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SOME CONTOUR INTEGRALS INVOLVING GENERALlZED 

LEGENDRE FUNCTIONS AND THE H .FUNCTION 

By P. Anandani 

1. Introdudion 

Thc objcct of the present paper is to evaluatc some contour intcgrals involving 
products of generalized Legendrc functions and thc }f- function. In thcsc rcsults. 

integratiOπ1 is performed with rcspect to the paramcters of gcneraliz여 Legendrc 

functions. Generalizcd Legcndre functions reducc to associated Lcgcndrc functions 

on setting m=n and 10 L영cndrc functions on taking m=n=α Also on specializing 

the paramcters 이 the H- function. which is a very general function. 、，ve gct 

various othcr k.nown functions. Thus. 00 spccializing the parameωrs of thcse 

functio띠s. we may gct many interesting re1ations 

Thc H - function was introduced by Fox 떠. p.40히 and its conditions of validity. 

asymptotic cxpansions and analytic continuations havc bccn discusscd by Braaksma 

[1 ] . Following the dcfinition given by Braaksma [1. pp. 239-241J. it wiU be 

rcprcscnted as fo11oW5 

" , ..r 11(0 •• a')] l , r .llJ’(brß낯) nr(l -aj+αß)z' 
( 1. 1) H ‘ 'z I " .' 1 =~~J..l= 1 J = ‘ d~. -- "'LI {(b,. ß,)] J 2πT s / r / ’ 

1""" ~，n .J T nr(J -b;+ j ) nr(o;-aξ) 
j=l+ l j = ‘ + 1 ' 

where [(0,. a ,)J . slands for the sεt 이 paramctcrs (01’ 이). .... (0,. a,). 
m. n . _m.n 

Gcncraliz어 Legcnd rc functions P; ’ ( z) and Q~""(z). two specifi어 Iincarly inde 

pendenl solutions of thc diffcrenlial equation 

d2w n~ dw , (M 1...L 1 "\_ m2 n2 
(1. 2) (1 -z2) a-~ __ 2z a,'" + !k(k + 1) m- n ’ 강강 dz -r l 걷감그)-전퓨강;W=O. 

havc been inlroduced by Kuipers and Mculenbeld 14J as functions of z for aU 

points of thc z-planι in which a cross-cut e..xists along the real x-axis from 1 to 

-∞. On the segment -1 < .. < 1 of the cross-cut these f unctions arc dcfincd in 

15. (1) and (2)J 

Onc of the theorcms of Braaksma Meulenbeld [찌 15 
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Let 111 bc a rcal number 비th n l < min {Re ( 2k+ 2- m). Re (-2k-m)}. and ø(t) 

a function such that for all a. -l <a< l : 

104 

if Rc m낯o. 

ø(t) (1 + I)-'!og( I + I)EL( - 1. a) 

Ø(I) (1_1) -1 한'Eμa.l) . 
Let furthcr ø(t) bc of boundcd variation in a neighbourhood of I = x( -1 < x < 1) . 

Thcn ø(t) satisfies the re!ations 

if Re m二 o.

1 1 11<' 
Ø(I) (1+1)- ' 걷 I"oml EL( - 1. a) 

J ø(t)P;' n (1)띈r 2~i Jdn ’.rcβ+ l)rc _a)p; .n( -x) ( 1. 3) 

= - (Ø(x-O)+Ø(x+O) }. 
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and 

( 1. 4) 

= - (Ø(x-OH Ø(x+ O)}. 

뼈 

fo r thc sakc of brevity 

• k 
ε(ßJ -ε(8) +ε(α) ε(a) ""B 

1+ 1 u+ l ' 

In what follo‘\"S. 

k 

우(ßj)-우(의)르A. 

2. In this scction. 、\'e cstab!ish an intcgra! which is rcquired in the deve!opment 

of the prcscnt work. 

larg z l <윷Bπ， A르o. B> O. !f δ> 0. 

