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By Un Kyu Kim 

1. lntroduct ion 

Recently, D. E. ß la ir. G. D. Ludden and K. Yano [11 obta ined the conditions. 
in order that the imbedded submanifoJd of codimension 2 in an aJmost compJex 

manifold be aJmost compJex. On the other hand, K. Yano a nd S. Ishihara [21 

havc shown that any invariant submanifold of codimension 2 in a contact Rie 

manDÌan manifoJd is also a contact Riemannian manifoJd. By analogous method 

of [J] we obtain thc conditions in order that the imbedded submanifoJd of codimen. 

sion 2 of aJmost contact manifoJd be almost contact manifold . And also we

obtain some propcrties fo r the hypersurface of almost contact manifold. 

2. Submanifolds of codimension 2 of almost contact manifoJd 

Let (rþ, ξ η’， G) be an aJmost contact metric structure of a (2n+ l)-dimensionaD 
2n+l 

almost contact manifold M -" " , that is, 

rþ~ =o. rþ2=_1+γ0Ç'， 
G(~.X) =η’ (X) ， η’ç=l ， 

η’ø = O， 

G(끼X， φY)=G (X， γ)-ηι (X)η’(Y)， 

211' + 1 __ 2n-! 
where X and Y are vector fields on M-'

T

' . Supppose that N""-'is an imbαIded 

Su bmanifold of class C∞ witb unit normals C and D and induced metric g. Thus, 
if B denote the differential of t be imbedding and X and Y tangent vector fields 

2>0 - 1 
on N " then 

G(BX, BY)=g(X , Y ) , G(C, C)= l , G(D ,D)= l. 

G(C, D)=O, G(BX， C) =α G(BX, D)=O. 

It is easy to see that wo can define a tensor field j of type (1, 1), vector fields‘ 

? .. -’ E, A and F, 1- forms η， α and δ. and functions λ β and r on N-' . by 

rþBX = BjX +η(X)C+a(X)D， 홍=BF+ßC+rD 

(2, 1) rþC= - BE+λD δ(X)=γ(BX) 

rþD = -BA- ì.C. 

LEMMA 1. j , E , A, F , η， α， δ， λ， β， r satisfy 
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(1) f2= -I+a@A+η0E+ò0F， (2) ηf=ßδ+.w， (3) α'f=rδ-rη， 
(4) δ/=-ßη- rα， (5) f(F) =βE+rA， (6) η(F) =rλ， (7)aF=-βì.， 

(8) δ(F) = l -β2_r2， (9) f(E)=-ßF-λA， ( 10) η(E) = l -β2_ )，λ 
{ ll) a (E ) = -ßr, ( 12) δ(E)=Àr， (13) f ( A) = -rF+λE， (14) η(A)=-rβ. 

(15) αA= 1-r2-À2， (16) ò(A)=- Àβ. 

PROOF, Computing ￠2BX we have 

B/X+ηCfX)+a(fX)D-η(X)BE+Àη(X)D-a(X)BA-Àa(X)C 
=-BX+δ(X)BF+ßδ (X)C+rδ(X)D 

Comparing tangentia l and normal parts we obtain (1), (2) and ( 3) . Since δ(fX) 
=η’ (BfX) =r( (ØBX -'1/(X )C-a (X )D) = η(X)γ(C)-a(X)η’ (D) ， 1i'(C)=G(ç， C)=ß 

a nd η’ (D)= G(ε D) =χ we have (4). Similarly, computing ØBF 、，vc get 

BfF十η(F)C+a(F)D =βBE-βλD+ rBA+rÀC. 

Comparing tangential and norma! parts we obtain (5) , (6) and ( 7) . Since δ(F) 

2 2 
=1i’ (BF) =ητt-βC-rD)= l -ß' - r ' , δ(E)= 1I’ (BE) = 11’(- ØC+ }.D) = Àr andδ(A) 

? ? 

=η’(BA)=η’(-tþC+λC)=-λβ， 、ve obtain (8), (12) and (16) . From φCandtþ-D 
"we obtain 

-C+η’ (C)BF+γ (C)ßC+γ(C)rD = -BfE-η(E)C α(E)D-J.BA λ2C and 

-D十η’(D)BF+γ(D)ßC+η’ (D)rD= -BfA η(A)C- a(A)D←ÀBE一 f D-

Similarly, comparing tangential and normal parts wc have the remaining idcntities. 

211 + 1 
THEOREM 1. Let M-'" '(tþ，~， η; ， G) is 01l almost crmtact melηc ，ιonifold Gtjιá lel 

」V?”-l r,IT l 
is a1! imbedded submouifold of M . Then 10e have Ihe follo，ιwg 

2n-l 
(1) ß=O a1lá r = :t l if a1lá o1lly tf N'" hos an 011l10s1 c01llocl sl，.uc!μre (f, E， η) . 

