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ON MAXIMAL GOLDIE SUBRINGS OF ABSOLUTELY 
SEMIPRIME GOLDIE RINGS 

By Ralph Stinebrickner 

A maximal Goldie subring of a ring is defined to be a maximal element in the 

set of all right Goldie subrings properly contained in the ring. Lc t T be a semi. 

prime right Goldie ring which is not prime. ln this paper. we study a ccrtain 

subset of the set of all maximal Goldic subrings of T. We partition this subsct 

into cquivalence classcs and considcr propertics which mcmbcrs of a particular 

class have in common. Some maximal Goldie subrings are semiprime right Goldic 
rings. Others are su벼ircct sums of rings with infinitc dircct sums of nOnzcro 
right idcals Or direct summands of T. 

Throughout this paper. Goldie rillg will denote right Goldie ring. 

ln [2) . Goldie characterized the classical quotient ring of a semiprime Goldic 

ring. La ter. Small [4) proved the following proposition: If R is a semiprimc 

subring of the completc n X n matrix ring ovcr C wherc C is a commutalivc 
scmiprimc Goldic ring. thcn R is a right and left Goldie ring. Bclorc sta ting thc 

relatcd qucstion which we will invcstigatc. we mention some remarks concernin끽 

the cxistcncc 01 maximal Goldic subrings. 

Ccrtainly a proper maximal subring 01 a ring only needs to be Goldic in orrlcr 

to be a maximal Goldic subring. So maximal Goldic subrings do cxist in sornc 

rings. But cvcry Goldie subring is not ncccssarily contained in a maximal Goldic 

subring. F'or examplc. let R be the complctc dircot sum 01 a denumcrably infi nite 

numbcr of copies 01 Z 2 whcrc Z? is thc ring of integers modulo 2. Thc ring R 

has nO maximal Goldic subrings. 

DEFINITION. A ring is absolutely semψrime if it is scmiprime but not prirnc. 

Now Ict T bc a ring with ascending chain condition on right annihilators such 

that T is not prime. Let K be thc sct of maximal right annihilators of non r.cro 

right idcals of T. Wc notc that K = (r (A j): i ε I) whcrc Ai is the IcÍl annihila tor 

of an c1cmcnt of K. r(A j) is thc right annihilator 01 Aj' and 1 is an indexing 

sct. 
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Supposc lhat S is a subring of lhc ring T. Each of lhc r( A‘ ) salisfi cs onc of 

lhc fol ~o ,ving ‘ 1) r(A‘)(二S. 2) S ~ r(A，) = T 、\"hcrc S . r(A‘ ) is lhc su bring of T 

gencraLed by S and r(A ,). 3) S 'iö S+ r(A,) 'iö T. Wilh rcfercncc 10 thc abovc. “’C 

shall at timcs say that a maximal right annihilator of a nonzcro right idcal is of 

Type 1, 2 01' 3 “ ilh rcspccllO S. Lct .9' bc lhc sct of all maxillla l Goldic subrinJs 

S of lhc ring T “ hioh posscss lhe proper ly thal cach mcmber of K is of thc 

&1.fTIC T、 pe “ ith respcct lO S. Thcn ‘\'C can partition .9' into four di~joint SubSClS 

Subsct 1= ISE .9' : Ains=o for SOIllC iEII 

Subsct 2 = ISE.9' ’ AinSr!O and r(Ai )CS for all iEII 

Subscl 3= {SE .9' : A,nSr!O and S+ r( Ai) = T for all iEII 

Subsct 4= {SE .9' : AinSr! O and S'iöS수 r(Ai) 'iöT for aU iE l). 

ln this paper , “ c proyc the follo‘\'ing rcsull: lf T is abs이utely scmiprimc 
Goldic. thcn cach membcr of Subset 1 is a dircct sumllland of T. cach mcmbcr of 

Subsct 2 Or Subsct 3 is scmiprimc Goldic. and cach mcmbcr of Subscl 4 is a 

subdirect sum of rings “ ilh illfinite dircct sums of nonzcro righl idcals. 

