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1. The objcct of this paper is lo evalute number of integraJs invoJving Meijer’s 

G-fu nclion in two variables. By proper choice of parameters. the C-function 
rcduces to many well known functions such as; Macrobert’s E -fun ction. Wittaker 

functions. hypergeometric funclions. exponential function ( L e. . in Laplace 

transform) and Besse! functions ctc. 

1n this papcr a ne ..,v method for evaluating integrals is devcloped. Somc authors 

have ob t.:'l ined integrals for G-functions in two variables. 싸 ith the heJp of COm

plicated theorems. T his methα1 is rather easy and evaluates number of integrals 

in a neat fonn. which arc difficu!t to tackle otherwise. The following notation 

will be used throughout this paper. 

C"'’ n (sll Gp ) stands for C’”’ "(slla1..... ... Gpì 
þ. q \ J b,' - P.q \ 1I’i , -- , bq/ 

unless ambiguity can a rise. For defini tion and properties of G.fUDctions see 

Erdélyi [1J. 

2‘ Theorem. 11 P+얘q<깅2(11빠’ 
j = l.

’ 
2.
’ 

.. …….“…-“-’.mιιtι’ t“he1Z 2 

ff%-상-a (x2+y 2)e 妙때(싹딸ιl앓)/(x 2성2)ψdx 
o 0 

=βα 1 r c:l"핀 으~Ia. ap)/(z)dz. 
i Y?

” ‘ μ b,' 

pyo” ded f (z)=0(Z4) for la7ge z mld f (Z] = 0(zz ? ) for small z; δ>0. ';>0. 

PR'∞F. Since [(2). p. 89에 • \\o-c have 
rr/2 

RI"nR ."" I Ir.' 2 .<<-1 ….11+1 {z Iσ a ，\ 

J (tan Ii) 
-a 

e 
- þlan

강지 (z tanθ많 ) sec"lidli=β
-L

G:':';시 (τ 1 “’잉) 

On putLing z= r2, we have 
</2 “‘ ι? ‘ 

jr」土브Ffe-βta%”’ ~ (rlan Ii 1 :~)d Ii=한 IC싸‘(τ 1"’떠 
~ ( tanli)" -P.' \. I b,' ‘ ’ i 

Now multiplying both the sides by rl (,2) alld integrating between the limits 
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(0. ∞). wc have 

J 7f(r?)d7f2백쩍 c-i tan 6 Gm 172tan6l apd6 
。~ ( tan (j)" þ. q ‘ Ib.' 

=8a-lf rf(72)GZ펴(션 | a %)d7· 
o vq 

On putting x= r cos e, y= r sin 19: we get 

$$xa-2y짧 
∞ 

=8a 7GR，n서(+ I a， ~p )f (z)dz , 
o ‘ F ‘ Qq' 

、，vhich is the required result , 

3. Applications 
ρ l 

Suppose f(z)=-즈--.-. Therefore we have from the theorem: 
(z+r)' 

。。 ∞ a-2 -Q .., 1) 

f τr한;(x2+y ) e G ( 1 P)4dx J 2P -β끼 m ’ (꽉펴2 t ~p) 
~ ~ (x~+y~+r)q ， - - , "' ..... p.q X 셔l 

=β，，-1∞ zP-l m,n+il 7 1 α， a
p
) 

- _ G . . 1..." 1 --':Pldz "- , . ,u ...... p+ l.q \ β b~1 
'0 (z+ r ) ‘ ’ q’ 

By evaluating the integral on the right sidc, we get 

(3.1) ∞∞파휴Z;r하lκP1/ZG"’ ~{펀퍼 |에dydx 
~ "0 (r+:c4+y~Y Þ. q ‘ X I bqJ 

=직1환G따 :릎(숭 l ;:C:a’$), 

p，q <2낀(1，“’m쐐
1;Z 

2 R(p+꺼>0α’ J =타=야1.’ .“….“기’ mι’ R(ρ-o+a까'j)<징1.’ J=티=1，’ "’ 11 

and under the condit ions of t::c lheorcm. 
By considcring 

( 

-lη 4강 z e 
z -PιC2v'z) 

fCz)= ! -
. 

l z-Kt(2ιτ) 

l z-PN.(Zντ)， 
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we get the following integrals 

。3 영 •_ ~ , .. í _2 I .. 2, I 、
('3 .2) r r xa장 a(x2十y2)띠e( -ßy - (.,jx’+y’)ö/x Cm끼와섣Lι I ~P )áyáx 

νq o 0 

서← 1 ,...1tI, n+3 t 4 IO. l.a.a \ -_:>' \ 

←숭-/ rr c;~; .. ; (짧21 ’ τ” bZ) ， 1argδ \<초， 인>-τ 

along ,vith the conditions of the theorem. 

