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A topological space M is said to be completely regular iff A is a closed 

subset and % is a point not in A imply there is a continuous function / from M 

to the closed unit interval [0, 1) such that / (%)=0 and / (y)= 1 for all y in A. 

The main purpose of this paper is to prove that regular spaces can also be 

characterizcd by a similar property. 

Weil [3) introduccd uniform spac않 and gcneralized the concept of uniform 

continuity for pseudometric spaces; the topologies o[ uniform spaces are com. 

pletely rcgular. Thampuran [2) has shown that regular spaces can be characterized 

by a structure which has some similarities to a uniformity and hence the con. 

cept of uniform continuity can be generalized to this structure. 

U nless otherwise sαi디fied the terminology of this papcr conforms to that of 

Kellcy (1) 

Let M be a set and .:r a topology for M. Denote by k the Kuratowski clos 

ure f unction of ‘r and by (M, k) the topological spacc. Take \l"A=M-A for 

ACM. Composition o[ functions will be denoted by juxtaposition; thus 'ifk 

will represent 'if(kA)for ACM. If A consists of a single point x we will write % 

for A. 

DEFINITION 1. Let M bc a topological spacc. Then M is sa id tO be πgular iff 

A is a closed subset and % a point not in A imply % and A havc disjoint neigh. 
borhoods. 

DEFINlTION 2. A set.valued set.function n from the powcr sct, of M , to itsclf 

is said to be a ncighborhood /.mction for M iff for all subsets A , B of M 

1. 빼=ø 
2. ACnA and 

3. nACnB if ACB. 

Thc ordered pair (M, 서 is said to be a neighωrllOod space. In a ncighborhood 

space (M, n) , a subset A of M is said to be a neighborho여 of a point % iff 

%E \l"n'tf A. 

Let (M , n) be a neighborhood space and A a subsct of M ’. Jt is easy to show 
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that r is in nA iff cvcry ncighborho여 of x inlersects A. 

DEFINITION 3. Let (M. n) . ( L.P) be two ncighborhood spaces and f a fUllction 

from M to L. Wc will say 1 is continuous at a point .< of M iff B is a ncigh. 

borho여 of I (x) implies the inverse of B. undcr 1. is a neighborho여 of X; 1 is 
said to he continuous iff f is continuous at each point of M. 

Il is easy to show that f is continuous iff InCpI 

Let R be the reals. Define a neighborho여 function r for thc reals as follows. 

u. v will dcnotc rcal numbcrs. 

r ( 1I3. ∞) if 1/2<u 

1(114. ∞) if 1I3 <u드 1/2 
1. ru= ( 

) (11(111 + 2). 1I(m -1)J if 1I(m + 1) <"sI1111. 111=3.4. … .. 
l ( -∞，이 if usO 

2. rA = U{ru : uEA} if AC(-∞.OJ U(v. ∞) for some O<v 

3. rA = U{rι : uEA}UrO if inf{u:uEA}=-∞ or s O. 

lt is obvious that a set A is a neighborhood of a point u iff 

1. r“ζA for u in (α ∞) and 

2. ( -∞.11…)ζAforuin (-∞，이. for some m= I.2.3. …… 
LEMMA. Let ( M. k ) be a /oPological space. S(t) = M lor t> 1 and for /. u= 1Im. 

m= 1. 2. 3. ....... let S(I) be an open set such tlza/ kS(t)CS( u) w/um t <u. Dκifine a 

f “’!c/ion 1 fr01ll M /0 the neighborhood space (R. r ) by f (x)=inf{t:xES(t) } for alf 

x in M. Then f is contin“ous. 

PR∞F. Let 띤M. First consider the case where f (y) is in (1I(m+ l). 11씨 , 
’'11 = 3.4. ....... lt is enough to show that lhe inverse under f of (1I(m+ 2). 

I /(m-1)J is a neighborhood of y. Let A = {x:!(x)SI/(m- I)}. Then x is in A iff 

x is in S(1/(m- l) ) and so A = S (1 / (m-1)). lt is c1car that y is in A and so A 

is a neighborho여 of y. Next take B = {x: f (x)> 11(…+2)}. Then x in '6'S(I/(m 

+ 2)) implies f (x)> 1I(m+2). since f(x)드 I/(m+2) would mcan xE S (1 /(11I + 2)). 

and 50 '6'S(1I(m+2))CB. Now yE '6'S(1I(m+ 1)) since yES(1 /(m+ 1) would mcan 

f(y)드 1/(111 + 1) . Wc also know S(l /(m+ 2))CkS(1 /(m+ 2))CS(l /(m+ 1)) . Hencc 

it follows yE '6'S(l /(m+ 1))C'6'kS(l/(1II +2))ζ'6'S(l/(m+2))CB. Therefore B is 

also a neighborhood of y and so AnB is a ncighborho여 of y. This proves the 

continuity of f at y . 

If I(y)드o then S(1Im)= {x: f(x) 드 11m} is a ncighborhood of y for cach m= 

1. 2 ........ lf f (y) is in (1/3.1/2J then {x ;J(x)> 114) is a neighborho여 of y and if 
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[ (y )> 112 thcn {%: 1 (%)> 113} is a ncighborhood of y . Hcncc 1 is continuous. 

THEOREM‘ A lopological space (M , il) is regular ifJ A a closed subsel and 

% a poz씨• 01 M. nol in A inψ"y there is a cOJtfinuous f unctioll f jroll‘ (M.k) 1。

(R. r ) such Ihal 1(%)=0 a’UJ 1 is 1 011 A. 

PROOF. Let thc space be regular. Take S(I )=M for 1> 1 and S(l)=~ A. Sincc 
(M. k) is regular we can defin e by induction 매cn neigh borhoods S(O of x such 

that kS(I)CS(u) if I < u for a ll l. u= I/ ",. "'= 1.2.3 ... ..... Take J (y)=inf{l: yE S 

(t) }. for all y in M. 

The conversc is obvious. 

Instead of tak ing a ll thc reals R. it is clearly equivalent to take N = 1. 1/2. 

1/ 3 • ....... 0 and dcfinc r as follows. Let κ dcnote a member of N and A a subset 
of N 

[(1. +} ifμ= 1 
r “= ( 1 {l /(m + l ). 1/m. 1/(m-l ) } if u= l / m. m = 1/ 2.1 /3 ........ 

‘o if u= O 

rA = U{ru: uE A} if there is a positive integer m such that 0 in A implies v=Oι 

Or 11", <0 and 
rA = {O}U {ru :uE A } if inf {u :uEA} = O 

We can a lso consider t he 50t of all positive integers 1. 2.3. … ... logether with 

an entity which is not a positivc integer and define T in the obvious way. 
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