2n-l 
(2) β=::: 1 and r =O if attd mûy tf N -Izas on almost co;ztact structιre (f, A ,a) 

211-1 
(3) λ is identically + 1 07 -1 t1 and only if N - has on almost contact stucωre 

(f,F, ò). 

PROOF. (1) SUppo5C that β=0 and r= :t l. Then G(tþD， rþD) =G(D， D) - η’ (D)η’ 
? 

'(D) = I -r-=O and hence wc have A = O and }.= O, From the lemma 1 we ha ve 

η(E) = l and δ(F)=O， and hence wc get F = O from G(BF, BF)= G(ØBF, ØBF) 

’ +δ(F)δ(F)=O. Thus we havef= -J+η0E， η(E)= I， fE = -BF-?.A=O and 

기>1= 0， that is, (f, E , η) lS an almost contact structure on N& l. 
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2n-l 
Conversely, if (f, E , η，) is an almost contact structure on N~ ~， tha t i5, IE =O, 

ηf=0， uE = 1 and f 2= -I+η:;<;JE， then β and À are all zero from (10) of lemma 1. 

Since a :;<;JA +δ@F is zero from lernma 1, we have a (A )A +δ(A)F=a(A)A= 

2 2 
( l-r-)A=O. Thcrefore we f ind 1-r-= 0 or A=O. lf A=O, then α(A) =l -r-= 0 

and hcnce r = :t 1. 

(2) and (3) are proved similarly as (1). 

REMARKS. (a) There does not exist a subrnaoifold of codimension 2 such that 
.ç = BF :tC or ç= BF:t D for a non zero vector field F 0 0 it 

2n - l 
(b) À= :t1 is the necessary and sufficient condition in order that N- - be an 

invariant submani fold. We obtain this by the similar method of the proof in [21. 

A tensor fleld f of type ( l , 1) bmng of constant rank r such that f 3+f=0 E 

ealled an I-structure of rank r [41. 

THEOI표M 2. Tlze te"sor 1 in (2, 0 delines an I-structure i! alld ollly il À is 
?“- , 

idelllically :t 1 or ~ is a nor1llal vec/or l ield alollg N 
2n-l 

PROOF. lf À is idcntically 1 or -1, then N-" "has an almost contact structurc. 
? • 1 

Hence the tensor 1 defines ao I -structure. If ~ i5 a normal vector along N- “ ‘. 
2 2 

then we have F = O in (2, 1). Hence we get 0=δ(F) = l β -r , 0=η(F)= rλ 

and O=a(F)=-βλ from lemma 1. Thereforc we have the three cases for β 

and r; 
([) β= :t 1 ， r =O, ( ll) β=0， r = :t 1 ( ill ) β~O， 7~O. 

강，-1 
In all cases, we can say that F =O implies À=O. In cases ( 1 ) and ( [) N 
alwa ys carries an almost contact structure from theorem 1. In case ( ill). we have 
E ,.:O and A ,.:O from G( BE. BA ) = G(ØC. øD) = -8r ,.:0. [1 E is proporrional LO A 

then 1 is of rank 2,,-2 and if E is not proportiooal to A then 1 is of rap_" 2n-3. 
2n- l 

On the other hand if ç is a normal vector field along N-" then we have 1--';-1 
=0 from lemma 1. Conversely. it suffices to prove that λ is not identically :t 1 

and ç is not a normal vector field , then the tensor 1 i5 not an I-structure. Lcr 
us consider the case rþC= - BE, tþD= - BA and ~=BF+ßC. where F is nor a 

211- 1 
zerO vector field and ß is not zero on N By remark (a) β is not :tl. Sol 

is not an I -structure. This completes the proof of this theorem. 

Now let us apply the Gauss. 'vl'eingarten equations 
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(J7 xB)=h(X , Y)C+k(X , Y)D, 

CV BXC) = - BHX + 1(X)D , 

CV BXD) = - BKX -I(X )C, 

, ,,,here h and k are the second funrlamental forms, H and K are the correspon

ding "\Veingarten maps. 1 is the third fundamental form. Moreover. \ve nQW 

assume that the ambient space M is cosymplectic, that is, cþ and η’ are covanant 

constant " .. 'ith respect to the Riemannian connection of G. Thus we have 

V Bx rþBY = -h(X , Y)BE十h(X， Y) iW - k(X , Y)BA-k(X, Y )ÀC+ØBV xY 

On the other hand, 

V BxØBY = V Bx(BfY -;-η(Y)C+α(Y)D) = h(X， fY )C+k(X,fy)D + B (J7 xf)Y 

+ BfV xY + (J7 xη)(Y)C+η(J7 xY)C+η(Y)(- BHX+I CX)D) 

+ (V' xα)(Y)D十α(J7xY)D +αCY)(-BKX-l(X)C). 