Hcrstcín pro、 떠 니1at a Goldic ring has on1y a finite numbcr of maximal right 

annihilators of nonzcro right idc‘ IIs [:;J . Thc following proposilion providcs lhc 

S1lIllC conclusion bul has diffcrcnl hypolhcsis. 

PROPOSITION 1. Lct T be a semiprime rÎ1zg with a.c.c. 011 rigllt Gl1uil1ilators. 

TheJl K hos 0서y a /illite mmwer 01 dist“lct elemeJlts. 

PROOF‘ Suppose K is infinilc. Then by a LClllma in [3J. a counlablc numbcr 

of thc A, 、vill form an infinile dircct sum. A1 + .. . + An+ .... 1\ow r(A •• A. >1' …). 

k =1. 2 •... form an asccnding cha in of right annihilators. Sincc T has a. C. C. On 

right annihilators. thcrc cxiSls a posilive inlcgcr N such that r(AN + "' ) = r(AN+
J 

T ’ ) . j =1, 2. …. Howcvcr. AN annihilates AN+j ’ 1 = I,2, - I3] · 111Crcfore, (AN)2 

= 0. But this conlradicls thc scmiprimcness of T. Hcncc K is finitc. 

Since 1 is a finitc sel. “ c lct 1 = {l. 2 ..... n} whcrc η is a positive intcgcr. 

Thc follo‘dng results which can be found in (3] Or arc il11l11ediatc consequcllccs 

of lcmmas in [3J are incJudcd hcrc for casy rcfercncc. 

PROPOSITION 2. Lel T be 0 ’ l1tg with a. c. c. 0 1t right mmihilators. Furtllermore. 
sllþþosc Ihol T is nol þrill‘e. 

0 ) I[ r(A ,) is on elemenl o[ K. Ilzen r(A;) is 0 þrime ideal. 

b) I[ r(Ai) ;é r(A j ) . Ihe시 A,Cr(A). 
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c) Al +"' + A. is a direc/ sun‘-
d) If T is absolulely semiþrimc. Ilzen A;nr(A;) =0. 

e) T is 쩌solulely senzψritne tf and only zf tlie illterseclt'o1Z o[ the elemcllts 0/ K 

is the zero idea!. 

f ) If T is absolule!y s ... 시iPrime. then T has at /east two maxima/ right allnlhi/o' 

10TS of ,.‘0;‘ :.crO rigJzt idca/s. 

g ) A subrillg i:zhcrils a.c. c. on right annihilators [rom a ri쟁· 

11) In any scmiþrime ring. if U O1uJ V are ideals such Ilzal UV =O. tlzen VU =O. 

1. Quoticnts Rings. 

In this se:tion. \\"e provc that if S is a mcmber o[ Subsct 2 or Subset 3. then S 

is scmiprimc Goldk . Furthcrmorc. we arc ablc to show that a mcmbcr of Subsct 

3 has a quoticnt ring which is isomorphic to thc quoticnt ring of T . 

Throughout thc rcmuincler of the paper. the tcrminology of thc prcccding discuss. 

ion will bc cmploycd in a manncr consis tcnt with its prcvious dcscription. 

THEORnl 3. Lel S be a Goldie subring of all absolutely SClIlψrime r~:llg T u.;iih 

O. C. C. 01l riglzt ollnilzila!ors, alld suþþose each clcme1zt 01 K is cOlltailled in S. Thcn 

S ls scmiþrimc, ond S Izas a Quotieni riηg which is semisimþle with descelldi’tg clzain 

conditioJt o;z ηghl ideals. 

PROOF. By Proposition 2f. J( has at Icast two distinct elemcnts. r(A1) and 

r(AZ)' Supposc that N is a nilpotcnt ideal of S. Thcn Nr(A 1) and Nr(A2) are 

"ilpotcnt right idcals of T. and so N ,-(A1) 0 and Nr(Az) =O. Since A; is thc 

left annihilator of r(A) thcn NCA1nA2. By Proposition 2c. it follo\\'s that N =O. 

