
ON lIfEIJER-LAPLACE TRANSFORM OF T‘,VO V ARIABLES 

By N_ C. Jain 

J. Introduction 

T he Meijer-Laplace transform is defined [1. p. 57J b y means of the integral 

equation in the form 
∞ 
r r-m+ l. 0 1. 10,+60" ....... a.+b .. \ ( 1. 1) F(p)=비G:+: .~ (px I :.H .. ....... :.H ')f( x )dx. R (P)>O “ m. m -r “ I u, •............. “ ... 

o 
and denotc it symbolically as 

F (P)= G rJ( x) ; am+ l b",l. 

The author has introduced the Meijer-Laplace transform of two variables 

[6. 꺼 as 
∞∞ 

(1.2) F (P. q) =씨 Jc:쳐~~(px l 앙+b1 . ‘· T+bm)G싸tO잉 | fl + dl,- -c,+ d”) 
lí .0 - ....... T ‘ ' -1 . ....... ... "''''+1 " . " T .L‘ 1 ‘ 1, ....... ... C"+1 ’ 

X f (x. y )dxdy. R (P. q)>O 

which is the genera lisation of well known Laplace tra nsform of two va riables [5J 

∞∞ 

(1 .3) F(P.q)=p사 Je냉'%-q，’ f ( x. y )dxdy. R (p. q)> O. 
o 0 

Whenbj=O. j = 1. 2 . ....... m-1; d . = O. k = 1.2 . ....... n- 1 a nd 

(a) a.’+l=b",=Cn+ l = d .=O. t he integral equation (1. 2) reduces to (1 . 3) : 

(b) b".=am+1= -tn1- k l' Q ", = m1- k1: C,,+1 = d n= - m2 -k2• Cn=η'2- k2' the equa

tion (1 .2) reduces 10 
영。o 1 L-. ‘ l _-",,, __ n’ -, ‘ -‘.---

(1 .4) F(P.q) =띤J ) e 2 , " 2"" (px) .. ’ T(qy) .'. 2 Wμ+. m.(Px) 
o 0 

x W. , 1 (qy) f (x. y )dxdy , R ( p. q)> O 
‘’*것- m : 

and is known as Mcijcr transform of two variables [9. p. 83J ; 

(cωc야) b"，양”걷=2찌m까l시l' om =-:융운-→*껴ηm씨‘시"l - k낸k씬l ' Om+’m싸’'，， +l믹=돼0: d.=2’”끼’”싸1 
integra띠1 equ따a따lt띠tion (1.’ 2) reduccs to 

여연 1 
(1 . 5) F (P. q)=þq[ I e-τ'þ:r-2"’ (þx)m，-τ(qy)찌-τWι. m,(Þx) W . .. ",.(qy) 

o 0 

X f (x.y)dxdy. R (P. q)> O 

which wc shall caJl as Varma transform [lOJ. 
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We shall denote (1 . 2) symbolically as 

r _ i ~ om+l' bnt 1 
F(p.q) = Glf(%.y) ;.. . . , I 

- νn+ 1> -,,-

and (1.3) . ( 1. 4) and (1.5) as usual shall be denoted as 

'， +수. *+-L " 2 ’ 2 k .. ~ 
F(P.q)특f(%.y). F(P.q)--=~←---f(%.y) and F(P.q)‘::. ~ f(%.y ) 

…,. "'t … .. …l 

rcspectively. 

The object of the present paper is to establish some rules and obtain the images 

of some of thc functions in Meijer.Laplace transfonn. Some diffcrcntial and 

integral properties of the transform (1.2) a lso have been discusscd. Particular 

cases of the thcorcms give rise to resuHs obtain어 earlier by Bose [의 Mehra 

[어 and Poli and Delerue [llJ. 

In what follows. we have used the symbnl (0.) to denote the set of paramelers 

0 1' ••••••• 0. throughout this paper. 

2. 

THEOREM 1. Jf f(%. y)=지(%) • f 2(y). ond if 

F1 ( þ)= G [f, (x) ; 0 ",+ 1' b",J' 

F2(q)=G [f 2(y ) ; c.+1.d.J. Ihen 

, a ‘ •• bl 
( 2. 1) F ( þ. q)= F,(p) . F2(q)=Glf(x.y) ; rmγ n 

‘ -"+1' -n 

þ1'ovided the i1ztecrals are absolutely convergent. 