T herefore, using (2, 1) and comparing tangential part we have 

(2, 2) - h(X , Y) E • k(X , Y )A= (J7 xf)Y- η(Y)HX-a(Y)KX. 

~- l 
For the induced mctric g on N 、、 c have the follow ing 

LEMMA 2. g(X， Y)= g(fX，fY)+η(X)η(Y) +a(Xjα(Y) +δ(X)ò(Y) 

g(X,fY) = - g(f X , Y)+δ(Y)g(fX， F)十βη(X)δ(Y)+rα(X)δ(Y)

η(X)=g(X， E) δ(X)g(E， F ) +r ÀÒ(X) 

α(X)=g(X， A)-δ(X)g(F， A ) - ßÀδ(X) . 

211-1 . ~ .. _ .211+1 
T HEOREM 3. Let N - be a sμbmanzfold of a cosympiectic maα기old M If 

À?' :t l a;u/ ß= r =O, theη f t"s covariant coη slm!t zf and 。이'y if h and k have the 

fo llowing fOTη'zs 

h = <J1η@η十 <Jz(α@η十η8α)+03α@α，

k= aiη3η 十<J3(a0η+η@α)+"，α@α，

2. 2 _2.2 
wheTe (1 -rr"l=h(E , E ), (1 -À-r"2= h(E, A)= k(E , E ) 

2.2 
(1- X) -"3 = h(A, A) = k(A , E) , (1 -.n",= k(A , A) 

PROOF. lt is easily proved by the same method as the theorem 1. 7 of [1]. 

3. Hypersurfaces of almost contact manifold 

Let M CCÞ, ξ η’.G) be a (2η+ l) - dimensional almost contact metric manifold 
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2. -1 
M- Now let N- be an imbedded hyper5urface with unit normal C and let B 

denote the differential of the imbedding. Define a ten50r field 1 of type (1, 0 , 

vector fields E and A, l-form5 η， a and a function λ by 

IþBX=BIX+η(X)C， ~ =BF+Æι 

IþC= -BE α(X) =η'(BX) . 

Then we have 

f2=-I÷η:8)E +a :8)A, ηf= Æa， αf= λη， IE= -ÆA, 

fA = AE, n(E) =1 A2, α(E) = O， η(A)=0， a(A)= l -22 [ll . 

where [ i5 the ident ity tran5formation. 

We assume that a global vector field V exists 인hich satisfies η(V)=O and V T'O 
2_ 

on N . lf we put 승←BV+C)=N for some nonzero scala r field .0, then N is 

a n affine normal a nd 、ve have ￠N= -BU for some vector fleId U on N%. 

Therefore we have U =숨 lfV +E ]. C= BV + pN 

Since f 2= I-η:8)E+a:8)A η(fU)=η(웅 [/V+IEI ) =0. Hence we baye 

IþBX二BIX내 η(X)C=BIX+η(X) [BV + pN I =B(f+η@V)X+P1/(X)N， 

that is. ØBX=B1X)+~(X)N. where 7=1+ηεV and ;;=.01). 

Thus, T=-[+α:8)A+~@U +(1)f) :8)V Therefore we have 

f ‘(X ) =X α(X)A-~(X)U η(fX)V -a(X)A+α(X)a(A)A +i;(X )a (U)A 

+η(f X )a(V)A - T( (X )U + a (X )r, (A)U +전(X)~(U)U+η(fX)α(V)A 

-η(IX)V+a(X)η(f.4)V +i;(X)η(fU)V+η(fX)η(fV)V. 

From ;; (X)a(U)A=a(X)~(A)U =η(fX끼(V) u=규(X)η(fU)V= O and a ( X )a( A)A 

+η(fX)α(V)A H(X)규(U)U+a(X)η(fA)V+η(fX)η(fV)V= [l-fT a (V) 2lf 2(X) 

+ [1-λ2+α(V)시 X. we have 
4 .. ~ "",,2 ~ ~ _2 _2 __ 2 

TcxJ+ [1 +J.. - k (V )1 FcX ) +cλ - k (V))=o, tbat is, (T + I) [T +CÀ 

-λα(V))I] = 0. 

Hence we get the following 

THEOREM 4. Let N2rl be a hypersurface of almost cmzlact ’”attfold A42i+ l. For 

an arbitrary glohal 1I01lzero vector lield V 잉ICIz that η(V)=o， tf f xa(V) = l , 

Ilzell 7=1+η:8)V is a1l almost complex structure. 
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