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ON THE SOLUTION OF AN INTEGRAL EQUATION INVOLVING 

A KERNEL OF MELLIN-BARNES TYPE INTEGRAL 

By S. L. Ka Ila 

J. Int.roduction. 

Thc objccl of thc prcscn t papcr is to oblain lhe solution of an inlegra l cquation 

whosc kernel Sp,q,,(X) has a Mcllin -Barncs type integra l representation. As lhc 

kcrncl uscd hcrc is of gcncral character. various intcgral equations involving 

\Vhil lakcr functions, Bcsscl functions. Meijcr’ s G- funclion. Fox’s H -Function 

ctc. as kcrncls ca n bc derived as particular cascs. By the application of ccr tain 

opcralOrs 01 fraClional inlcgralion , thc kcrncl has bccn rcduccd to an cxponcnlia l 

funclion and conscqucntly lhe transform wiU rcducc to Laplace transform which 

can bc invcrtcd by wcll known results. 

2. Intcg ral equation. 

We considcr aD integral cqualion over lhc inlcrval (0, ∞) as, 
r∞ 

g ( X)=) o Sp,q, ,{xu) h(u)du 

whcrc 

Sp q， r(X) =2삼J P ( s) x -'ds 

and 

l?l맘팔) j~t.J魔) j~t J펌필j 
P ( s) =거懷j펴J펄j→-

Thc foIlowing a rc thc condilions of validity of (1): 

( i) h(x)εLz(O， ∞) ; 

(ii) x>O ; 

( iii ) P and r are positivc inlcgers and q is a non negalivc intcgcr 

( iv) tIIj>O for j = l, '''. q. 

(v) nj>O for j = l, … , r , 

(1) 

(2) 

(3) 



94 S ‘ L. K clla 

(vi) the contour c is a straight line parallel to the imaginary ax씨is in tI네he e 

co띠OIr빼r 

/-:0그겨s ， ， ’Iττ효; 
poles of 씨」7-l for j = 1, p and 닝 l꾀식 for j = l • ...• q must lie to thc 

/71주d， Ð.-,,, 
left of c 、vhile thosc of 、!C←i - r) for j = l ..... r to the right of it; 

‘ nj 

(vii) o;';>O Oj' ;낯j. ; = 1. ...• p. Similar conditions hold for all 끼 and cl11= l , - .q 

and d j and ej ’ 
j = 1. .... r. 

Tlle [UImuon Sp q, r 싸1 bc 때rescn ted as. 

( I (c l' B1) • .... (c •• B,); (el' Ð1) • .... (e,. Ð,) \ 
Sþ,q,r\x Jr _. '" r_ '" r J. D '\ rJ. D '\ /' J n '\ I' J T\ , ) ( 4) '.T、 I (a1• A) • ...• (ap' A); (b l' B1) • .... (b • . B.) ; (d l' Ð

1
) • .... (d

T
• Ðy 

In what follows for the sake of brevity (ap' AP> 때rcsent the set of paramctcrs 

(al' A 1) • .... (ap' Ap) ' 

3. The mellin transform. 

The mcllin transform of h( x ) will be dcnoted by m{h( x) }. lf m{h( x)} = H (s) 

theo wc shall also U5e the symbolic expression h(x) = m - 1 {H(s)} whcre m - 1 

indicates thc inverse mcllin transform. 

Formally we havc 

H (s) = 1JI {lz (치} = JO~x'-I Iz(x)dx 

μ+.∞ 

h(x) = ’,, - ' (H (s) } =꿇J'-i∞ H(s)x -'ds. 

Thc simplcst condilions a rc given in L 2- spacc. \vhich we shall use here. 

lf J ( x)EL2(O. ∞) and thc 1. i. 111. is 、v i th indcx 2 thcn 

a nd also 

If 

thcn 

F (s) =’” {Kx)l = Ll·m. NKz) zs-1dz 
N→∞ “ ‘ 

F(s)Eι(웅-，∞， 소.-+ i∞) 

F(S)EL2 (윷 - !∞， 융+i∞) 

(5) 

(6) 

(7) 

(8) 
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, , , : - ” i+tY -
f ( x)= n‘-‘ {F(s) ) = ;,;; ':';~파 1. F (s) x-'ds 

‘“· ι ιτ-iN 
(9) 

and also f(X)E~(O. ∞) {12. p. 94) . 

‘,1. Fractional intcgrat ion. 

