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JACOBI POLYNOMIAL AND POTENTIAL THEORY 

By Manilal Shah 

1. Introduction. In this papcr Jacobi polynomiaI has been util ized to establisa 

the soIutions of fundamental differential equation in potential theory. Methods 

which we have employed are based upon the application of orthogonality pro. 

pertics for Bessel .functions and known integra l. Results derived in this paper are 

of great importance in the mathematical analysis. 

We shall deaI with the problem for determining a function ψ(r. z) for the haIf 
space a;='r ;=, O. z ;=, O, satisfying thc differential equation [(3) , (36.0, p.135] 

? ? 
a"d; 1 òó a ψ 

(1. 0 뽑+τ 꽁+싫=0， 

subject to the boundary conditions 

(1. 2) ψ→o as z→∞. 

(1. 3) 뿜 +째:::;0 on r = o, 
(1. 4) ø remains finitc as r - 'O; and the initial condition 

(1. 5) Ø= f (r ) , on z= O. 

Wc shall consider thc following value of f ( r ) in the present investigation 
2r+ 2q1' ~2 ._2,a n (a, ß) ’ ( 1. 6) f (r)= r".'"- (a"-r")" Pμ (2융-1) 

(a. {f) where Pn ,".", ( x ) is a Jacobi polynomial which can be convcrted to either Gegen-

bauer, Legendre and Tchebichef polynomials with proper choice of parameters. 

Any function which is bounded and has a finite number of maxima and minima 
can be represented by a series of BcsseHunctions, hence f ( r ) of the form ( 1. 6) 

and is of generaI character. 

2. In our present work, we shall require the foIlowing formulae in the proof. 

(A) IntegraI [(4), (2, 2)] 
r Q 21+zq+ l ~? ? ... a~(a.ßL_ r 2 

(2. 1 ) ι r<"7-T ~(a2_T2r pμ (2같 -1씨(Àmr/a)dr 

2.+2a+ 2o'+2 a f γ T"rca+ Il+0rc1十lT +~)r(1 +lT+~-β3 
2r( l+lT+~-β-μ)r(2+lT+~+a+μ) μ ! 

r 1 +lT+~， 1+lT+~-β 1 r ~ TVT ~ • ..I.. T V T ~ ,.., ;-À,-m/4 1 
X2F3lr , 1 +lT +~-β-μ.2+lT+~+a+μ j 

where Re (a )> -1, Re (~+lT)>-1. 
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(B) Orthogonality propcrties for Bessel-functions [( 1). p. 71(49) and p. 70. (48)]: 

(2.2) CfJr씨끼r(시)dt = [0. if " "' '''. 
1 1 __ 2 {_ 2 _ 2 '2? ? l 

a~ l숭^.’ {λ” {j/(시)(+C강-r') [J/ Æm)]j . ifn = m. 

(2.3) i1까(r mt)Jιt)dl = p. “ lI y!:. m 

ν 융 Ilr+ l (rm)12 lf η=’” 
3. ~olutions of the problem: Tlze solt‘tior.s of IJle þroblem 10 be esloblished ore: 

wIlere Re (a)> - 1. Rc ( , +0")> -1 

2 

× • e -'w'!o(씨 2...."dl +cT+，. 1+~H-β 
r피하파→2" 3 l 1. 1 +<1+'-β-μ.2+<1+，+a+μ ’ 

-0펴A 

volid for Re (a )> -1. Re (，十(1)> -1. 

PROOF. The solution of (1. 1) subject to the given conditions can be written in 

the forrn [(3) . (36. 4) . p. 136] 

(3 잉 짜r， z) =pv‘ e-zg‘l o(wir) . 

where the sum is taken over the positive roots of the transcendental equation. 

(3.4) w;!o' (w，<1)+kJo(ω‘.(1) = 0. 

By the virtue of the in씨mt따때lt띠ti떠a려1 con떼l 

properly ch∞en to satisfy the fo이삐Uowing relation. 

(3.5) f(r)=εNJn(rw) 

In view of (1. 6) . we have 
2r+ 2t7 r _2 _2 , << n (a. {!) 。(3.6) r- - ' -- (0 • )P . -. . (2걷응-1) =εN， Jn(rκ) 

” “ ‘ . ‘ · 
where o;;,; r ;;,;O and the validity of this expansion is justified since f(r) is conti. 
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nuous and of bounded varialion in thc opcn interval (0. a). 
Multipl y both sidcs of (3.6) by rJO(rω'j) and intcgratc with respcct to r from 

o to a. changc thc order of in tcgration and summation O I1 thc right which wc 

응upposc to bc permissiblc duc to thc absolu tc convcrgence 아 integral and summa

tion involvcd in thc proccss. wc havc 

ra 2.+20'+1 1'_2 _2,a n (a. ß)rtJ r~ 어.7) '/ -r.' '''= ''' ' (a.- r'Y' p , . \u. PJ(2 ;，，- 1)Jo(rωl)d7 

o =FN· 자써rWj씨(rω;)d" 

Now making use of orthogonality propcrtics (2.2) and (2.3) with I= r/ a, r = O. 

À .. = awj. Àn= aw; ctc . . on the right and (2. 1) replacing Ãm=aωj ’ 。이1 the Icft of 

(3. 7) . we obtain 
a2.+2a+::!u rc，a+μ+ 1) T(1+ 11十.. )r ( 1+ 11 +, β) 

(3.8) N j= 고!rδ추E주，， -ß-피r(2+，，+a+l1+μ) ( (Jo’ (aw;) I '+ (Jo (awj)1'1 

11 + 11+".1 + 11+"-β ? \ X 'lF'l(- ' - -a‘ω / 4 '1. 
2"' 3\ 1. 1+ 11+" β-μ.2+，，+a+l1+μ ’ “ j ' "2 j 

Re (a)>- l, Re ("+11)> -1. 

Jlnd 
a 2r+2a+2u r(a+μ+ 1)1 ’(1 + 11+ ,,)T(1 + 11+ , - ß) 

(3.9) Nj=μ r(1+ I1+. -β-μ)r(2+，，+a+l1+μ) Ijl(aulj)l z 

11 + 11+,.1 +11+"-β ? \ 
XoFor - . -a"w ~ / 4 1 

2""3\1. 1+ 11 +' β-μ.2+11+"+11+μ “ j ' '1 ) 
Re (a)> -1. Re ("+ 11)>- 1. 

The solutions (3.1) and (3.2) obtain immediatcly in vicw of (3.3) and (3.8) 

with the use of known rcla tion Jo’ (z) = -ι(z) and (3. 3) and (3.9) respectively. 

l 
Particular case: Sctting α=β=r-τfand using the known rcla tion ((2) . pι 2671 : 

c:(x) = ((2r)/(r+쇼)n)p.(r-+ r-+\x) 

etc. . in (3.1). we obtain a known rcsult g ivcn by thc author ((5). eqn. (3.1)1 : 

a2r+ 2r+2u -'r(r+융)r(강+μ)r(1 + 11 + ,,)r( 11+T-r+흉) 
φ(r. z) '0 、 I 

μ!r(깐)r(흉+11+，-r-μ) r (흉+11+"+μμ+ 

e - ,w’Jn(rw,) 

X~ (fNaω;)1 '꺼짜aω;)}η 
1i' (1 +11 -1τ 융+11+，， - r 

2- 3\ "l "l 
、 1. 융+11+"-r-μ， 융+11+"+μ+r 

헬 
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where Re (r)>-융， Re (, + <T)> -1 

Aulhor is extremely grateful to Dr. V. M. Bhise for his helpful discussions. 
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