
KyungπlOk Math. ]. 
Volumc 12. Numbcr 1 
June. 1972 

INTEGRALS INVOLVING LAGUERRE. JACOBI AND 

HERMITE POLYNOllUALS 

By B. Nath 

Summary. 

Thc purpose of thc prcsent paper is to cvaluatc certain integrals involving 

Laguerre. Jacobi and Hcrmitc polynomials. T hcse integrals are very usef ul in case 

of expansion of any polynomial in a scrics of Orthogonal polynomials [1. Thco.56] . 

Frequcnt use will bc made of the notations given in Rainville [1]. 

We shall provc thc following : 

7 -x +8 (a) ( 1)K「(1+a±8)띠댐L 
(1 ) J e-x7!'+PL';'(x)dx= 'Kî'---'rè다β-K) 

o 
where Rc(a+β)> - 1 and 0드K드β ; 

(2) j (1- x)a(1+ X)B+Yp, (a a)(X)dx= E뿔많휩멍짧￡펀 
r (Y +1) 

X7τY-n주b-. wherc Re(a )>- 1 and Re(8+ Y )>- I ; 

(3) 

(4) 

# z 장nr(1+ 1江ι난객L J e -‘’X-H2.(x)dx=~rct二n+ 1)
-∞ 

whcre 0드n드1 ; 
∞ 

fe - x’xa + lH강+ 1 (x)dx 

-∞ 

whcrc 0드n드1. 

깜E디브괴æ검객2 
r (l - n+ 1) 

PROOF of (1) 

Con.idcr thc intcgra l 
∞ 

A = f 
e -xxa + ßL~) (x)dx 

O 

From [1. p. 201(3)] and ( 1. 1) . wc have 

!!.. (_ l)r
(1 + a ) v 얻 - % a+8+ ,. 

A =L; 
. 1\ I e - 'x~ ' ~T ’d" ,=0 r ! (K - r) ! (1 ~a)， -(, 

( 1.1) 
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lf Rc(a+β)> - ). thcn 

K ( - I )'( 1-l a ) .. 
A=즘。τ!(K-젠간+하;「(a+β+r+ I). 

(I+a)Kr(a+β+ 1) 쓰 (-K)，(a+β I 1), 
or. A=-- K! -- irτ’ (I I-a)， 

110드 K 드 β. thcn 

A= ..1.二!)Kr(a~ I)r(β+ 1)_ 
K! r(β+K+ I) 

Hcncc thc rcsult follo\\'8. 

PRoor of (2) 

Consider thc integral 

8 = r (I-x)치l +xl+Y p (a .ß) ( x)dx. 
J ’ 

From [1. p. 잊5(4)) and (2. 1) . ,‘'c havc 

(2. 1) 

(- 1)K( 1+ a )”( l + a + g)”4 K } a +K 8+ 
B= ";L 一 + l ( 1 x)a ” O + x) dx . 

• = 0 K ’( r.- K ) ! (I+ a ) K(I +a+β). zK :!, 
li Rc(a)> -1 and (β+ Y)>- I. thcn 

+ 1 r (l +a+ll)r(β+Y+ 1) ,!'... (- I )K(l l-a + ß+ 1I) K 
B=2''' ''' .. ...:... ' ~ii ’(a -rβ+ }각2) 읍 K (a 얘 I-Y +싸 

2，，+β+ Y + I r(a+1I+ I)[’(β+Y + 1)( - 1)"( -Y). 

ll!r(a -i-β -i- Y +2)(a -rβ+Y+2)n 

_2"캘르+ 1 r(a+n브)r(β 1-Y + 1) r(Y + 12. 
lI !r(a + ß+ Y + n+ 2) r ( y - 11+ 1) 

Hcncc thc required rcsult. 

PROOF of (3) . 

Con8idcr the integral 

c= 가-，'션Hz.(x) dx. 
-∞ 

From [1. p. 187(2)) and (3.1) . wc havc 

c=쇼 4二!)K(젠쓴칸 &-xix낀+μ-2K 
;;;;'0 K ’(2n -2K ) ! J 

? "- (- n) .. ( -n+I/2) .. 
=2~ r ( l+ n+ 1/2)곱개!(L2- l펴IK 

(3. 1) 
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Thc pr∞f of (4) is similar to that of (3). 
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