We apply Goldic‘ s Thcorcm [2] to obtain thc concI usion of Thcorcm 3. 

l'ROPOSITION 4. Lcl S and T be as … Theorem 3. Thell thc sct o[ maximal right 

IJnnihilaiors 01 nOlZzero right ideals 01 T coincides with the se! 01 maxim!2/ righi 

annilzilaiors o[ non :zero rigllt idca/s 01 S. 

l'ROOF. Suppose r( A) is an clcmcnt of K . By Proposition 2b. A; is con. 

taincd in S. IIcncc r(A)ζ's(B) whcre rs(B) is a maximal r ight annihilator of a 

nonzerO right idcal o[ S. There[ore. Br(A ) = 0. and so BCA;. By Proposition 

211 and p , 얘ositioll 2d. BAi is a nonzero right ideal of T 、，，-hi ch is contained in 

B. Now r( A) Cr s( B)Cr( BA;) . However. the maximali ty of r(A) implies that 

r(BA)= r( A) . Thcrcforc. r( A‘) =rs(B) and r(A) is a maximal right annih ilator 

of a llonzerO right idcal o[ S. 
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Suppo~c r sCB ) is a maximal right annihilator of a nonzcrO right ideal in S. By 

Proposition 2 •. B is not conwincd in rCAj) for somc j nnd AjB옹O. ßy Proposition 

211. BAjT'O. 5incc AjCS. thcn BAjCB and 'sCB)CγSCBAj)ζrsCA) . Thc n、aXl

mality 0 1' rsCB) implics lhat rsCB ) ’SCAj) =rCA). Thcroforι r s(B) is a rnaxin““ 
right annihilmor of a nOnzcro ri ,5'ht idcal of T. 

\,"c now consider thc mcmbcrs of Subsct 3 

THEORDI 5. Lel S be a Goldic sκLïiilg o[ on abso!utely scmiprimc Goldie ri’'g 

T. Suþposc S satis/ies tliC cOlldiliollS imposed 011 mcmhcrs 0/ Subsel 3. T'ie" S is 

!.cmiþri11le Go!dic Glld S olld T hr.ve tI, c scme quoticlIt rillg . 

PRoor. 5incc S1 ,'CAi) T. i = 1. 2 ..... 11. Ains is an idcal of T. By thc maxi 

rr.alily of rCA ,) . rCA ;J ns r sCA,n S) . Using a proof similar 10 lhat of 13. 

Lcmma 1]. we can show that rsC껴nS) is a primc idcal of S. 5uppasc that 

UVζ，.sCAin S) \\'hcrc U and V arc idcals of S. Thcn CA,nS)uv=o. lí CAinS) 

U ~O. thcn 、\'C arc fini shcd. so supposc CA, ns)U ,,<0. Thus VCr 5 ICAin S )Ul . 

1100\'e\'cr. CA,nS)U is ‘1 right idcal of T sincc S + rCAi)= T . Thcrcforc. r ICA,nS) 

Ul rCAi). Sincc rsCAin S)Ul = r CA;J ns. thcn VCrSCAin S ). Wc concludc that 

rCA,) nS is a primc idcal and S/ r CA,) nS is a primc ring. 

5u pposc N is a ni lpolcnl idcal of S, Thcn N is conlaincd in rCAi) ns. i = I.2. 

’ ", 11 . By Proposition 2e, N =. O. Thcrcforc. S is scmiprimc. 

In 13J. Hcrstein provα1 lhat a scmiprimc Goldie ring T has QCT / rCA,))E!) ... E!)Q 

CT / rCA. )) as its quoticnt ring 、‘ hcrc QCT / rCA ,)) dcnotcs thc classical quoticnt 

r ing of T / rCAi). 5incc rCAi)nS is a right annihi lator of a right idcal. S/ rCA ,)ns 

has a. C, c. on right annihila tors 13. Lcmma 4J . Furlhermorc. by mimicking lhe 

thc proofs of t\\'o rcsulls of Hcrstein. wc can show quile easily that S/rC껴)nS 

has no infinitc di rcct sum of nonzerO right ideals 13. Lemma 4J and that QCS/r 

CA ，)nS)θ ·εQCS/rCA.)nS) is thc quoticnt ring for S 13. Teorcmal . Jn ordcr 

to show that S/ rCAi) ns and T / rCA‘) have thc same quotient ring. it sufficcs to 

show lhal S/ rCA,)ns and T/1ι4;) arc isomorphic. ßut since S + rCAi)= T. this 

follows from the Isomorphism Theorcm. 

