx찌 W3v+1/2 , -v-싸xy)dx=-y γ.(y/2)Y.(y/2) . 
U 

3, THEOREM. J J f ( . 2 +/)!.+.(2yιT)K._. ( ZX,,;T) dx dy 

=옮，SCC[(V/2-u/2)πJ I 장F K u(tz)dz, p7OVtdcd that f (Z)=0(z-l/4 a) @ 

large z mtd f (z)=0(z-”- l 4 t) or O(z-”-l+a) for small z ; δ> 0， ">0; R (v+u)> 

- 1. IR(v- μ)1 <1. 

PROOF, Singh, B. [3J has provcd that 
π/2 

J!‘ +. (271 sin fJ)K ._, (271 cos fJ) d fJ 
U 

=응SCC [(v/2- 11/2)π! 소 ￡l p(r2t2)· 
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Mulliplying bolh sidcs by rf (r2) and inlcgrating wilh rcspcct to r betWCCJl the 

Iimits (0. ∞) wc have 
∞ ;r(l 

J rf( / )dr J J ‘ +, (2rl sin 0) K ,_‘ (2rl ∞s IJ) 얘 
ú 0 

(,,/ 4) scc( ，깅 ~1I') ~ 1 ? ? - • . ' jf(O힌 ,(r-t )dr 

On putling x= rcosO. y= rsinO wc havc 

J J f ( / +/ )J ‘ +,(2Iy)K ,_.(2Ix) dx dy 
o ú 

’
η
 

3 

t
μ
 

ζ
 r’
Jo 

쩍
 

π
 -4 

or J J f(:/+/)J ，‘ + ，(2yιT)K.→(27:ι't)dx dy 
o 0 

∞ 

= asec [(W2-찌꺼 (1/ιη J Z - 1(2 f ( z)w‘ ’(lz)dz 
0 

Thc integrals arc absolutcly convcrgent OJl account of thc abovc conditions. 

4. EXAMPLES. (1 ) Lct f ( z) = ,-', thcn we have from thc theorcm 

(，，/8)앓 [(v/ 2- ι/잉π1 (1l긴) J z-I/2.-피 ,( Iz)dz 

∞∞ 

J J e -(""’7‘+ ，(2yιT)K . ‘(강ιη값 @ 
o 0 

=J e-x·Ku-”(강ιT)값 J e-’Y‘ + .(2y긴)dy 
o 0 

or J e?/2￡‘ ’(z)dz=중CQS… 
∞ ∞ 
r - xl -J I2 __ r - yt - 112 xJ' x .,- K ,_‘ (z,,;x )dx I e ι y -,-J.+ .(μry)dy 
o 0 

=÷I C+vg ( 1/ a)K%•, /2 (1/21) . R(u. v)> - 1. -1 <R(v- u) < 1. 
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which is thc result due to Singh. B. [3J . 

(2) Let f (z)=z3/4I -l/4(Z/2)K -l/4 (Z/2). 

Hcncc from thc theorcm we havc 

fPx2+y2)씬-1/4 챙K_I/4 챙J -1/2(찌Ko(씨dx ψ 
∞ 

=잭펴풍윤r책앓[(따…(vω“U“때/찌2-얘‘/2써색J「zlV/”끼4 

=움1 -끼1 - 1/카써1/꺼4η1시-카1/씨/시찌4 
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Sin삐nll…l“벼l녀ar야ly ‘wc can obtain the follo、\' ing rcsults with the hclp of thc results of 
2(a. b) . 

∞∞ .,? ,)? 

(3) JI (x
2 +/ν。(첼二)KO(휴r )foC2yιT) Ko(강끼 째 J J \ ..;t )'"0\ 、1 2-;

00 

=움 μ(1/";호)Ko(tι흥). 