EXMIPLE 1. Taking f(%.y ) =%’‘'y'"2e -UX-W" and using μ. p. 419. (5)J and 

( 2.1) , we get 

(2.2) 강갤붉，G캅;:4+ l냥 I-V없짜bm))G:t::4l(웅 / -V2’(c，討찌) 
r " … •• • … a ‘ .0 ., 

= Glx"y’ le _m+l' Jml 
L ‘ n+ l .... n.J 

provided R (ai+ v1 + I)> O. j=l. 2. ……. ",+ 1; R (c.+v2+ I)> O. k = l. 2. … 
π ” η+ 1; larg pl <τ. larg ql <τ’ larg ul<i-. larg wl < i- and R (P. q)>O. 

In thc above result. putting 까=O， i= l. 2 • .•. ...• m; am+1= O. dk= O. k = l. 2 • ...• n: 
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C
II
+1 =0, V1 = 11. VZ=υl' u=a. w=a1 and simplifying, WC obtain a known result 

[9. p. 87J 

(2. 야 」ι±1L「(인±1L「 특성1.I1C -“-ι， where R ( þ+a. q+a)> 0 a찌 
( a+ þ)"+' (a， +q)νi 

R ( lJ. lJ,)>- 1. Further. with a=a , =O. wc have [3. p. lOO. ( 1. 3)J 

r ( !J+1) r ( lJ1 + 1) ~ 꺼 “낀 
π ~ .y • 

Pνqν 1 
(2.4) 

provided R (þ. q)> O and R ( lJ.lJ1)>- 1 

1

끼
」
”
 

b 
d 꺼

 ” 
a 
c 

) y x 
π
 

카
 

끼
 

AF K U ?‘ 

뼈
 

때
 

a 
T 

% 
샤
 

(3. 1) F( 응웅)=G[f(ax . by) 껄lljr] ， 
þroν'ided the integrals arc absolu!ely convergent and 0 ond b ore þOsilive ’ntegers 

EXAMPLE 1. Taking f ( x. y)= xγ. and using [4. p. 418. (3)J . we have 
!’+ 1 11 + 1 
n r(ι+η + 1) n r (c‘+' ,+1) 

(3. 2) F (þ. q) =-;;; l=l / i jjl J • 

므l 「(익+이+'1 +꺼과 r (cj + dj + ' 2+ 1) 

p-,1q-r·, 

provided R(aj+야1)>0. j = 1. 2 ..... "'+1. larg ÞI <웅 . R (c.+ r2+ 1)>0. " = 1. 

2 ........ η+ 1. l argql <웅 and R (þ.q)>O. 

Hence. from (3. 1). wc oblain 
m+l "+1 
딘r(aj+ '1 + 1) ll r (cl+72+1) 

(3.3) .!. ‘ ,- . 
m • 

lEl「(꺼+까+'1 + 1) 쇠 rc딩년'j+'2+ 1) 
(웅) (웅) 

= G/ (ax)’'(by)μm+ l' ~ml L .. --.... "-J '" ' C
II

+ I' d nJ’ 

provided lhe condilions given in (3.2) are satisfi cd and a and b are posilive 

mtcgers. 

Setting 까= O.j= 1. 2 . ....... 끼 ; am+1= 0. d.=O. k = 1. 2 •. 

and ' 2= m in (3. 3) . we Obtain [11. p. 21J 

11, c .. -,- , =O. r ,= 1Z n+l-V , '1 
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a” . 」m 딪」씬끽잉r 
þ q r (n + l) r (m +l) 

4 

THEOREM 3. 1/ 
r a_ , 1 . b_, 

F,(Þ. q) = C L /μy) ， c”씨: d] 

서
 ln 

A 
V 

J “ 
” 
” 

a 

c 
j x ( 

2 
” t 

J 

r 
i l 
l ---‘ j 

이
 

h y 
( 

? 
-

F 

서
 

| 
” 

’ h v 

J “ 
’ 

, 

-

-
” 
” 

a 

c 
j x 

μ
 

r 
I 
l --L j ) 4 h y 

( ‘ F 

then 

r s a .. b , 
(4.1) εF.cþ.q)= C I ε/.(X.y); "'+,- J"' I 

r=1 ’ l ,= l . '11 +1' anJ 

þrouidcd R(꺼+U，+ 1)> o. j = l. 2. m + l; r = 1. 2. s. larg ÞI < 윤， 

R (c.+ u,+ J)> O. k = l . 2. .• ’ n+ l ; r = l. 2 • ••••••• s. larg ql < 웅， 

R (Þ. q)> o. whcre /, (x.y)= O(x‘ -, y ’") / or smal/ x and y and 

.. +1. 0 1. _ f (a .. + b .. ) , ~.+ 1. 0 / • ..1 (c. + d.)\ 
C~ .. ~+， lÞoX' è짜+ lr j , GnL+ ll씨 è~:~ 1-)'" ) 

arc bOlmded /or R ( þ)>þO> O O1ld R (q)> qO> O resþectively. 