2. Dircet Sums. 

For thc rcmaindcr of thc articlc. lDS w띠 denolc i1ψnite direct sum o[ 1lOn~ero 

righl ideals. 
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In this section. “ c ~how that T i~ thc dirc::l sum of S and Ai where S belongs 

to Su bset 1 and A‘nS = o. First wc ncαI thc [0110‘ving lcmma. 

LDt~tA 6. Lel S a/ld J be slIbr…gs 01 all abso/ulely semipri11lc Goldie rillg T such 

Ihal S /zas 110 1 DS aJ/d sJζJ alld J SCJ for cach S belollg;lIg 10 S. I f S T J lzas all 

1 DS alid s / snJ I/Os 110 1 DS. Ihen J //Os aJ/ 1 DS. 

PROOF. \Vc will provc thc contrapositivc of thc lcmma. It su fficcs to show thal 

il J has no IDS and S f-J has an IDS ‘ thcn Sl snJ has 3n IDS. Supposc 11+ " , 

+ 1,,+ '" is 3n IDS in S +J. Sincc S and J ha\'c no IDS. 、vc may as~umc that 

I ‘nS = O and l in J =O for ; = 1. 2. …. Lct Si = Isεs 크ayEJ such that s f- yE l iI. 

; = 1. n. Thcn Si is a r ight idcal in S. AIso Si is not containcd in sn J. For 

il xEs n J and yεJ such that x十yεIi' thcn x+yEI‘nJ. I inJ =O would imply 

that x I y O. Since 1,""0. thcn S, is not containcd in snJ. 

\\'c c1aim that thcrc is an infinitc scqucncc of S;. say SN' SN +l' ... 、vhcrc N 
J- I 

IS a poSIU、 c integer. such that sjnεk=N Skcsnf forj능N. \\'c assume that thc 
"， '、 ( 1 )- 1

c1aim is [alsc. Thcn thcre exists a positive integer N (1 ) such that sN( I) nL~:';; 

s.Q:.snJ. Hcnce there cxists s. bclonging to S •• k= 1. 2 ... .. N ( l) such that sN(l) 
is not in snJ and 

(1 ) sl + S2+ " , + sN(l) _ 1 -sN(I)=O. 

No \V thcrc corrcsponds to each s. SOmc y. in J such that s.+y.E/ •. Lct I. = s.+y. 

and 1= 11 + "' + IN (l )_ I-IN (l ) ' Thus 1 bclongs to J 1= / 1+…+ 1 N(I)' Now sN( I )ε 

SnJ implics that 1 N( I)낯 O. Since J 1 is a direct sum. it 101Iows that 1 is nonzero 

Using 벼uation (1 ) . 、vc find that Y1 +Y2+ "' +YN( I)- I-Y씨 is a nOllzcrO clcmcnt 

o[ J 1. But thcn J jnJ is a nonzcro right idca l 01 J. No \V thcrc cxists an N (2)> 
N(2)-1 

N (1 ) such that sN(2) nE~:':;(I ; + 1 s.Q:. snJ. Wc Ict fz = I N(l )+ I+ "' T 1N(2). It is 

잉lSily secn that fznJ is a nonzcro r ight idea l 01 J. By induction. we can define 

J ,.;= 1, 2 . ... such that J 1+ " + J . + '" is an IDS in J. But. byassumption. J has 

no IDS. Hencc thc c1aim is proven. so wc rnight as wcll assume that N = 1. 