Re (þ-윷써bj껴)> -1 (j = 1. 2 ..... 1) and 

Re (k-þ→ δ( l -a;)씨>웅 I Re 111 1 (;= 1. 2. … u). then we havc 

(2 1) j싸(때P-lp; *(t쐐 

=2'+센-.) [ r(k+융(m-n) -l-1 ) r(k-승(m+ 1Z)+ I)]-l X 
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× HI+2 “+ :i. I(융n-p. δ). ((0써). (-p-윷n δ) 1 
2" +T I (k-P+웅’” δ). (k-p-+m. ð). ((b,. ß,)) J 

PROOF. To obtain the intcgral (2.1) . exprcssing the H function as Mcllin. 

Barncs type of intcgral ( 1.1) and intcrchanging the ordcr of integration. which is 

justifiable due to thc absolute convergence of the integrals involved in thc proccss. 
we gct 

( 2. 2) 
上 f Fr(bl -양).nr(1-al+αß) , 
2πtμ τ ιτ ←→Z‘ 

T JÍr(I - b;+ß.D ÍTr(o,-al) 
j =l +l j=u+ l J 

r r . • ... þ+ ðt r . , ...... k-þ-l-ð( X J (1 -1)""(1+0" y , " P~""(t)dl d~. 

evaluating the inncr intcgral with thc hclp of (2. p. 277(8.2)). i. e. 

(2. 3) J(1 -I/(1+t)'-P- l p:.m(l ) dl 

=썩(m- n) ， _ _ r(k-p+윷센(텔二융m)막二쉰브L 
r(k+웅(m- n)+ 1) r(k-융(m+n)+ 1) r(p-윤n)' 

、\.hcrc Rc (p-웅")> - 1 and Rc (k-P)>융 IRc ml ; and again applying ( 1.1). 

the dcfinition of thc H .function. we gct the valuc 01 thc intcgral. 

l 3 (i) Let δ> 0. A는o. B>O. larg z l <τrBπ• p be a complcx numbcr. and nl 

a real numbcr wiLh 

n1 < min (2+ 2 Re (p./ δ'b;l찌) . - Re (2k十끼) ) (j = 1. 2 • .... 1) and Rc(k-p+ 

δ(1 - 0;)쩌>~-(i = 1. 2 . ... μ). 

Then for - 1 <x<1. we havc 

1 ” 1?∞ ， r ( k -÷(m+ ”)) - .. 
?~; /2 호’ n--? 1 ι 이 P:'’ "( x) 

n， - i∞ r (k+숭(m η)+ 1) < 

(3.1 ) 
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(+n-p δ야) . ((“ιa 

(“k-냉p+i ”끼κ1.’ δ에). (“k-p--:응}m’ δ에). ((띠(따ι &멍))새 }니 j 
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= _21굉(l+x)씬 

PROOF. In ( 1. 3). taking 

6↓ 1 ，， ~ , ")_11_ 1 7Ft ‘ r~/I_l\ ð l {( a,. a,)} ! 
1>(1) = (1 -I)P+ '(1 + I)'-P-' H ’ I z( ~ -;- : 1 I 

l ‘ 1+1 I 1 {(b,. ß,)} 1 

and app1ying (2.1) . wc obtain (3. 1). 
( ii ) J\ow in (3.1). using thc rclation 

~I.( I{(a,. a ,)} l ~~ .. I r 1 {( I -b,. ß,)} 1 
(3. 2) }f~‘ : I z l. " ... I= H “':1 .-' 1 ." .. 1 

" l ~ I! (b,. 8,)}j ~~ '.' 1" 1 {( I - a,. a,)} 1 

thcn rep1acing 1. u. r. s. z- ' . {(1 -b,.ß,)} and {(1 - a，• κ)} respectivcly by u. 1. 

s. r. z. {(a,. a,)} and {(b~ β，)}. we have 

1 얀l∞ '- r( -k-+(m+ n) 1 ‘ ’ 
(3.3) 파-; I 2-2’ n • ..5--• •- ì" P~-’“(x) 

‘".카∞ r(k+숭(11‘ 11 )+ 1) ‘ 

.J+'. u+l l( l - k+P+수’”’ 이. (I - k I-P++",‘. ö). {(a,. ι)} 1 
X 1i r+2. s+21 z 1; ‘ / > 1 “ Idn 