The above thcorem also holds when s tends to infinity, provided 

(i) 
∞ 

걷 ι(x， y) is absolutely convergent for x> O and y> O; 

(ii) 
∞ 
ζ F.(þ, q) is abs이utely convcrgent; and 
r=1 

( iii) lhe intcgrals involvcd arc absolutely convergenl for R(꺼+ι+ 1)>0. 

R(c밴r+ l)>o， j = L2, - - - …+1 ; k = I, 2 •.... ... n+ l . larg ÞI <풍 largq l 

〈좋 and R (þ. q)>O. whcrc / (%.y)=O(x“ . y’ ) for small .• and y. and 

.. +1. 0 1. I (a .. + b .. )\ ,,+ '. 0 1 . ..1 (c. + d. )\ 
Gm, ,1+1(Pox l(a, + lT jζ(x.y) ’ G”· ”+l [%Y l 띠+J)f，μ y) 
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are bounded for .. > 0, R(p)>p，바> 0 and y>O, R (q)>qQ> O respcctively 

k ‘ EXAMPLE 1 Taklng f (x,y)=(x + y)*=Z kCr x’ -ryr . where k is a positive int 
r=O 

eger. On applying [4, p. 418. (3)] a nd (4. 1). we have 

m+l n+1 
‘ rr r (a,+ k-r+ 1) rr r (c‘ + r+l) i; kCr 仁l J j=1 n ________ p-kHq- ’ (4, 2) 

r=u lEl 「(0j+bj+k-r+1)lEl「(Cl+dl+r+1)

r ‘ a ‘ ’‘ b.l 
= G I (x+y)" ; . ,’.,. 1' ,tml 

l "n+l ’ “ "J 

provided R (aj+ O >O, j =I, 2, m+l: R (c.+ I)> 0, k= I , 2, 11 + 1, 

larg pl <풍 larg q l <풍 and R (P , q)>O. 

In (4, 2), setting 까=0， j = 1, 2 • ...... , tn; am+l=O ; d,=O, k = 1, 2, … n, 

CH1 =0. k = n we get a result [8, p.62] 

‘ ’‘+1 .n+l 
」늑 4二~#(x+y)".
(pq)" q-p 

EXAMPLE 2. Taking I (x , y ) = (양)?lN(2(”쉰 

=흘걷쁨g품 
then I b r ( j + N + +1)꾀( 뼈 

웅 (-1)' _i=----------，~~'-------------
r:퍼 ----rr-r (.Iv +각1) ' ~ r (a ,+h;+N + r + 1) .rl. r(cj+dj+N + r +l) 

j= l l j j=l 

X( pq)-N ’=--Lr 
(pq)" 

…-ι ， +1 

(4 , 3) 11 r(a,+N+l) Hr(c;+ N + 1) 
x----. ;=1 ,-1 __ , 
「(N+l )l므 ll1(aj+bl+N+l)L「(Cl+dj+N+1) 

'" r(a’,,+1+N+ 1) , (C,+1 + N + l) • _ __ 1_1 
X m+n +2r m+n ι1 LN+ l ， (O.,+bm+N+ l ) , (cn+d,+ N+O ’ pqJ 

r 1 ~. a ‘ b .• l 
GI (xy)-~ ‘ jv(2(xy)T) ; c,IJr d” 
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providcd R (N + aj +l)> O. j=l. 2, m+ l : R (N + c.+ l)>O, c.= I, 2, …. 11+1, 
I 1 •• , 3' ，~ . . _ " 

R(;N+.~)<O， Ipq l> I, la rgÞI <윤， larg ql <출 and R (þ ,q)>O. 

Sctting 까=O， j= I， 2， ....... 111: d.=O, k = 1. 2, η， a m+ 1= Cn+ 1 =0, ‘.\'C gct 
a resull due to B∞e [2. p. 27J 

r ( N +I )þq .. , ,-A- N ，~ (4, 4) ~투쉰엄- 늄 (xy) 2 N lN(2(xy)τ) . 
(l+pq)' . . ν 

5. 

