
EXPANSIONS OF GENERALISED HYPERGEOMETRIC FUNCTIONS 

By R. S. Dahiya 

1. Introduction. The generalized hypergeometric polynomial [4] has been de 

fined by 

rJ(δ， -11).01> • •• , Oþ 
(1. 1) F.(x) =x(δ~l)3+aFq f L ” r : λ .t' 1. 

‘ "'1' • V q 

t ‘ 11 -n+ 1 where the symbol J(δ. - ,,) repr잉ents the set of Ö αlrameters: - τ’ õ 
-11+δ-1 .• f • - .- and δ. IJ a re positive integers. The polynomial i5 in a generalized 

form which yields mally known polynomials OD specializing the parameters. 

For ease in writing, 、ve employ the contracted notation 

pFq싸pFq(@lx) =효 熾칭 

Thus ( a
þ

) , is to b야e int따]ηte매띠r떠.ete어d a잉so (aj서)， and s잉lml빼l 
i=l 

(01' el)' .... (aþ • eþ). 

In this paper we have established some expansions for Hypergeometric func 
tions. Some particular cases have also been g iven with proper choice of parameter .. 

2. The Expansions. Results to be proved are 

α 1) ￡ (-)”-rr낀반6-웅)n-m-r+ ~ ) 
,= 0 

ν， 

r(μ+ (0 - ~ ),,-k-r-l) 

r;' ~ LI (δ -n) . ap' J(c. μ (0- ~ )n+k+r); 
p+o+c‘ q+2c 1 

L bq• 샤융-μ-(δ-웅) n- "，) • 샤， 웅 μ (δ-웅)n+"'+샤 

À(-l)' t r (11‘+n-k+ ~ )r (μ十(δ ν2)n- "，+울) r;' 

-갇 
,- 페l-k+융) 미μ내- ~ )1l- k+ 1) 

þ써+κq+ 2c 

r J(δ. -n) , ap' 
J(c, -μ- (0-웅)n+k) ; 낀권ζ] 

L bq' 
J(c.윷-μ-(δ-1/2)η-m). J(c，융-μ (δ-3/2)’세+ c' j 
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""\vhere R (μ+(0 -l)n :l: m+웅)>0 ; 서 and c are positive integers 

r (1Il -k-r++) 
(2. 2) 짚-) n-r nc, -;r"'(，-'~-:-+"'( 0""::::11")'냥 r十1)'PH+，F，+강 

[ d(δ 커) . aþ • J(c 얘 l )n+k+r) 

ÓlJ ' Ll (C, 웅 μ-(δ 1)11 서 J(c. ~ μ (δ 1)" +111) ; 

r(m-k-n+융)r(μ+& tlT÷) ~ 
-------• " .\ ,.... 1. r~ . \ l ' þ+q+c"'- q+2c 
r(μ+(å- 1)n- k+l)r ( μ+(å - 1)ι-m+꾀 

{Erdμ(0δ -11씨) . ap섬4κ@싸(“싸써c. -
-’ 

b, . 샤 융-μ (0-1싸-페， 샤 윷-μ ån+11l) ; σ J. 
‘、뼈 

_r(μ+ (δ 윷)n-l“→÷÷) e 

(2 잉 짚_ )"객r 규1'+ (0←공)요꾀김~ ) "Þ+ò+강Fq+강 

l d(δ - 11 ) . aþ • j (c μ十샘Z+1n++) 

b, . LI (ιμ+(δ-웅)n-k- r+l) 

J rc. μ+Cδ-1) ，，-m-r+속); l 
‘ λ c' 11 

r(…+n- k+융)r (μ+cδ 흉)“-m+웅) ~ 
- r(m-k+송)r(μ+(δ-쉰-k+ l) p+ò+2c

L

'q+강 

[E헬펀J(o. -nμ커껴썩썩쐐)새씨씨%μ씨4시샤싸샤쇄(c싸써싸써C때싸써μ싸써+사( 
Ác' 

%‘ 샤μ+(δ-융)n-k+ l) 
-where R(μ +(0 -1)’Il :tm+융)>0 ; δ. 11 a nd c are p∞itive integers 