∞∞ 
f , ’ .III!2+II'!2+ 1 r , , 2 , 2 

(4) J.I (x" + y')"' . T".TOK'/2_“ (x' +y')J‘+ ， (2y긴)K，_.<강간)dx dy 
o 0 

rr , .... , ,,11/2+ “'/2 
=융scc [(v/ 2- ,,/ 2);rJ ( ' - , - , -K껴-‘/2(1)， R(u+v)) - 1. lR (v- u) 1 < 1 

v- u and ~ is not an inlcgcr. -
(5) J J ι합「lIo(x2에)-μ(x2 +y2)]jl(2y씨 KO(강씨쩌 

= 풍 t - l깅 [l o(I)- L O(I)J 

(6) 웰;징수F 띠(펠)+Y~(펠) 11,(2y..;7)K o(싫)dx ψ 
rr . -1!2 r ~2 

=풍 I ., - [j~(1/2)+Y~ (I!2)J . 

∞∞ r r , 2 , 2, u!2-u!2-f l .. 2 
(7) I I ( x" l-yT' - -, - " J . +þ - +y.)J “+,c2y.,/ I)K ,_‘(2:<‘1 I )dx dy 

õõ 정-

π ν2-u/2 = '8 5CC [(v/ 2- u/2)πJI '~J./2+ ，지 (1). 

R (u I- v) ) - 1; R (u-v)) 1/2. R (v- u)) - 1 
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~O。 ‘ - .‘ 2 2 、 ? 2 ‘ 
(8) r r (x" +/)ι-’1，(추±식KJ주±Z-)j?u(2y /7)Ka μ (강ιT)dx dy 6 g \ 2 ;-' ,\ 2 /'~ lv" ~"" ' - -4’ + 1 

=(π18)sec [(2v+ 1/2)비 , - '- 1/2 / ,(l/2)K,(I!2). O> R ( v)> -1/2. 

∞∞ 
r r " 2. 2,,1/2-v/2 r r 2 2, r f~' r' ' n . _ / 7" 

(9) JJ ( x"+y")"" ""H'/2_1α ( x" +Y")I'+ 1 (2yι , )K，_I(강ι )dx dy 
00 

=(π18)sec [π(v/2- 1I2)J ，- ，12-112H , -1 (1). IR (v-l )J < 1. 

∞∞ 

(10) J J (/ +/ )’+l/2 [H J2+y2)-YJ2+y2)]l2u(2y긴) 
00 

XKI _ 2，(ZX、17)dx dy=(π/8)sec [~(1/2- V)J /, - 1(2 [H -,(1) - Y _,(1)]. 

o < R (v) <1. 

(11) 뽑x2+y2) l-‘ [/' _ 1깅(씀i)]L-l (2y긴싼1 ( ZX..lT)dx dy 
00 

= (,,/8)sec [π(u- 1I2)J ,-‘ [J‘-l/2(t/2)12, 1> R (u) > 0.

(12) )] 깃광 κ(12+y2)L，-l (x2+yZ)+Lu(x2+y2)K u- l(x2+y2)1 
00 

X/ 2'+ 1 (2yι , )K2(l_，)(ZX、l ' )dx dy 

=(π18)sec [π(1 -u)J ,-1/2 [K ,( I) L._1 (1) 내 L ,(I)K ' _I ( I) J. 1/2 < R (u) <3/2. 

(13) J J (i+/) -’ [Ip+l/2(x2션2)-L'+1깅(x2+y2)1l3싸μ1) 
o 0 

X K 3'+1 ( ZX..l / )dx dy 

=(π18)sec [π(3uI2+112)J ,-,-1 
[/ ,+ 1/,(1)- L ,+ 1/2(I)J. -2/3 < R ( v) <0. 

(14) J J (i +y장 [Y, (x2+y2)H , - l(x2+y2)-H , (x2+y2)Yv-l(x2+y2)l 
00 

X/ 2,(2 y ';I) K 2, (ZXJï )dx dy 

= (;;/8)앙c(ιπ) [Y ,(I)H , _ I (1) - H ,(I)Y ,_ I( I)J. 