(3. 3) 뽑￠-2y「g하y2)l-Pexp[-뿐]J， (2-/X2굉〕 

xc".n( .11섣브2) 
1 ap)áyáx 

þ. q \ X I bq' 

=ßα-ldr.’깐 2(-k- 1 p-ν/2.α， β， ρ+ v/까 
ρ←H， q \ P I bq 

-흔.Lmax R (aJ <R(ρ) < min R(bJ十÷1R(U)j+I
q 듣l딛n l -;!2j특m ι 

and the conditions of the theorem. 

(3 . 4) 뿔α→장 α하l)l-ρexp ( -뽕)K，(2-/i픽η 

xc 1tl ， 1l (ι딘감3ι 1 Gp)áyáx 
ρ， q ‘ X I bq' 

1 _m.n ..;.. 3r 1 I P ν/2， p+ν'/2， α， a“ =승β←GP4 3 q ljT l bq 
pl 

R ( ,o)<1-+IR(v)1 + min R(bJ 
4ι l등1든m 

ι 

and the conc1 itions of the theorern 

∞∞ 

(3.5 ) J J xα 'y-a(τ2 -Ty2)•,o exp( -뿐)Nν(2ν짧침 
o 0 

xC시""(딸버i l Q”]dydx 
P.q ‘ λ I Oq' 

f'r _l_ ", 

" 

. ..1- .1 (1 I p-v/2, p+ v/2. α. ι. p+ν/2+112\ 
=;.t'-LG사4깐 1 (숭 l bq， p+ψ2十11이 

추+ max R(αJ<R(ρ) < min R(ιH+IR(v)I + 1. 
연 l 드J 트n 드j드m ~ 

Again if ,ve consider 
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f U4 " H，( yγz) 

z" e-zL;C깅 

f(z) = l z(l-7)/i-lWι”@-l/2n)w-k· ”r(z-l깅n) 

| 2(l4)/t-l K2μ(z -IP..n)K z.,( z -1;2’) 

l Zr+0-l2Fl(a, b;c; -z), 

we get the following intcgrals 

∞∞ 

(3 6) J J xa-장 -a(감+y양’e、바뽕)κW짧η 

×때(쁘평니싫dyd.<=2(20/ß)-1램 lC껍랩(햄 |짧혈: 
1/2-b 、

q 

1/2-a , 1/2- op' 114+"/2, 1/4-"/2,' , 

R (Oj) < min(l , 3/4-"/2) , R(2잉 +")>-5/2. 

∞∞ 

(3.7따 g앙a(강+y2) 1+' exp(-뿐_x2 _y합(X2+y2) 

xC낀(쁘땀L 1@)@dx=똥ftflG따펴1(융!다깐껍’ ap) 
R(r+1+잉> - 1, j = l , m; p+q <2(m + n), I arg(웅) I <(m+n-웅-융)π. 

∞
 「
|
Ju 

∞
 싹

 
o 

q
]

/,‘ a-2 •. -(X .. -ß，/~ 

흙손삼;rWι ，... [(월2) -1깅nJ W _ •. ，...[“2짜 썩 

i “ “ 1' _2 , .. 2, laι‘ l ‘ ,, __ • 1 ’ 
× G;;(y 끈L I n;)ψdx= (2π)τ치211')"' 

X C,"+_4K.Hl .. ( 1 _ .1 a , (Op)' ~ [，ι ;r+k+ l J , J [n' ;r-k+ IJ 
pμ+ 2n'+꺼서1.μ. q싼+4싸11' \‘매펴상강J꾀|μA이I때2μ야lι션';2r간r+ l애1]， J’J씨d이[싸’"μ;r카+m'게거+ 1/껴2외]，’」씨d이때[，ψ’11'ι샤， 

a a + 1 a + n'- 1 
where .d [t(.a] means n’ paramcters 강T'， -,-,.- , ‘ n' 

