
ON THE PRODUCT OF THE STRUCTURE SPACES 

By Hong Oh Kim 

From the pair (T , Z ) of a semigroup T and a left ideal Z of it, K. D. Magill, Jr. 
constructed a topological space 1/(T , Z ) called thc structure space of thc pair 
and oblained some interesting results and nice applications to certain topologica l 

spaces [IJ. 

ln this paper we are conccrned with the structure space of the pair of thc 

direct product 11씨T， of a family of semigroups Tλ and thc direct product I1k~， of 

a family of left ideals Z, of T" and obtain a result that if each T, has a left 

zero then the structure space of the pair (11μAT , , 11 MAZ ,) is homeomorphic to the 

prαluct of the structure spaces of the pairs (깐， Z，) . 

DEFIN1TION 1. [IJ Let T be a semigroup and Z a left ideal of it. A nonempty 

subset A of T X Z is ca뼈 a bo찌 “ for any finite subset {(t이1;μ’ 

sys없tcm 0아f e띠qu따at디tions {“딴i까= zζ낀‘i1 : = 

not properly con따iπtaine때d in any other bond is c떠a따11，‘어펴 an u띠씨‘“씨Itrabo이%’ndι. zε，( (T ，’ Z ) denotes 

the set of all u비Jltr띠abon띠ds 0아f the pair (T , Z), and will bc cquipped with the topo. 

logy as follows : 

DEFINITION 2. [IJ For each (t, z)ET x Z , we let H (t, z) = {AE1/(T , Z ) : (1. z) 

E AJ . The topological space which is obtained by taking {H (t, z): (1, z) ET X ZJ 

as a subbasis for the CI∞ed subsets of 1/(T , Z ) is defined to be Ilze slruclure 

sþace of the pair (T , Z ). 

LEMMA 1. For each vEZ, Ihe sel {(I, lv) :IETJ is a1J ullrabond 01 (T , Z ), Gnd 

will be d e/Wled by A, 

PROOF. Supposc there exists a bond B which properly contains A, . Take an 

e1ement (I, z) from B-A" then Iv ;6z. But α， lv) EA，CB and the syslem of 
equations {Ix=z. Ix = lilJ has no COmmon solution x in Z. This is a contradiction 

to thc fact that B is a bond. Hence A, is an ultrabond of (T , Z ) . 

From lemma 1. {A,:vEZJ is a subspace of 1/(T , Z ). This spacc will be denotcd 

by .9f(T , Z ) and rcferrcd to as the realization of Z [IJ. 
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Let a fa mily {(T ).' Zλ)} μA of pairs of semigroups T ). and its left idea ls Z ). be 

givcn. f1셔Tλ and fl lEAZ ). denote the direct products of Tλ’ s and Z ).’ s respectively. 

We note that fI ).<AZ ). is also a left ideal of fI ).'AT ).. 

LEMMA 2. Lel A ). be a bOlld 01 Ihe pa;r (T ).. Zλ) 끼or each ÀE A. Then the sel 

{((t.l)μA' (Zλ)hA) : (1).. zÀ)EA}.o ÀEA} is a bOlld 01 ( fl hAT J.. [fhAZ ).) , alld wil/ be 

deltoled by @).'AAλ· 

PROOF. Given {((앗)).，A' ( z{)À<A)): =lC@hAA ).o {(I{ z{)};‘=l CAλ for each λEA. 

Since AÀ is a bond. there exists an element η of Z ), sllch thatl {η = z; fOl each 

;=1. 2 ... .. 11. Hence (vÀ)Àd E l1lEAZ À and (t{)lEiη)μA=(liη)μA=(Z{)).，A’ for each 

i = 1. 2 ..... n. Therefore @μAAλ is a bond. 

LE~lMA 3. Lel A be 0 bond 01 (fli<ATλ . l1hAZ)). Then l or each λEA. Ihe sel 

{(t) .• Z).) :PJ.(t) =1λ and Pλ(Z)=ZÀ lor s011le Ct.z) E A) ‘ whκ'h wiU be delloled by Aλ’ 

where l'À denoles Ihe projeμ;011 10 ìdh coord;noles. and AC@J.μAÀ . 

PR∞F. If {(t~. z{)} ~=lζA).’ then there exist {(t i. zi)} ;=lζA such that PP i) 

=I!. and P Ã(zi)=zl for each i=I.2 ..... n. Since A 잉 a bond. there exists an 

element vE fIμAZÀ such that Iψ=zi.i=1.2， .‘ ’ 11. Hence vÀ=PJ. (v) EZλ and l.l‘컨= 

PÀ(t‘)Pλ(v)=Pλ(1ψ)=P).(Zi) =앙• i = 1.2 ...... 11. Therefore Aλ is a bond. Clearly 

AC@}.EAAλ· 

LEMMA 4. A band A 01 ( fl À<AT À' [fkAZ J.) is ollltltrabond il alld ollly il A =@).<AA). 

and A). is on ultrabOl.d 01 (T ).. Z ).) lor eacι ÀEA. In this cose (@J.,AA.l)À=A).. 