(15) J J (i + / )'+ 1깜써x2+y2)H-

”(x걱 y2)-Hl/2(x2+y2) 
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2. 2 
x Y _l/zCx.+y.)]J 1(2y ‘1I )K 2_ 2,(2x‘I/ )dx dy 

=(π/8)scc [(I - V)::]I，- 1/2 IY1깅(I)H -l/l t) - H 1/ 2(1 )Y -1/2 (1)]. 

1/2 <R (v) <3/4. 
∞∞ 

(16) f 2 ‘12+ 11'/2-1 f (x + y ) S-M/2-v/2+ l ν2- ，/2 (x' +y) 
00 

XJ ‘ +p-4(2yv/ t )K o--‘ (2x‘1 1 )dx dy 

/2+ ,,;’- 2 
=(π/8)sec 1π(v/2-u/2)] 1"'.' " '-'S “j2-vj2+ 1. ‘,/2_,/2(1). 
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IR (v-u)1 < 1. R (u+ v)> -3. also “ and v arc notc evcn ncgative integers. 
∞∞ 

(1 7) J (x +y-) IH o(X 성 ) -Yo(x. +Y)l!0(2yι 1 )Ko(2xι 1 )dx dy J J(i ’ 2. 2 ... .... .. 2. 2 

o 0 

= 上+ : [YO(I) -Ho(l)]. 41 . 8- , - 0 

(18) J J (i +/) Il o(i+/)-Lo(i +/)]Jo(2yιI)KO(강ιI)dx ψ 

=풍 1Lo(l ) -10(1)] + 1/41. 

(19) JJ (x2+y2)2[(x2+y2)2+ll-3%/2(2y간)KV2(강ιI)dx ψ 
-1/2 ‘ /'F 

=숭( "'sin(‘121)0 

(20) IIι필y' sin [ι2강펴η] 0ι2하;끼f3/zC2y-./I)K1싸강간)야 @ 
o 0 

2 , .. , _3/2 
=좋 1(1" + 1) -" '; which we get due to the fact that 낀.' (x) is a Fourier 

kerncJ. 

(21) JJι;펴2 IH。(x2+y2XII (2y、/1)Ko(2x、11)] dx dy = 싫ïJo(t). 

(22) JJι~누y' μx2+y2ν1(2y-./I)KO(강씨dx dy =꿇 센(1) 

(23) J J J1 12ι값굉)J K 112져힘rf]Jo(2yι'I)Ko(2x-./ ηdx dy 
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프_lnπr 2a +"'ï'주꿇 1 
32a .v안--←→1 l' 
∞ ∞ 

(갱) J J K2， [2찌낄y') 1!0(2yιI)K2，(강간)dx ψ 

sec(vπ)r(v+ 1I2)r(1/2-v) l ' 
· ι : ' '''" 'V / ' oF. [v+ 1I2. 112; 1; I - I"/ a"]. 

32a" T “ ‘ 
R (t + a)>O. -1I2<R (v) <112. 

( 25) 뽑x2+y2)A+%2(혈￡) Yμ(폼i)f2u(2yJ) 
o 0 

X K 2.1 _ 1 (2.、I I )dx dy 

=-~객딘삼vl2+ 11잉sec [ (λ - 1/2)π] 1'+λ- 1/2 F [λ+v12+ 112 ; _1’/41 
2’ +3r (À+ v/ 2+ 0 r (v+ l ) 1- 2lv+ 1. À+ v/ 2+1 ; ’ 」

3/ 4> R (À)> O. R (v)> -112 and À is not half of an intcger. 

〈잃;) j ’J (x
2 +// [I+(i +//] -3/감“+1 (2yιη K1_ .c2xιI)dx ψ 

o 0 

= (π/4)sec [π(l!2-ω] 1“(‘ 12J) K ‘ ( ‘ 121 ) . 