Thc conditions of validity a re 

(i) P+q <2(11써) and I aJ해i I <:r(1lZ+1I-용-웅)， 

(ii) R[r土m’-융(1꺼)]>α R [r+ ，，'(1꺼)J >O .j= 1.2, .... n 
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(3.9) I I .<"~μ:ττ-，-，，-;;;;- e-ßY/XK.， .. [( τ2+i) 썩 K앙 [(.τ2 +i) - 1/2nJ 
ó 0 Cx~+y~)'^ ‘)' "‘ 

xG띠(앨띈뇨 \ ~~dYdX = "응 ̂ 2 -η'cχ )2). - 3/2냥 l 

~m+ 4n;‘ n.H I (η )-2 .. 1 α. (ap) ' LI [2il’;2λ\ 
×P+2，ι I， H4n' \~경→ 1 J [n'싸μ+ vl. J [11';λ μ+vJ. J [2n' ;À+μ vl. b, ) 

The condilion of validity are 

(i) p+ q<2Cm • n). I arg윷 I <(tn’ +n'-웅 ~+ 
(ii) R [). :t μ :t v+ ri (J - a)1 >0. (j= 1.2, ,,') 

∞∞ 

(3.10) .r J x,,-2 Y-" (X2+y").o+ Qexp( 딴)2Fl [a.b;c; λ.2_/1 

I "r 'Y2..:-.. ,,2ì I a시 ~-，∞ tn -l- 2.1l-l- 1J Iα. a ... a. a+b-c+a+s \ 
xG 스二~I /}dydx = p ' '2:.; -二G.' . I 二， 1 y ~ J 

p, q l 1 j bq/ J F s=O Sl ρ+3‘ q수 2 \ β I a-c+ <7+s. b-c+σ+ S. bqJ • 

where p + q<2(m + n). larg -i-' <!ηz+η-」E-J )π， R(ψ>0， R(a - c+ <7 • a,)>-I, 
I ~ ' b ß , ' \ " "., 2 2 / 

R (b-c+ 6-aj)> l , J = 1, 2, • η. 

By considering I(z) to be equal to; 

(i) z→'/2-1Jν(이/응)Jw('/z). 

(ii) 

p I;[” :l l ' "., aι : bl' bq, 

(X2Lm2’ q2펴) 
I b 

/.-15 cl' …, c νι :a l' … a “ q, 

(mP33 m3, q3 - % 쩌:) 
I cz 

‘ 
el’ κ : /1, .. ‘ , I q, 

2 αl' αl 

,-1 μ β1 :β1’ βl'βl' z F 
ν 7 1> 72, ，

ι 
0 Ò1 : δ1’ ; …, δ。 ; 0。’

( iv) Zmk- 1G얀 (zn찮) 
we get the fol1owing integrals. 

(3lu f f펴펴강2 exp(-화)J， (깃굉) J w (.강힘) 
lÍ 0 (X"+Y~) 

「4 
1 1 
1 
1 
1 
l 
1 
1 
1 1 
1 
1 
1 
1 
1 
J 
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x C…’"( 썩건2) 1, ~Þ)d)'dx =효二cm+ 2• π+2(」L j l F(u-zu-ν)/2‘ α.Op' 
P.q \ x Ib,1 ‘I ~ ρ +5， q+2 \ β J u! 2 + 112. u/2十3/2.

;r(a4rU녕)/2. 1수(ι-ω-")/2). 

、，vhere þ+q<2( m+ n). I arg 숭 I <(m十n-용-웅)". R(ι -u+껴)> 0. 
} = 1.2. .. . η1: R (2aj- μ)<3. j = l. 2. .. η 

(3. 12) 혔 .t" 상-a (X2+카iexp(-뿐)c파’ (.LC!참) 1 강) 

rr깐 111 1 ， q~ ] 

x S 1 (파씬 q펴) 

lG쏟씩 q캔χ) 

apbl bq l b ! 