Let S;’ bc thc irnagc of S; in s / snJ under thc natural homomorphism. We 

cIaim that thcrc is a positivc intcgcr M such that S M’+ SM+l’+… is an IDS in 

s /snJ. S/""O. j = 1. 2. .... since s jQ:.snJ. Now supposc thaL no such M exists. 
• M(I)- 1 

Then there is a positivc intcgcr M (1) such tha t SM( I )’ nμl= l S/낯O. Hence 

thcrc are Sk’ES,’ whcrc s.ES,. k = 1. 2 ... .. M (1) "uch tha t SM ( I)'옴o and 
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(2) S ’ + ... +S .• " , ,'-5 •• ,.,' =0. M(l)-l "'M (l) 

But SM(I) ’ "'0 implies that sμ(1{t5nJ. so lhcre corrcsponds to SM(I) some Y.II (1) 

in J such that S,\I(I)+YM (I) is a nOnzerO c1cmcnt of I M(I)' By 타luation (2) . sl + 

• 에 SM(I)_ I-S"(I) bclongs to 5nJ. If Y，ε1 such that r, = S.세 Yk is an clcmcnL of 

1,. then r = rl +…+ rM (1 )_I-rM(I) belongs to L I= /I + ... + I M(1)' But sincc 긴1( 1) 

낯O. r is a nonzcro clcment of LlnJ . Simila rIy. “ c choosc M (2)> M ( l) such that 
M(2)-1 

5,\1(2)' n L::;~'，~;( I;+ 1 5/"'0. Wc can show that L2n J "'0 in thc same manncr as ‘\'e 

<I id LI ' Continuing by induclion. we find that (LlnJ) + ... + (LnnJ) + ... is an lDS 

in J. ßut wc havc contradictcd thc assumplion that J has no lDS. Thcrcforc. 

thc cIaim has bccn proven. Hencc 5/5n J has an lDS. 

THEOREM 7. Let 5 be a maximal Goldie subring 01 aη absolutely semiprime 

Goldie rillg T. 11 Ajn5=0 끼or s011le i. then T is tlze direct Sll1n 01 the add.‘twe 

grouþstrα'CI“res 01 5 alld A; 

PROOF. Sincc A;n5 = 0 and Ai"'O. thcn 5 is propcrIy containcd in 5 + Ai' 

Assumc S+ Aj is propcrly contained in T . S+ Ai inherits a. c. c. On right annihilators 

fro Ill T. Ho“ cvcr thc maximality of 5 implics that 5 + Ai is not Goldie. Thcrcfore 

S -f A; has an IDS. Wc can apply Lcrruna G to sho\\' that A; has an lDS. 1,+ '" 
수In+ .... Then (, A;+ "' + 1nA;+ '" is a dircct sum of right ideals in T . Thereforc. 

lhere cxists a positivc integer N such that J NAj+J N+1 Aj+ '" = 0. By Proposition 

211. μ，+ J N + 1 + .. . is containcd in r(A j) . Thus Ajnr(A ,> "'O. and Proposition 엉 

has bccn contradicted . We concIudc that 5 + A;= T. 

3. Subdirect Sums. 

In this scction, a ncccssary and sufficient condition for a maximal Goldie subring 

of T 10 bclong to Subset 4 is given. 

LEMMA 8. Let 5 be a lIIaximal Goldie subrhzg 01 tlle absolutely semiþrime Goldie 

rÙlg T. There cannot exist simultaneously in T maximal right an’'zihilators 01 Tyþe 

1 and Tyþe 3 witlz resþect to 5. 

PROOF. (f r (A .) is of Tγpc 1 and r (A2) is of Typc 3 with rcspcct to 5 , thcn 

S + r(A.,) has an lDS. 1 , + .. -+ 1_+ .. .. lt follows easily that thcrc cxists an N such 
ζ ‘ ” 

that 1 N+ " ，CA， n~. However. we have contradictcd Proposition 2d. 

THEOREM 9. Let 5 be a maximal Goldie subring 01 aJZ absolulely semiþrime Goldie 

ring T. TheJZ 5 is a lIlember 01 5ubset 4 1/ alld only .J 5 is a subdirect sum 01 IIze 
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rings Sl r (A;) nS.i= 1. 2 •.... n aχd each Sl r ( A,) n S. i = 1. 2 . .. .. η has cn IDS. 