∞ ∞ 

(킹) J I (/+/)1)ν렀펴') ] K‘[~ 값파') 1!‘ +1 (2yν'1) 

XK1_“(2X、I I )dx dy 

2, -3/2 
=(π/16)sec [π(l!2- “/2)] 1 (1+η ι • 

(껑) I I (x
2 
+/ )1, ν장찍')] Kz，，[ι값파')1!2，c2y긴) 

XKO(2xν'I)dx dy 

ι1ir(v/2+ o r(v/ 2 +3껴!".. 1i' rv/2+ν2. 0/ 2+1 ; _ /;a21. R (v)> - I /2. 
2‘ llv + l: J 

8r (v + l )a 

(g) ff (x2+y%az+(x2+y2)2l-3/2jo(2yιη Ko(강ι ï)dx ψ 

=옳Ko(ι깜) 10<쩌. 
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(30) J J (i+/)Jo [ι짧힘T)J KO[ι값망) JfoC양껴 Ko(강긴)dxdy 
o 0 

2 _2, -3/2 = ~'~- cr + a-) 
16 

(31) fPx2+y2)산1 (操)K總)째긴)KO(2x../T)째 
=뚱 1 J 0(//져)Ko(ι강) 

(32) fPx2+y2)?。(떻)KO(總)fZC양찌찌(앙씨dx ψ 

=움 1" (//까)K1 (//져) 

(33) fPx2션2)I@+‘i-~-평)K”2-“(헬)J.+，(싸) 
x K .-.(2x‘ It )dx dy 

= ( ,,/ 8I)sec [,,(v/2- u/ 2) J e - t. 

On putting u = v wc have 

00 00 “ 2. 2 ‘ 2 2 
심 (x‘+yη1.(풍L) KO(씀꺼2. (강끼KO(강끼dx dy 

= 옳e t , R(U)> - 1/2 

(34) JL (x상')2.-. + 1 [써2+y앙2J ‘-2v- l/2 2Fl[캅암+ 1/ 4. v-u/2+ 3/ 4 : 

4(i+y장 2 1 
듀스듀i쉰?:? I J ? __ (2y../ 1 )K’“ 、 (2x‘1 1 )dx dy 

[1+ (x" +y"γl ‘ J • ;UI “,-‘ l 

tsec[π (v- u)J r (v+ l )r (u- v+ 1/2)1. - .-1 J 2,(2../ T) 

2't.V - 'l.“+Jr (2v-u+ 1/ 2) 

R (2v-u)> -1/4. 1/ 2> R (u-v)> -1/2. 

(35) JJ (i +/)’ J . _ . + 1 [ν한펴'YJ K‘-， + 1 [../2핏굉;1 
o 0 

xJ“ +.(2y、1 1 )K._ι2xι t )dx dy 
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= 2211-5써 sec [，，(v/2-y/22l...L띤슨，，/2+ 1/2딩.(v+ 1/2ι，-1 
r(-v/2주u/2+3/2) 

I v/2 + u/ 2+ 112, v+ 1/ 2; _, ,,21 2F d ’ - 1Ir 1. -1 <R(v- μ) < 1. o <R(u) < 2. 
lu/ 2- v/ 2 + 3/2 ; J 

(36) 휠x2+y2)-v+ l/2jv(펠) J _，(땀) J 2.(2y ..;7) 

X K ,,+I(2x‘ I I ) d.r dy 

= - (π/8)sec [π(2"+ 112)11-'-1/2 J .(I/ 2)Y .(1/2). 0> R(v)> -1/ 2. 

(37) 靜+y2싼미(펠) ζ(팽) J2.(2y긴) 
X K ,,+ 1 (2x‘11 )dx dy 

=- (π/8) sec[π(2v+1/2)1 1-'-1/2J ,(/I2) J _.(1/2). O> R (v)> -1/2. 

B. 1. T. S.. Pilani , Rajaslhan. India 
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