L 1(1-숭η+p. δ) . {(b,. ß,)}. (1+ p+숭’，. δ) J 
I .. I l ' ‘ ð 1 {(a,. a , ) } l 

= _21→-{m(l+x)p+ '(1 -x)'-p-III:~ I z( ; :;- : rr::~" ~ ~: . I 
'.’ I -\ I+ x I I {(b,. 힌)}. I 

whcre δ> 0. A ;;:::O. B>O. 1arg zl <윷Bπ. -1 <x <1. ", < min (2 + 2 Rc(p+δ(낭;)1 

a;). - Rc(2k+ m)}(‘= 1. 2 . .... ,,) and Rc (k-p+δbj껴)<+Ci= 1. 2 ..... l) 

(i ii) In (3. 1) and (3.3) . app1ying thc rclation {2. p 앙9( 1. I )J . i. e. 

(3·4) P? ”(X) =2k+한+\I+X)-융pm， .-2*-l{」펴，). - 1 < x < 1 ‘ -i(n+ l)\ - x - l I 

s빼u배bs떼tit“…tlω띠때u바ω삐lι씨씨tH때1 

by -2kl - 1. 、，vc obtain 1 

l klF∞ r(k-수(m- 1I) + I) 
(3.5) 파-; I (2k+ 1)--::+-←， 수 P‘’ ( x) 

- “ k，사∞ T(k+숭(m κ)+1) ‘ 

μ2 0+ ， 1 [( - k-p-응， δ). {(a,. ζ)}. (k-p++. ö) 1 
XHr~“ s펴 z 1: ’ ‘ - ‘ Idk 

+‘ +l I( -p+융m-응n-융• ö). (-p-융’/1-융n-융， δ). {(b,. ß,) } J 
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'- 3 p+걷 (n-m)+* =2" 2 ' .' 2(.<- 1) 호 강(.<+1)2 찌:[짧:;;:; &;;] 
provid여 Ö>O. A20. B> O. larg zl <..，샌 .<> 1. 

k ，> m썩-흉-Rψ+δb/βIj). 융 Rc (1II-n) -I) (j= I. 2 … 1) 

and Rc“+갱-2Ö(I-oi)la.-) <-흉“= 1. 2 .... ’ “); and 

k ，깎∞ r(k-+(m-n)+ l) 
(3.6) ?!... r (2k+ 1)~ ? ! p? ’"( .<) 

k 1":...i<∞ T{k+숭(11I -n) + 1 “ 

u , "~J I (후-+1II++n+Þ. ö). (후+上1II++n+þ.8). {(o,. a ,)} l . ) + 1.‘+긴 1\ 2 2 ... . 2'" r' ~ /" \ 2 . 2"" 2 '" r' ~ /" "-, ... ,,, 1 .. 

X It ' +2.H f !(흉+k+þ. Ö) . {(b,. ß,)}. (윷 -k+μ 8) r 
_þ+ *(n-m)+ 용 -샤n-* . . *" 1/1. u I μ .<-1 ,' 1 {(a,. a씨 

=2" 효 흥(.<-1) 강 2(.<+ 1 )걷 ",. , 1 "\- 2- ) I {(b‘’ ß,)} I 

‘"h야e 8>0. A근O. B>O. larg z l <송Ba. X> 1. 

k,> max( -흉-Rc(þ+δ(1 -o;)/a;). 융Re(1II - n)- I) (;=1. 2 ..... u) 

and Rc(n+2þ-짜껴)<-흉 (j= 1. 2 ..... 1) . 

L.. 1 (iv) Taking k= -정-m-것← in (3.1) and (3.3) . wc obtain; 

".+’∞ • 
(3.7) ;;k r 2-갑p :':l"r_ , I \(X) 

‘“· ”「i∞ 효(m+ l) 

x H'+:;"+t !( ~ n-þ. 8 ) 써 이)}. (-þ- ~ 1l. 8) 1, 
~".Hr I(þ-융. ò). (-þ-…-웅， δ). {(b,. β，)} J 

r ~I 1 1-.< \' I {(a,. a ,)}l 
=-2흉(1 +X)P+ l (1-xr상-월; l z(÷좋) / ; ~;:: 예;~'/ 

whcrc 8> O. A르O. B>O. larg z } <송Brr. - 1 < .< < 1. 