Several dcfinitions of fractiona l intcgration have becn given from time to time 

by many aulhors including Kobor [9) , Erdélyi [2) , Saxena [11) , Kalla and Saxcna 

[6) and Kalla [7, 8) . [n our prcscnl invcstigation we shall rcquire lhc [ollowing 

opcralors o[ [raclional inlegration dcfincd by Erdélyi [2) . 

R(a， β lII)h( x) = -J!!-x ß ∞ β-ma+m-1(t"'_x"，)a-1h(t)dt (10) 
ν a “ ‘ 

and 

S (a, B ’n)h( x) =강Lx β-mα+m-1 C (x"'-t",)a- 1t
ß
h( t)dt ( 11 ) 

‘ , a “ ‘ 

Thc condilions of validily o[ (10) and (11) a rc 'r> 0, ß>-출， ",>0 and 

h(x ) E LlO, ∞) . 

Undcr lhcse condilions R(α， ß:m)h(x) and S(α， β 1II)h( x ) bolh bclong to 

L 2 (0， ∞). 

Thc mellin lransform of lhcse operalors givcn by Erdélyi [2) are as follows : 

lï호표1 
”‘ [R(a， β ",) lI(x)) =~. ‘ ”‘ 수，，-=--U‘ {h(x)) ， (1 2) 

이 (a ß푼) 
li검+Tτ긍] 

m {s(a. β ‘ m)h(x)) = 'V \ - ←쓰그I . m {h(x)) . 

-J( 팍는ε) 서 α 1. c . 

5. Prclimina ry 1cmmas 

LIlM~IA 1. Jf (i) x>O, ( ii) h( t) and g ( t) bolh be!ong 10 L2(O， ∞) ， 

(i ii) 씨h(l)) = H (s) . ，얘 

- ∞ <t <∞• /ltell 

.fo"" g(xt)h(t )dlεL/O， 00) 

and 

111 {Jo"" g ( xl)h( t)dl) = G(s)H (1 -s) 

(13) 

(14) 

(15) 

、、 hcrc lhe inlcgrals o[ (14) and (15) a rc rcgardcd as functions o[ x. This rcsult 

is duc lo Fox [4. p. 458). 
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LEMMA 2. 1f (i) x> O. ( ii) 꺼는O. j = l •...• p (i ii)òj르O.j= l， ...• q (iv) 까는α 

j=l • ... . r (v) Il(x)ELzCO. ∞). Ilzell 

! OOOSþ.q 

atzd 

"'{Jo~Sþ.q. ，cxt) Iz(t ) dl} =P(s)H (1 -s) 

PRoor. We shall prove lhat 

(a) Sþ. ，jl)Eμ(0. ∞) 

( b) 7뼈þ.q， 

(16) 

(17) 

From lhc a5ymplotic cxpan5ion of Gamma function [14. p. 279) we 5CC that along 

thc linc s =울+;1. -∞<1 <∞ for largc positivc and ncgativc t 

}P(s)1 =ÀII I" exp(-웅aπ 1 1 1 ) 

whcrc À is a constant and 
þ q .h .- r. ‘ r .d .- {! ‘ • 

μ=7Eo;+ε (~l +ε ι~l-+(P+q)+→ 
Y j = l I j = 1‘ 71lj I j=l ‘ ’lj I ‘ "1' 

A 
a=구-

Hcncc it f빼ws that P(s) is bounded on thc linc s =웅+il for all 

and il belong5 to L2 (융-，∞.융+，∞) . “ n (9) i“t f띠씨o이메11삐lows、W5 tI미빠l 
Lμ2 (ω띠0α’ ∞) and consequently 

’11 {Sþ.,.,ct)) =P(s) 

LEMMA 3. 1f x>O. Il(x) EL2(0 ∞). a르O. Cj> -융. j = l, .... q.llzell 

R(옮， 윷 : 꽃) Jo~Sþ，q.，cx씨(u)dl‘ 

f∞ ( [(c._"B. ‘ ) ; (c.+a.BJ ; (e •• DJ、
= ι Sfla. ,{XIl I ‘-‘ ’, ,. ’ )h(u)d“ 

JU I'.'t.' \ [(ap' A) ; (bq• B,) ; (d,. D,) / 

(18) 

values of t 

(19) 

PROOF. Jt is cvidcnt frolll Lcmma 2 lhat lhc fi .. t intcgral of (19) belong to 

LzCO. ∞) and lhus wc can apply thc 매eralor R to it. Jt is al50 truc that the left 

hand side of ( 19) bclollgs to LzCO. ∞) alld thereforc thc opcrator 

applicd to it by (7) . HCllcc frolll (17) and (12) we obtain ’” can be 
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(R( ，~ . 노 '=, ) fc∞'SÞ. ，.， (x lI )h(u)duj ‘ ”q Bq • Bq l } p, q. J 

