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A Note on the Homomorphisms Between Modules

1. Introduction

This paper is a rather brief account for the set
Hom(M, N) of all homomorphisms from M into N.
Throughout this paper, let R denote an arbitrarily
given ring and the sets M and N be left R-modules.
The other terminologies and notations are based on
Sze-Tsen Hu (2].

2. Preliminary concepts

If M. and N are left R-modules, then the set Hom
(M, N) of all homomorphisms from M into N forms
an additive abelian group with the usual definition
of addition. If C(R) is the center of the ring R,
that is, C(R) = [a&R: aa’ =a'a for evéry a' &R},
then Hom(M, N) forms a module over the ring C(R)
with the usual definition of <calar multiplication:
(af) (z) =af(z) for every &M, a=C(R), and
feEHom (M, N).

In perticular if R is a commutative ring, then
Hom(M,N) is a R-module. If P is a R-module,
then with every f&Hom(M, N), we associate

f : Hom(P, M) — Hom(P,N), defined by
F(g)=fg, for all g&Hom (P, M).

The mapping f* is a homomorphism of the
additive grdup Hom(P,M) to Hom(P,N). lItis
enough to mnote that f'(g1+g2) =f" (g1) +f' (g2).
If R is commutative ring f’ is a R-module homo-
morphism:

1 (ag)=f-(ag) =a(f-g)=af’(g).

If f:L—M and g : M—N are homomorphism,
then (g-f)' =g’ -f'

3. The theorems

Theorem 1.
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Let O—>L—>M—>N be an exact, sequence
of R-module, and let P be any R-module then

O—Hom(P, L) }—9 (P, M) —Hom(P, N)
) 4 gl

is an exact sequence of abelian groups.
(proof) We have to establish several facts succe-
ssively.
(1) Ker(f")=0, for if f'(¢)=f-p=0, then
$=0 since f is a monomorphism.
(2) Im(f')SKer(g'), for g’ (f($))=g"-f'
(B)=(&-N'(p)=gfp=0 since g-f=0
(3) Ker(g')SIm(f'): let ¢ be in Ker(g’), that
Thus Im(g)CKer(g) =Im{f);
hence for every z€p there exists an element
'y&L such that g¢(z)=f(y).Since f is a

monomorphism, this element y is unique. We

is, g-¢=0.

have define the mapping p:P——>L' by
p(xj =y. It is easy to check that p is a
homomorphism and  f'(p)=f-p=q, s0
¢EIm(f").

Theorem 2.

f g
Let L—>M——>N—>0 be an exact sequence
of R-modules, and let P be any R-module. Then

O— Hom(N, P) —>Hom(M, P)—Hom(L, P)
g f
is an exact sequence of abelian groups."

(proof) (1) Ker(g')=0, forif g’'(p)=p-g=0,
then p=0 since g is epic.

(@) Im(g")SKer(f"), for
g ®)=f-g )= f)(#)=0, since
gf=0

(3) Ker(f")CIm(g’): let ¢ be in Ker(f’), then
f @=q-f=0.



We define the mapping
p : N—P by p(g(x)}=4¢().
This defines p(y) for all y&N since g is epic.
To show that p is well defined we have to
establish that if g(x1) =g(xy) then g(21) =g(a3),
or, in other words, that
- Ker(g)CKer(g) But Ker(g)=Im(f).
Thus, if g(z)=0, there exists 2&L such that
z=f(2); hence ¢(z)=p(g(x))=p(g-f(2})=0.
Clearly p is a homomorphism and
g (p)=p-g=g, 0 ¢€Im(g’).
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