(2. 4) 화)n펴 l 꾀?;fs;r화， 、 þ+ ð +2cμ 
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r"(õ. - 11) . aþ 샤μ+(0 -1)’‘+1Il+ ~ ) 시c. μ+(，δ- 1)11-111+융); À씨 
lb,. "(c. μ+(0- 1)n-k-r+I); J 

r(m- k -ll+융) r(I" O"-m+융) 

r(μ+(δ-1)n-k+I)r (μ+(δ-1까-m+윷) 

• Ti' I J(δ η) 양 샤 μ+(δ-1끼+111+웅). +.μ+õ，，-"'+웅) ; 
'Þ+5+εq+c \ b'l ' LI(c. μ +(δ-1)11- k+I) : 

where R(μ+(δ 1)11며+ ~ )>0;0. n and c are positive integers. 

3. Proofs: Since(pa than. 1968 ; p.17) 
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• 
(3.1) 승 (-)”nc x「ε-.흐Wk_~，. m+"\", (x)= 

r=O - r 깅-'. 1fI T 2 r 

· Wk-÷κ mT÷”@). 

we have 

(3 2) J싼(X)(흘(-)펴xF융w.+응r， m+ 삼))dτ 

X J “ 、
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써
 

-? -w i 
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 -」
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써
 -취
 

서
 -
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세
 -
끼
 provided that the integraJs involved exist. l\ow if “ e take 

" . 、 r ，，(，δ. -11). a,,; '1 
(3. 잉 f (x) =x，v- " n-‘e-YXρ÷aFq b y λx-c 」

the help of with the integrals involved there in 
1969 ; p. 484) 

the 

[5J 

in (3.2) and evaluate 

following results(Shah. 

(3.4)[.μ-1. 움'wι m(X)따-1)’Þ+ ðF，f"(O. -n) . 잉; 값-clldx 
b ‘ Lb ~J 

,,( c 웅-μ-(.δ-1)，.꽤 

r"(.δ. -11) . aþ• d(c.-μ- (õ -1)n+ k ) ; 
=A . .• . . F . n 1. þ+ð+c"'q+ 2c I"h ~/ _ 1 J'"~ .' 

lO,. "l c. τ-μ- (，δ-1)n- "，) 
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where A 
r(μ+(ò-…+m+웅) r(μ+cδ- 1)71-11‘+융) 

r(μ+cδ- 1) 11- k+ l ) 

R빼(1“lμi산÷얘(òδò-→-1)11션.1:흐 m싸‘샤+웅쉰)> 0 an뼈1 
rC미la따tion마(2. 1) aftcr SOme s잉li땅ghtηt changes 

The remaining rc1ations can be proved in a similar manncr by using the 

following rcsults: 

∞ 「("，-k-r++) ~-
β. 딩 X굉 : t l 、(-)”-r”cWk+rm@)=Xr”Wμ ， _ , (X) and 

r=U r( 11‘- k-n+승 j r m x+ ? · m 「감 

∞ r <1 (，δ， -n) ， a,,; _ 1 
(3 잉 Jxμ-1. -T-' w .... (x) (X(Õ-1)p+õ때 b : r 2xc |}dx=A·p+a+&Fq+t 

õ L-q' J 

f<l (δ 서 . Gp' 샤μ+(Ò-l)n+m+웅). 샤. μ+(δ-1 )71-"'+승) : 1 
I bq• <I( c. μ+ (δ-l)n-k+l) : Àc' 

where R(IH(δ- 1)’센t+웅)>0 and δ• 1t. C are positive integers 

Use (3.5) and (3. 4) to get (2.2). 

Use (3.1) and (3.6) to get (2.3), 
Use (3.5) and (3. 6) to get (2.4). 