J顯j
= " .... τ그sB 、 P(s)H (I -s) 
서 f--'스-+ -'--'1 ’q 11lq 

(j;∞ (xu l ~ιl’ 강1 ) ' (C, +α， Bq) - (er· Dr)) ( | lι(u)du j (20) 
。 Þ. ι r\ J (ap' A) : (bq. Bq) : (d, . D, ) I 

The f unc(ion in (20) 이)cratcd 때on by ’'Jl. bo(h belong (0 L 2(0. ∞). Hcncc 않ch 

I 1 -".. 1 . -" __ \ sidc of (찌 bclong to Lz τ-‘∞， τ+ .∞) d l1d so lhe 0야rator tn-~ can bc 

applied (0 (20) . Thus on applying ", - 1 to (20) : thc Lcmma is cstablishcd. 

011 procccding in thc samc way. thc foll owing Lemma can bc cstablishcd casily . 

• e .+ l ‘ ’ 
LEMMA~. If x> O. 뼈드L2(0. ∞)， 8>0, ( bl- )>÷· 파> o. j = I . .... r 

tllen 

S(.ß. ζ-D，+1 ’‘~-) ∞S • • • (xu)h(u)d“ l 갇’ D, ., D-;J ι 

f∞ / I (C •• B.) ; (e. _ " D._ ， ); (e.+β. D，)\ = I^'-S ••• ( xu J" , . ‘ ’ , J" (u)d“ (21) 
J U -" ,fI’ 이 I (ap. A ) ; (bq• Bq) ; (d,. D, ) 1 

6. Solution of the intcgral cquation. 

11 ( i ) drej> 0 ; (ej- Dj+ 1)1 Dj>깐'j>O. j = 1. .... r (i i새-딩〉α 표>-웅 l 

1- 1 , 1 ”‘j> O. j = l ..... q (iii ) Oj- j>-1. ~>-걷-. p>O. j = 1. .... P (iv) x>O 

I"en Ihe solulion ollhe inlegrat equalio’‘ 
fo~Sþ，q • .cx，씨(u)d，‘ =g(x) (22) 

tS 

1 r!'. _, a; - (j-1) ‘ h(x) =p -'2"(2rr)τ-;' AL- 1 rhR( "j- \J-'~ . 1-:1 :~\ 
1./=1\ P A A I 

b R/j二EL Cl · ”” l i s/ 까-꺼 ζ-Dl+1 · ”j lg/걷즈-) 1 (23) 
1=l l ”U ’ Bj 갱7ll= l 「깐「 Dl 

- - : Dl l l p j j 

wllere L - 1 den oles IIIe i씨'erse L1p/ JCe Irallslorm and h(x)EL2(0. ∞) . 
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PROOF. It is evident that both sides of (22) bclong to LzCO, ∞) . Now "pplying 

thc opcrator 

s( d, -e, e, -D, + 1 η 1 
\-강--， ←→τ-)- ' 7J1 , , 

(0 (22) , which is justified wilh the conditions stated , 、ve obtain On using the 

rcsult (21) that 

f∞， 1 (c. , BJ , (e._ I • D._ , ) \ 'n Sh_or_d xll l ~ '1 ’ ‘ ’ ‘ Jh(u샤)du 
) 0 v，γþ，’"ιU’，， -1，안Xt，“씨‘‘I (a

þ
,’ A써)，’ (b,’ B힌'，)，μ’， (d이r- l'’.Dα，-1) 

=s( d，-ζ er-Dr+ l · ’: )g(x) 
「교-， --피， . - 15;ï 

(24) 

The above integral cquation may be regardcd as a reduction formula for the 

intcgral in (22). 

Applying the operator S successively to (24) with d, rcplaced by d,_ I' d• 2' 

d1 : er replaced by er_1, er_2 • •••• e1 : n, rcplaced by nr_ l' nr_2' •.. • 꺼 and D, repl따ed 

by D'_I' D'_2' ...• D1 、vc get 

∞ ( |(c B ) o xu | q )k(u)du 
I(aγ A) , (bq, Bq) 

= h sI갚츠L. 스객간1 . 걱i-)g(x) 
;=1 \ n

j 
1.1j 1Jj I 

Now applying the operalor. 