", < min {2+ 2 Re(þ+δb/셰). 1} (j= I. 2. 1) and 

Rc(P+ ~ 111 1 δ(oi- 1)1이)<-훈 (;= 1. 2 .... ’ u) 

and 
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", +，∞ • 
(3.8) * f 2-융”ηpm.. (x) 

‘“‘ ”’-，∞ -갖(m+ 1) 

1+1. .+l [(흉+p. Ô). (흉+m+p. Õ) . ((a,. a ,)} 1 
x H"' ~":I z 1‘ ’ ‘ ’ | 

+2 치 I( 1 -윷n+p. Ô). {(b, β，)}. (t+P+한· δ)J 
3 • '- 3 [" I [ - % / l((a,. a ,)}l … ‘ ". • 「 “ . 

=-2효(1+x)P+ l(l-x) f 2 2H;,; | ‘ l괴긋 J I (띠. ß,)} I’ 
provid떠 δ>0. A늘o. B>O. larg z l <융Bπ - 1 <x <1’ "1 < min {2+ 2Rc(p+ 

δ(l- ai)찌. 1} (i = 1. 2 ..... u) and Re(þ+꽁-bj찌<-훈 (j = 1. 2 ..... 1) 

(v) Putting n=m in (3. 5) and (3. 6). wc havc 
.， +i∞ 

(3.9) 꿇 J (2k+ l )얀(x) 
.， -10。

xIl+::.+:I z I( -k-p-융 δ). {(a,. a ,)}. (k-P ++ õ) t 
가+2'Hl" I ( -þ-울， δ) . (-p-…-÷, δ) . {(b,. ß,)} J 

=장+훌(x- l) -P-상-hx+l)한 II. ‘「 영z .! ((a,. a')}l 
"'1 (x- 1)" 1 {(b,. β'，)} 1 

if Õ>O. A~O. B> O. larg zl <+Bπ• x> 1. 

kl> max{ -흉-Rc(p+δb/에) . -웅) (j=1. 2 … 1) and 

Rc(，.써~p+장(ai- l)씨)<-흉 (;= 1. 2 … u); 

and 

(3.10) 뚫 J (2k+ I )P~ ( x) 

x Il써+~ .• +I.I(흥+얘p’ δ끼) . (흉+얘p+m. õ에). {(μ aκ깅씨，)끼)} ld 
가+샤2 ’Hr l (흉+애k+샤p δ에) .’ {(b“b, . ß셰멍웬，)씨)}. h융운 -kμ+þ. õ깐)J 

-

=객t+썩+낸펠잃3값섭(“ωx←-카1)-쉰-

、w빼v애hcrc ôδ>0α’ A~능딩0α• B>Oα’ 1녀ar멍g z치1κ〈기윷운B값π’ x> l. 

kl> max{ -흉-Re(p+δ(l -a;)쩌쉰 (; = 1. 2 ..... u) 
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and Rc(m 강 장이껴)< 흉 (;= 1. 2 ..... 1) 

(vi) By applying [2. þ. 정5(0. 2)]. i. e. 

씨 p: ”(Z)=걷평원l)~n 

×%l[1rkr융(’n-n - k* m-” ); 꽁] 

in (3. 5) and (3. 6) and thcn 떼aCing+(n-m) by a. 1- 111 by •. ι and 1-x by 

2x, wc gct 
k ， + IO。

r r~h L" r (k+ a+ 1) 、(3.l2) 5L l (2k+ l)￡양걷꾀2 "F\ ( -k+a. k +a+ 1; 111; -x) 
2πzk ι∞ r(k-a+1) , ‘ / 

H 1+: .• +: Iz 1 (-k-þ-울 δ). [씨， a ,)) . (k-þ+울， δ) l 
+2,s+ 1z l |dk 

2 L-I ( -þ-a-융. 0). (’II-þ-a-흉， δ). {(b,. 8,)} J 
-Þ-a- ~ ro " .. 7".1 “ r z I [( a,. a ,)} ~ = x-y 걷r(m) H'-I -누 1"' , . - ''''[ 