PROOF. First wc provc thc ncccssa ry portion. Sincc. by Proposit ion 2c. [r (A1) 

nSI n .. . n [r( A.)nSI = 0. thcn S is a subd ircct sum of thc rings Sl r( A,) nS. Sincc 

r( Ai) is of Typc 3. S + r( Ai) has a n IOS. Bul r( A‘ ) has no 105. For if r(A) 

had an IDS. 11+ .. + / . + .... lhcn lhcre \Vould cxist a posilive intcgcr N such 

that I N+ IN T 1+ ... Cr(A시nA‘. Applying the conlraposilivc of Lcmma 6. we find 

tha t Sl r(Ai) nS. i = 1. 2 . .... π has an 105. 

Now 、\'C prove sufficiency. Suppose S is a subd irccl sum of rings Sl r(A)nS. 

i = 1. .. .. 11 with lDS. Suppose lhat r( Aj) is 'of T ypc 2 and A,nS ,<'O. Evcn if S is 

not semiprimc. wc can usc thc semiprimcness of T to show. as wc mcntioncd in 

lhc proo[ of Thcorcm 5. lhat Sl r(A) ns has no lD5. Now supposc r(커) is of 

Typc 2 and Ajns=o. By Thcorem 7. S ~Aj=T. /1 follo ws from Proposilion 2b 

tha t S + r(A) = T. i ,<' j . Since Sl r(Ai) nS has lD5. thcn Ains =o. i ,<' j . Hcncc 

A‘n (r(Aj) nS) =o. ‘= 1. .... n. Also. r(Aj) nS is a n idcal of T since S t Aj= T . 

Thus AiCr [r(A) nSI . i = 1. .... πFurthermorc. r(Aj) ns ,",o sincc olhcr ‘ \ï5C 

Sl r (Aj) nS would bc Gold ic. Sincc r [r (A) nSI is conta ined in a maxima l r ight 

annihilalor of a nonzcro right ideal. thcrc exists a positivc intcger k. 1 <;k-:;;". such 

tha t AiSiir( A.) . ; = 1. .. .. η. But thcn A. nr( A.) ,<'O. Thereforc. Proposit ion 2d is 

con trad i c tα1. Wc conciudc that no c1emcnt of K is of Type 2. 

Now each r(A,) is of T l' PC 1 or Typc 3. But by Lemma 8. right a nnihilators 

of both Typc 1 a nd T ypc 3 with rcspcct to S cannot exist in T . Wc assumc that 

thc r(A). ; = 1. …." a rc of Type 1. By T hcorcm 3. S is scmiprimc. By Thcorem 

4. cach r(A). ; = 1, ... . ηis a maximal r ight 3nnihilator of a nonzerO right ideal 

of S. By [3. Lemma 41. Sl r(A,) n s has no lD5. T hercforc. r( At) , "', r(A.) arc 

of Typc 3. lf Ains =o fo r somc;, lhcn S + Ai =T. T hus A‘nS,",O, i = 1, η 

Thcrcforc, S bclongs to Subsel 4. 

1\0 11' Ict us supposc tha t S is a maximal Goldic subring of T such that somc 

clcmcnts of K are of onc Typc and sornc clcmcnts of K a rc of anothcr Typc ‘vith 

rcspcct to S. LCIrUl1a 8 tclls us that thcrc a re only two possibili tics ‘ clcmcnts of 

T ypc 1 and Typc 2 or clcmcnts of T ypc 2 a nd Type 3. ]<csults of thc author ’s 

work in thcsc cascs a re partial at pr잉enl. 

This papcr is basαl ψon a portion of thc a uthor’ s doctora l disscrtat ion wri ttcn 

undcr lhc dirc: t ion of Profcssor Robert H. Ochmkc a t the University of Iowa. 

T hc author is indcbtcd to Danicl Bri tlcn for his assistance with thc cxamplc which 
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i.s rncntioncd in thc inlroduclion of this papcr. Part of this papcr was prcsl'ntcd 

by thc aulhor at the SU I111l1cr 1\1athcmatics Symposium , Appalachian Statc Cni 

vcrsity. Boonc. North Carolina. August 1969 

Slatc Univcrsity of :-Iew York 

Potsda l11, New York 
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