「따 "'1' q~ ] 1 a, ’ ap. ; b1 • .... b, b ~ 
- ! ”’ 11~ \ I C1• 딩. ; d1• • ... d" '1 

..,a+ Á- 1c ' / ι " 
=p "1 \þz- m2, q2- 1l2 J I 

C j eI, , g. 「(l % 2 )%, | 1 f'n + 1It3• 1 + n+ 1I3\1 -, . . -p, " ,- -q ,1 

I rι-끼3 +q m )”1 cβ ” 
L니q\\~;-→111센t 

‘w야here r(1 - b까q λ)*= r(“I-b끼1- 2)ι r(1 -b2- À)χ’ . r(1 -b，-À)ι . 
r(I -a~- λ)*= r(1 -a1 -}，) . r(1 -a2-λ) . ... . r(1 -ap- λ) . 

0 <η3<Q \ + qS' 1ìl\ + 1I센 

l Pl Ol ?q ” arg c j 〈 (1ltl Tm3+1Z3- -흐 -2-당-감)π. o <", <q. O<n <p 

m+;:>웅(þ+q) . I e rg울 1 <(，써-흉-웅)π 

R(λ+까，[.)> 0. j = I . 2 . .. .. ’ι h= 1. 2 ... .. "3. 

R(λ+aj -/- C Ir - α.)<2: j = I. 2. “ .1Z. ι= 1. 2 . .. ‘ · ’'1l3’ k = 1.2 . .. .. 11이· 
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0<1/11 + "'3 <P I + P3 
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(3 l3) ffF상 a따y2)S exp(-뿐)G때(싹편니없 
-A 

”
a「

μ
 

「
」시
L
 

× 
I U … g 

“ l ’ • “ 2 

| /9I β ，. ß" : βμ 
T l ' Tν 
δl ‘ rl , ---- %, δ. 

1 c(x2+y2) n 
I dydx 

1 
d(X2+l)~ 

o 

H 

H 

… 
μ
 

껴
 쩌
 

111

11l

’lnnL F 카
 

+ 
4

갱
 

aa, % l-s 

β :/3' μ μ 

7 1) ' a + s. aþ+ s 

δ。 ò’。

where bq+ s means q parameter3 bl+ s. %+s, ---, bq+s and Simlarly for Other 

parameters 

Thc condilions of validity are; 

P+q <2(7I써:) . I arg융 I <(m+n-용-웅)π. Æ+μ르lJ+U+ 1, - min R(이) 
l를1든m 

< R(s) < I - max R (a) , 
l듣j~tn 

(3.14) 폼 xa-γU(x2 +l)m'kexp (-뽕)때(표땀니 양) 
o 0 ’ 

xG간((:<2+1)n’ 
1 앓)ψdx= 양 l-m'k(2;;냥(1 η(1 +값+2m-p-q)α 

(1 +þ-q) - (1-2m-2R+þ+q)f2 - 1:(at)+ 1:0.) x(,O 
X G}.+n' +lln'.1‘+"'m ( (n')얀감 I ß"，[-"’ ; l + bm+m• n' ], a" 

u싸T꺼’It'q， 

d싸 ... [•- n' ;’지; 2+111까n'’갱k←-n'씨']，’ 4이[n'‘’ ; ti샤 (bq_m)+lJ \ 

8" ßn• [ - ,,' ; (ap_，，)-7Iνk- ，，'J 

provided 

(i) 0르2든E ， 1츠μ든V. ’1르0， P-tz르0， q-m르o. V< E, l +P<q, 

R [m'k+n껴+bmJ >O (j= 1, 2, .. .. ':<;/' = 1, 2, "' ,’” and R[m'k+ n'o;-"'+max {I , (a.) J - 11 <0 (j= 1.2, ... . μ; k= l , 2, "', n) 
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( ii)‘ l르2든ê. 0르μ~LJ. 1z르 O. P η르O. q-m르O. U>E. l+ þ < q. 

R [",' k - j - ,,' +n까+max{l.a.l] <O(j= 1.2 •... • μ ;k= I ， 2. … • tl) 

and R [m’k+bj+n'β사 >0 ( j = l. 2 .... • m; k = 1.2.…. À.) . a= 1. 

Iowa S ta te Universi다· 
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