I x" I {(b,. 8,)} I 
provided δ> 0. A~O. B>O. larg z l <융Bπ. %>0. 

kl> max ( -흥-Rc(þ+ob/예)， -Rc a- 1} (j = I. 2 ..... 1) 

and Rc (2þ+ 2a-m+었(이-1)쩌 <-흉 (;= 1. 2 . .... 11); 

and 
R， + i∞ 

r ' n< . ", r ( k+n I 1 、(3. 13) ~~; I (2k+ 1)→→옥二윤수+:- .F， (- k+a. k +a+ 1; tIZ; -x) 
‘ ” ‘ “ J \ ,,-“ r 1. J -

xIl+μlμ‘“+22「Lμ.!(흉+a+얘p δ에). (흉+a+얘þ-카'"’”ι“1.0’J찌6에). { (aιa 
끼?깅2.'깅T냐l-I (흥+k+빠+냥þ. δ0)’ { (b，“띠bκ"’ 8,)) ’ (+-kμ+þι. 0시)f 

-

D-a- ~ ’‘ r __ ,1 {(a,. a ,)}l = x- P-"- 2r(m) H' ~ 1 zx'’ 1 "'r -,'" 1 

I {(b,. 8,)} I 

if 0>0. A늘o. B> O. larg z l <윷 Bπ. x>O. 

k1> max (-흥 -Rc(p+δ(1 - a)씨. -Rc a- 1) (;= 1, 2 ..... u) 

and Re (장+2o-m-찌/ßj) <-흥 (j= J, 2 ..... 1) 
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(vii) Taking a=O in (3.12) and (3.13) . wc obtain : 
k， + i∞ 

(3.14) 꿇 J (2k+ l ) 잊，( -k. k+ l; m; -,,) 

k，-’∞ 

x d +::"+J. 1 (-k-P-융. 0). ((a,. a ,)}. (k-P++ δII 
2+ |z 1 |dk 

’+2li(-p-융· δ). (m-p-흉. δ). ((b,. ß,)} J 
p-* r / ... ' ,,1." 1 z I ((a, . α，)} l =%-1'-흥r(m) U'" I • ,-- 1 "-r ' -',,, , I 

1 ,," 1 ((b,. ß,)} l' 

whcre δ> 0 일O. B>O. [arg z [ <융Bπ ,,> 0. 

k，> n폐-흉-Re(p+obj찌. -1) (j=1. 2 ..... 1) and 

Rc(2p-m+강(aj- l)쩌<-흘 (;=1. 2 . .... u) 

and 
k， + i∞ 

(3.15) 끓 J (2k+1) 짜，( -k. k+ l: -,,) 
k， -i∞ 

×J+ ll+2더 (흉+p. δ). (흉+p -m. δ). ((a, . a , )} 1 12 J \ , \ ... Idk 

기+2.HT I (흉+k+p. δ). ((b,. ß,)}. (윷-k+p. 0) J 
~ r/ ... ' ".f."l . 1 ((a,. a ,)} l = x-p-흥r(m) !I'" 1 __ ð 1 """ ~，JI I 

'. 치 “ 1 ((b,. ß,)} 1 

Provid때 0>0. A~O. B>O. [arg z [ <웅Brr. ,,>0 

k,> max( -흥-Re(p+δ(l-aj)쩌. -1} (;=1. 2 . .... u) and 

Rc(2p- ，ν2ãb/ßj) <-흥 (j= 1. 2 … 1) 

(viii) In (3.5) and (3. 6). we supposc … - 11낯 1. 2. … and deform the path of 

intcgration such that thc poin얹 k=울(m-n)-g (g = l. 2. ' '')and k=-융.1. 