THEOREM 4. 11 

Fμ q)=C! 1μy) 싼+1’ 센. 
l. -"+1’ - n" 

alld 

FZ(þ.q)= C/ I zCx.y): ~，"+1 씬， 
L ‘ "+1’ “.~ 

Ihell 

r f r- r .. . .'\ r , d“dv _ r r ~ ， dudv 
(5. 0 I I F ,( u, V)fz (u. V) τ;V = J J F Z(u , v씨(u， V) 깅「’ 

o 0 0 0 

þrovided Ihe inlegrals are absolulely convergeη:1. 

PR∞F. From the definition (1, 2). we havc 

(5 2) Fl(1t U) = uq f G따+3(ux l X웰))C껍(에 따렐”싸 y)d%dy 

and 

(5. 3) 진(u， u)=ufJ따파1 (u% I 찮반))G:피떤lX:껑”싸%， y)d%dy 
Now 

J.f F,(u, v)/ 2(u, V) 떻ι 

f￠4(U U)dudu 따fGZ‘+:+3(ux l 짧빨)) G:.+;3 (uy l X;겹n)) 

x! ,(x.y) dxdy] =심지(x.y) dx펙 JG:지3(ux l ;z:r?)) 
×G?:패 | X:선n))fz('‘ v)d.폐=뿔1， (x.y)Flx.y)뽕 

which follows from (5, 2). 
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The change in the order 01 integ ration is juslified as the integrals involved 

are a bsolutcly convergent. Rcgarding this change. we observe that the cond ilions 

for absolule convcrgcnce of ( 5. 2) a re R(aj+하 + 1)> 0， j = 1. 2, .... .. , ",+ 1 : 
k, __ k 

R (ci+ k2+ l)> 0, i = I , 2, 11 + 1 : w herc f 1( x ,y) =0( x" , y") , for small x and 

y , and f ,(x ,y )=O {cxp ( - x‘ ) , cxp ( -y’')}, R (sl' S2)> 0 for large x and y . 

Similarly the integral ( 5, 3) ‘vill bc absolutely convcrgcnt if R(aj+선+1)> 0 ， 

j = I , 2, m + 1: R(ci十k.+O> O， i = I, 2, n + l , wherc f 2(x ,y )=0(x" , 

/ ') for small x a nd y , a nd 

f 2( x , y )=0{cxp( - x" ) , exp ( -y’ ‘)}, R (s3' s. )> 0, for large x a nd y . 

THEOREM 6. I f 

(6, 1) 1'(용· 옹) =G[f(ax，ψ， 웰’ 강1 
thell 

(6, 2) J J 1'( u, v)g(움· 웅) 캘쁜 
’ q 

=따if(s t)g(좋 쉰웰l 첼t Zl 
(6, 3) J J 1'(u, v)g (몫. 옹) 뿐ι 

o 0 

=G댈f(s， l)g(추 숭)웰~; 웰캡 
and 

(6, 4) JJ 1'(μ)g(감· 똥)꽉쁜 
∞ ∞ . 

r r r" " I s I \ dsdt am
‘ 

"ml 
=GlJ J “，I)g(τ， τj각「 CnL, dn j 

provided thc ill/egrals involved are absolutely convergellt. 

PROO때∞F샤!v!…써I“피비바삐I l삐t“때l 

rcspcc따t to a and b from 0 lo 1, ‘wc get 
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=cr! J[(a:< ， ψ g (a, b) 검쌓 fm+1- Tl 
‘ o 0 ‘ n+l’ -n-

(6, 5) 

Sub빠s앙tlπ뼈tωu 

s잉ide a.r=s and by=t. wc obtain 
∞ ∞ , , r r F( tt, v)g (.l!:-. 온) 브엘-，，- = cr r r [ (s, t)g(-흔， 上)브쌓1 Gm+l’ ~ml 
;; ‘“ v ’ “ V Li6 “ Y ’ “ (,-11+1' “ n' 

Thus thc result (6, 2) is provcd. 

To prove (6, 3) , multiplying both 

with respcct to a and b from 1 to ∞， 

(6,3) is ob씨ind 

Inslcad of inlegrating from 1 to ∞， “ 、ve intcgrate in the above from 0 to ∞， 

and changing the variablcs suitably the result (6,4) is obtain혀. 

hand the right on and 

of (6, 1) by 요뿜2.. intcg때ng 
and substituting as in (6, 2) , the result 

thc sidcs 

-M.-N COROLLARY A. [[ we take g(a, b)=a-" b -", thelt [rom (6, 2), (6. 3) and (6, 4) , wc lzave 
∞∞ 