4. particular cases : When δ=c= λ= 1 in (2.3): 

(a) with a, =n+a+β+1 ， b1=I+a, b2=승. we obtain 

f __ . n . 1 ‘ • Tlu.+ ~ -11l-r+~ l 
(41) ，F(-)’-r℃-t 감 z‘/ 4a.찌 

. ‘ -T(μ+당 k-r+ l ) 

/a2 %· μ+응+11l -T ~ . μ+융- 11l -T--삼 

×[%, %, μ+응-k-r+1: I ) 

「(m+n -k+윷) r(μ- 11l +풍+÷) 
r(m-k+웅) r (μ+웅 -k+1) 

:/1iai찌 
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h'"'' 잉， μ+m+풍+융， μ-m- 융 울] 
Xl 11 

\b3, "', bq, μ-k+ 융+1; 1 ! 
I n , 1 \, ^ ,, (a, ßl 

where R(μ :!:m+τ+꾀>O andf ,, IS a genRalized S앉하 celine’ s p이y-

nomials [1] . 

(4.2) With þ=O, q= l , b l = 1+α， m =α+β， μ=f-+」-， vve obta ‘ 2 ' 2 

홍。(- )'-'n C, 끽’찮양다꿇 H~. ß (n-α-β-r+l， π-k-r+흉; 1) 

r(η+a+ß-k+-~-) r ( 1 α g η) Hα β(1-α β n-k+흥 ; 1 ), 
r(α+β-k十웅) r(n-k+흉) n ‘ ι / 

where HZ, g ls a g맹e이nera때a 

(4.3) With þ=O, q= l , m= μ 3n/2, 이=μ， k = - 1/2: we get 

슬a ( )n-rR( r(2μ+2n-r+웅) 
1'=U 'l.，1'긴 μ+3η/2- r + 3/2) (-μ-3η/2-1 /2+ r)2. 

3n 1 , ,\ r(1 -μ-n/2) qψ+”+÷ 
.R써 μ ? τ+r， μ : 1) = r(1-μ--3W2) lfμ+ψ2十%) 3F2 

[-” -η+할 2썩 J : 1 
μ， μ+풍+τ /1 • 

where R，(β， r : x) is a Bedient’ s polynomial [3, 297(1)] 

(b) when c=2, ò= 1, λ=4， 01=n十α+β+1， b1=1+α， b2 =송 in (2.1), we g야 

(4.4) 효-1)←r팎캅ζ껍찮깡ja，g 

102' ... ， Op'-μ-풍+k+r; 1 

X낸 .， bq， I/2- μ-n/2-rn， 1/2 η2 μ+m+3j 

r(m+η- k+1/2) r (μ m+“ + 1/2) f('샤) 
= r값파주1/2) r(μ k+n/2十 lj - - I ” 
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[02, ...• ap' k- μ- 11/ 2 ; 

XI'õ3 •...• bq • 1/2- η/2- μ-m. 1/2+ n/2 μ+m ; 

R(η‘ +tI -k+1I2)>O. R(μ 1II +n/2)르O. 

(4. 5) When δ=c= 2. P= I.q=2.01=r-ß. b1 = r β. b2= 1 -β- ，ι λ=4 in (2. 1). 

건
 
” ” ” ” ” 
」

-

We get 

” L:; ( -)’-rν、 r(μ + 3，，/2-끼 • 112) 1> 

r=v -, r(μ+3，ν2-k-r+1) 5‘ 6 

x r.1잉• -n) . r-β . .1 (2.-μ-3π/2→…~r+l/2 1 
lr.l-ß-n • .1(2.1/2 μ-311/2 :t m+γ)* : 1 J 

r(끼十n-k+융) r(μ +1I12-m+ 1/2) r 

、 5‘ 6 
r(m-k+.쉰 r(μ+3ι2-k+ l) 

x r.1(2. -n) . r-β . .1(2.-μ-3t/2 k) ; ·l 
lr.l β- tl. 4(2. 1/2 μ 3，μ2흐"，) J 

where R(m+n-k)르O. R(μ+nI2-m+ 1/2)>0 a nd *.1 (2. 1/2 -μ -3nI2:tm +r) 

= .1(2. 융-μ-3nI2+m+r) • .1(2. 1/2- μ-3ν2-…+r) 
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