-1융 -2 ... . a따arcπlrCπ'c때c 

1 • • 1 k = O. τ[-' 1. 1τf' ... arc to the right of thc ncw path L and rcplacing δ by d 

and using (2. p. 246(1. 39)}. viz. 
- ‘ -… -‘ -… -. ‘ (3. 16) eP.치Q . . ..(I)-Q_~::. ， "(1)) 

=2"' -n- 'r(ß+ l)rcδ+ 1) r( -a)r( - r)띤람2.... P;'"(I). 
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뼈re a=k+웅(m+n); S =k 웅(m-’‘). r =k+융(m- n) and δ=k-융(m+n) 
、.ve get 

z 
「
“
끼이
기
L
 

아
 ” 

，
‘「
?
끼
 

나
 샤
 

H × 

0:: r-J~싼1)→rr(δ+ 1)r( -a)r( -r)r(r+ l ) 1-1 

“‘ { Sln(2kπ) l" \.- . -/" " • /" '" . -" J 

X (Q-m .• -,,(X) -Q=:~~'(X)) 

(-k -P-윷. d) . {(a,. a ,)). (k-P+웅. d) 1 
Idk 

(-p+웅’11 -웅11 융 d ). (-p-융…-한-융. d) . {(b,. S,)} J 

(3.17) 

’ _:... 1 
_ 

3 
=zP+ 융 Cn‘ -n) + 흥 π-1e-m，!’(x-l) -P-~'-ï(x+l)~' 

XH，.ur~느I {(a, 찌 
rκ”’. ，니1 ( X- I)' 1 { (“bκ"’ aκ，) } l' 

. 
whcre d>O. A늘O. B>O. larg z l <융Bπ， 상 1; a , β.r and δ arc as given in 

(3.16) ; Rc( k+흥+p+d이껴) >0 (j = 1. 2 ..... 1) and Rc(n+2p+2d(ai-1)/이) 

<-흉(i=1. 2 ..... u) ; and 

(3. 18) * 댁웰임r(δ+l)r( -a)r( -r)r(r+ l) 1-1 

‘ “‘ " sm ι RJr) l J 
L 

X(Q;κ "(“ωx서)←-Q:￠;nR(씨 

r 1 I 3 . 1 .... J\ I 3 . 1 ... . 1 .... J\ 기 , . , 
“ .• 1 1 (τ-’”十+n+p. d). (τ++m++"+p. d) . {(a，• α，)} 1 

Xl[ ' ~- '] z l ‘ ι “ ’ ‘ “ ‘ /‘ ’ Idk 
m.Hl l (흉 I-k • p.d). {(b, 먼)}. (울-k+P.d) J 

1.. 3 
=-1+ -2-

(m- 1')+ i π- 1e-π‘’"(x- 1) 
-þ-걷’‘-흥 (x+ 1)~ ' 

xH ‘ r .띄)' I {:a, α，:I 1 ·‘ '. ' I 
• \ 2 I I {(b,. β，)} I 

、vhcrc d> O. A능o. B>O. larg z l <웅Bπ. x> 1. RC(k +흥+ p+d (1 -ai)씨>0 
3 

(;= 1. 2. …. n). RC(II +2þ- 2db/예)<-τ(j= 1. 2. …. 1) and α. ß. r. δ are as 

given in (3.16). 

(ix) Lct δ>0. A:20. B> O. larg zl <+Bπ， p be a complcx number and η1 a 

rcal numbcr wi th 1 "1 / < 2 Rc(k-p+δ(1-이)/이)(i= 1. 2 . ... . “ ) . "1 < - Re(2k+ m). 

Re(p+δb/βij)> - - ! - (j = 1. 2 ..... 1) 
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Thcn for -1<x<1. we have 

1 ‘ +)=!. r{ -k-+(m+1I) ) 
(3.19) 파i I 2-""11_수.‘ I P‘’ (x) 

-…- ‘ -i∞ T(k-것i-(’"-11)+ 1) 

XH씬+Jz I(웅m-þ δ). 1(0,. a ,) ). ( -þ-선. ô)1 
~I Z I 

r+X S+:[ l (k-P+÷”· 5), (k-P-÷ι ô). I( b,. ß,)} J 
+!m .. . . , þ ι 1 . ... r I • “

õ I 1(0
“ 

a,)} 1 =-2
1 - ... .，. 걷 (1+ x)"(1 - x) 〓CI z{←-스\ I "",' -,n I 

I \ l-x I I I(b,. ß,)} I 
PROOF. In ( 1. 4) , tak.ing 

μ r .1 1+1 \õ I (0,. α，) } I d(l) = ( l + t)P(l-t)k-p
, u l z(-- ) I | 

"'" 1\ 1-1 I / I(b,. ß,)} 1 
and applying (2 , 1) with 1 rcplaced by -1 and interchanging m and n. we can 

casily gα (3.19). 