-:-h- r r F(u，'싸M-l dV
-

1 dudv 
?q jg 

f Af N ; ? dsdt al4l· b!1 
= CJx ‘y ’ I I [ (s, t) -;;T뇨꺼추「’ -’"t" ... - ","'1 

‘ õ õ “ ‘ n+l’ ‘,‘ 

(6, 6) 

U i m J 
u 

, 
「

N 
U 」

M 
μ
 

” 
α
 κ

 

q 
r 

l l 
o 

p 
f 
l J 
u 

l 

폐
 
=G[xlSNfff(S t) 꿇뿔"1; 렐 강] 

(6, 7) 

꾀한JJF(씨 uA’-만 
and 

(6, 8) 

_ r M N얻 양 dsdt aι ，. b_, 
=C lx'''y'''' [ (s, l) τM+간π+r; ",,..…l 

L Õ Õ ‘ C"+l' anJ 

þrovidcd the integrals iltvolved are absolutely cOllvcrgen/. 

ab 

(a'륙5강+1) 

COROLLARY B. [1 we take 

g(a, b) 

we gcl zη (6, 4) , 
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<6 9) PqJ감렇싫2) d띠U 
∞∞ 

=Gr쟁 rr , ? ~〔s. q z dsdt , am+ l· bm1 
t UU (s4+상) ( I" +y") C. + l' d ,J> 

provided both 5ides exist. 

Setting 까=O.j= 1.2. m; d. = O. k = 1.2 • ....... κ am+ 1 =α C" +l =α 10 

(6.2) to (6. 9). wc obtain the rcsults due to Delerue [11. p. 27-28J . 

7. Diffcrential propcrty. 

Differenliating thc equalily (3.1) with rcspcct lo 0 and b parlially and thcn 

pulling 0 and b equal to unily. we obtain 

(7.1) 

(7.2) 

and 

d r ;'j a_ , 1. b_ '1 

P 굶 [F (þ. q)J = G l x뾰f(x，y) ， ? 찌 
',+‘ -

-q 옳 [F(p. q)J = G [y 꿇I(x.y) ; 텔’ 없]. 

;2 ,2 o_~ .. b‘ 1 

(7.3) pq 해따 [F(p. 이J =G[xy옳arf(x， y) ， c”+P ζJ. 
proviðed both lhe sidcs cxist anð a re continuous 

8. Intcgral propcπy. 

lf we dividc lhc equalily (3.1) by 0 and b a nd lhcn integrate it with respect 

to 0 and b respectively betwcen the limils 0 to 1. we obtain 

(8. 1) J F (o. q)몫=G[J I(o. y)쁨 ~m+1' b.m1 

p u ‘,+ 1’ “.-
f db 「 t db a써 l' bm 1 

(8, 2) g F(p， b)τ=GlJ Kx b)τ， c”+l , dnj 

and 
∞ ∞ x , 
r r v '. n dodb A (' (' N. "dodb 0 ", + 1' 0"'1 

(8.3) J J F (o. b) τ'b" = GlJ J 1(0. b) τ「’ c , d-l 
p q u V ’ T ‘ ” 

providα1 the inlcgrals a rc convcrgcn l. 

Instead of k1king lhc limils from 0 lo 1. if we tak e the limits from 0 to ∞. 

、vc have 
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(8, 4) fF(a q)뿐=Gm(a， y)쁜 t;;t t,:] 

(8 5) fF@ b)쁨=G[$f(x b)뿐 rr: ll, Z:a 
and 

r r N _ "dadb A r r" "dadb am H ' bm 1 
(8，야 J J F(a， b)τì:

V 

= GlJ J [(a , b)τ「’ c , d 1 
U U 0 0 -"+‘ ” 

provided the integrals are convergent 

Substracting (8, 1) , (8, 2) and (8, 3) from (8, 4), (8, 5) and (8, 6) respectively. 

we gct 

(8, 7) IF(a q)몫=G한a， y)뽕 델t 강] 

(8 8) 1F(P b)뿐=G[ff(x b)뿐 첼t 강] 
and 

p q ∞∞ a ι r r r.o l' _ l."\ dadb ,.. r r r L'/ .... dadb “ m+ l' vml 
(8, 9) J J F (a , b) u~ï'" = GlJ J [ (a, b)τb' ι , d j 

o 0 x Y " T ‘ ” 

provided the integrals arc convcrgent 

The a uthor is extremely thankful to Dr, R. K. Saxena for his valuable guidance 
during the preparation of this paper. 

G. S. Jnstitute of Technology a nd Science
Indore (Jndia) 
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