R{ b, -c, • í : 1n, \ 
l과q ’ 흉 .좋l 

(25) 

to (25) , which is also justificd by the conditions statcd, wc gct On using the 

rcsult (19) that 

「∞ ( .... 1 (c'_ I' B'_I) \ .Io SÞ. ,. -1. 0( x“ | v v )h(u)du 
J \ I (aþ • A). (b,_I' B,_I)/ 

.b-c c_ tn 、 ~ ~. d,-e , e,-D ,+ 1 κ ‘ 
=R(~， :!_ : '~'. ) ns(.2...l, ..:..L..딛쉰g(x) (26) 
\~' B; ’ 「Rq /1=1 「피-. --퍼j τl 

Thc result (26) may also bc regardcd as a sccond rcduction formula and lhus 

applying the operator R success IVely to (26) with bq replaced by bq-r bq-2, --- , ι ; cq 

and Bq replaced by Cq_ 1, Bq_ l' .•.• C1' B 1 ; 1nq rcplaccd by 1nq_ l' 1nq_2' " ', 11tl we get 

fo~SÞ.o， o(xu l녔)h(U)dU 
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q I b.-c 
= n RI ..:L누L. 

‘j l r / d -e e -D + 1 ” \ ) nS( .2....l. ., -, - : .;: )g(%) 
j=l ‘ tJtj 혹 . 경j / j;;,n ---..-;-' Dj . Dj / 

Now applying the operator 

I G,,-“-1) R{ -p ~ 

p 
l二!..: .L\ 

A A J 

to equation (27) and u5ing the rC5ult (19) we find that 

J ( P-폼걷는JO~Sp-I. O. O( :ru l함껴)h씨1‘ 

=R( ap-띔 월1 .융)반(~단 

~ , d ,-e, e,-D,+ I ’t ‘ 
ll( .2....l.'- ~←)g(%) 
j=l ‘ nj LJj LJj I 

C. 11’ ‘ -'-: -'-\ 
딩 잉 l 

99 

(27) 

(28) 

Applying thi5 R operator succcssively to equation (28) with ap replaced by ap_ l ' 

ap _ 2' .... al : p replaced by Þ- I. P-2 ..... 0 and applying the Legcndre’5 multipli. 

cation formula for the Gamma function [3. p. 5J we find that 

(2π)~(P-I)Þ~A-l Jo~exp( 쏠)h씨U 

=꾀R(덕二으 픔1 . 윷)펴R(헬 획 : 줍) 
r.. J d:-e , e,-D;+ l n ‘ 

!!l(펴4， 4 t - : jjg(서 (29) 

“’hich is cquivalcnt to (23). 

7. Particular cascs. 

If we 5et A = BI = “ = Bq= Dl = --- = Dr = 1, thcn the rcsult (23) reduces to thc 

inversion lormula recently given by Saxena [11. p. 778J . 

(i i) For Þ= m,=nj= l: i = I ..... q and j = I ..... r: Sp. ,.,cx) reduces to I'ox’ s H -

I'unction [5. p. 408J and the integral equation reduces to the following form 

If (i) 까껴> 0. (ej -Dj+ l )IDj> -+: j = 1. .... r (ii꺼-Cj>O.승>-÷:1= l 

"', q (iii) 0 1> 0 (iv) %> 0 (v) h(x) i5 a solution 01 thc integral equation. 

ftHq+ l r 「 ! (dr Dr) , (샘q) 1 
Ix씨 Ih(u)du = g(x) 

q μ， q+r+ lL l (a,. A), (%, Bq), (ζ.D，) J 
(30) 
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which bclongs lo L
2
(O , ∞) lhcn 

lz( x ) = (2，π)iAL깨익， 0 쇼)반(bj-딩’ 습「 # ) 
’ e,- D,+i • ‘ 、
맘(까-e" 건~ ; b, )g(Ax)} 

‘ -, ’ -

(i ii) lf we takc D1 =…= D,= A = B1 = " ' = B.= l in lhe rcsu lt (30) thcn H - fun ction 

rαl uces to Meijcr' s G-funclion [lOJ and on fur thcr puling r = O we oblain an 

invcrsion formula givcn by Bhisc [IJ . 

lt is intcrcsting to mcntion hcrc that the so1utioll of va rious intcgral cquations 

involving ßesscl funClio I1 [10]. Whittakcr fU I1ction [13J c tc can bc dcrivcd from 

rcsult (30) by giving special valucs to its paramclcrs. 

Instituto dc Matcmåticas. 

Univcrsidad Nacional dc Tucumån. 

T lIcumån (R. ArgcI1tina) 
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