(x) No \V. using thc relation (3. 2) in (3.19) and then rcplacing 1. tt. r. ι z-1, 

l(l -b" ß,)} and 1(1 -0,. 에} rcspcctivcly by u. 1. s. r. z. I Cι a ,)} and 

I (b,. ß.)} . wc havc 

, …니∞ l 
“ 

r{-k- -~- (m+ lI) ) " ’ (3.20) 0:'; 2걷 n-j-- ， ‘ ’ 、 P; ‘ “ ( x) 
‘“‘ n ，μ∞ r\k- 2 (m- II)+ I ‘ ’ 

l +l . ... .f I (1-k+Þ--}".ô). (1- k+Þ+-}". δ). 1(0,. a,)} 1 
X H 

. .. 
~I z I “ ’ “ ’ Idn 

<'s+ l I (써-윷”‘. ô). I(κ. ß.))' ( 1+Þ +-~ 1Il. δ) J 
=-상-'+상(1 +x/(1 -x/-PJ! ‘fz{느섬서 {씨， α，)} 1 " '1 -\ 1+x I I I(b,. β，)} 1 

”’here 0>α A르o. B>α l a영 z l<승B:r. 1까 1 < 2 Rc(k -þ+찌/ß ，) (j = 1. 2 ..... 1). 

"1 < -Rc(2k+m). Rc(þ+δ(1 -a씨)>-소(i=1. 2 ..... u) and - 1<x<1 

(xi) Applying [2. p, 239(1, 2)J . i .•. 

2->-융m÷ l(1- x)- & εi” -n，μ + 1{ - x-3\ (3.21) P “ ( x)=--,-
‘ •'::""_-- " Q-o，~ ... . r - " --:~ 1 

「끼(←-k- ~ (11싸l 

-x-3 ’ in (3.1잉 and (3. %), substltutlng 
x - l 

fOT x and κl따l때 k by 융(11- 1 ). 
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n bγ - (2k + 1) and "1 by - (2k1 + 1) . wc gct 

' . 기:∞ Q:.n(x) 
(3.22) 순 I (2k+1) ’ 

‘ 꾀∞ r(k+ ~ ("'+ 11) +1) r( -k+융(m+서) 

,,1+2 ‘+l l (-응…-p. ö). (a,. α，). (-p+융ι ö) l 
1 z 1 : _ - 1 dk 

기+2.HT I (윷n - k-p- l， δ). (k-P+한， δ). { (ι ß,)} J 
=2 ￡m+%-셉 

provÎ뼈 ð> O. A늘o. B>O. larg z l <웅Brr. X> 1, 

kl>웅Rc(n-m) - 1. Rc( p+찌찌> -+U= l . 2 ..... 1) and 

12k1 + 11 <Rc(n - 1-2p+2δ(1 -a，‘)/a，) (;= 1. 2 ..... u) ; 

and 

.τ’∞ Q:.n(x) 
(3.23) •:., I (2k +1) -. 、 , 

“ '.μ∞ T(k+ ~ ("'+ n)+ 1 ) T( - k+ 2 (’ 11 I-n) ) 

1+1 ‘ +2 f I (2+P+k-수”’ δ). (1- k+P--}". δ). {(a,. a , ) } l 
XH 기 :t z 1 “ 1 ‘ ~ Idk 

' +2"+"L I (1++뼈. ö). {(b,. ß,)}. (1+P-웅m δ) J 
=2-뉴+’-←1 e -mm( x _ 1)’( x +1)• "H" ~，션츠-.- I {(a,. a ,)} l 

'. , • ( x - 1)' I {(b,. ß,)} I 

wherc δ>0. A늘o. B> O. larg z l <웅Bπ• x> 1. 

k 1>융Rc(n- ’11)- 1. Re( p+ ö (1 -ai)/a,)> -+Ci= 1. 2 ..... u) 

and 12k1+ 11 <Rc(n-1 -2 p+2δ까/8;) (j= l, 2 ..... 1) . 
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