PROOF. Suppose A is an ultrabond of ( fl i.EÆT .l' fl kAZ ).). Then @μAAI. is a bond 

which contains A by lemmas 2 and 3. Hence A=@μÆA. by the maximality of A. 

lf BÀ is a bond which contains A).. then @"r'.Aμ@B). is a bond of (11λ'ATλ. fl lEAZ À) 

and contains A =@À,AAÀ. By the maximality of A. A=@kAAÀ=@"#Aμ@BÀ• and 

hence AÀ= BÀ. Therefore AÀ is an ultrabond of (T ).o Z À)' Now suppose A=@À'AAλ 

.a nd AÀ is an ultrabond for each λεA and suppose further that B is a bond of 
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(nμT<， Il""z)) which con1ains A. Thcn A=@μJtA.(ζBC@Bμ and hcncc A.ζBλ 

for cach ÀEA , By lhe maximality of Aλ， AJ. = BJ. [or cach ÀEA , and hcncc A = B 

Thcrcforc A is an ultrabond of (n)~ATÃ' n.'Az)) , The last slalemcnt is obvious. 

Now we dcfinc a funclion " from Z'(n"AT J.' fl J.'AZ , ) inlo X"A~(T.， Z J.) by Iz(A) = 

(A1.)).EA' Then Icmma 4 asserts that h is ,,"cll dcfincd and is a bijection. 

LEMMA 5. "(H((tλ)"A ' ( Z')"A)) = X .,AH (t., Z.) and 1z-1(X "AH (t1.' z1.))= 

H((tλ)"A ’ (Z. )"A) , w/zere X deJZotes tlze cartesiaη prodltct. 

PROOF. Thc first asscrtion follows from the cquivalent statemcnls ‘ AEH((I.) .. ,A’ 

(Z))"A) ' ((I .. )).' A' (z,)"A)EA , (1" z .. ) EA .. [or each λEA. A .. EH(t .. , z .. ) for each 

λEA ， and (A .. )"AEX).EAH (t). , z .. ) . 

Now thc second asserlion foUows from the equivalcnt stalements: Iz(A)=(A .. ) .. ,A 

EX .. ，AH(tλ， zλ) ， A .. EH(t .. , zλ) for each ÀE A, (tλ ， z .. ) EA .. for cach ÀEA , ((tλ)"A ' 

(z")"'A) E @"AA .. = A , and AEH((tλ)μA' (z))"A) ' 

THEOREM. Jf eac/z T ). Ims a left zero, tlzen tlze structure space of the þair 

(f1값AT1. ， nμAZ;;l is 1z01llcolllorþlzic to tlze product of t /ze structure spaces of the 

pairs (T . , Z. ) . ÀEA. 

PRα)F. The first assertion of lemma 5 insures lhc continuity of 1z-1. If cach 

T. has a left zero 0λ’ then H (O .. ， 01.)=Z'(Tλ. Z .. ) and hence h- 1 (H(tμ， zμ)x Xμμ 

~(Ti .• Z)))= Iz (H(tμ， zμ)XX."μH(01.' O;.) )=H ((I .. 0.)λtμ， (zμ， 0 .. )λ"p) by lemma 5. 

From this and the fact that (H(Iμ.zμ) X X .. ;6μZ'(T ... Z .. ):(tμ.zp) ETμxZμ， μEAI 

forms a subbasis for the closed subscts of XμA~(T •• Z .. ). lhc continuity of h 

follows. 

COROLLARY 1. 1f eaclz T ). Izas 0 left zero. tlzen tlze realiza/ion of n"Azλ is 110-

meomorplzic to tlze produc/ of tlze realiza/ions of Z . ’ s. 

PR∞F. For each v=(V .. )"AEn" "z ... A,= {(t. ω :t E fI"AT .. ) = {( (tλ)"'A' (I .. v .. ) "'A) 

:t .. ETλ. ÀEAI =@μ/4UA. Hence h(g(nAsATa· [lkAZa))= X kg(T2· Za). Therefore 

they arc homeomorphic by tbe above thcorem. 

Referring to corollary (2.8) of (1): lf X is a normal Hausdorff space which 
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contains an arc. 1hen 1he structure space of the pair (S(X ) . Z (X )) is thc Stonc~Cccl. 
compactification of X where S(X ) denotes thc semigroup of all con1inuous sclf~ 

mappings on X and Z (X ) i1s kernel. i. e. . thc sct of a ll cons1anl sclfmappings 

on X: we havc thc following 

COROLLARY 2. 1/ x .. is 0 7Ior1ll01 Hallsdor// space ωhich conlains an arc for each 

λEA . /lze“ Ihe prod ucl o/Ihe Slolle~Cech compac/i/icalio1ts 0/ x .. ‘ 5 is homeo1Jlorph‘c 10 

lizc slruc/ure space o/Ihe pair (rJh"s(Xλ) . rJ Ã. AZ( X .. )) . 

PROOF. Sincc ~(S(X)). Z(X씨 is 1he Stone.Cech compactification βX). of X .. for 

c3ch À. EA. X값AβX .. = XμA~(S(X .. ), Z (X .. )) and is homeomorphic 10 ~(rJ""s(XI.)' 

11!.，~(X .. )) by the a bove thcorcm. 

DEFINITION 3. [2J A topological space X is called an S용~space if it is T , and 

for cach c10sed subset F of X and cach point PEX - F , there cxists a func1ion. 

/ in S(X ) and a point JI in X such tha t / (%)=y for each % in F and / (P) ;Æy . 

lt was poin1cd out in [낌 that this c1ass of spaces includes all comple1ely regula r 
Hausdorff spaccs which contain an arc as well as all O~dimensional Hausdorff 

spaces. 

Recalling thc 1heorcm (2. 3) of [1] that evcry S‘ spacc X is homcomorphic to 

thc rcalization & ( S(X ) , Z (X )) of Z(X ) , we havc thc following 

COROLLARY 3. 1/ Xλ is an S*-space for each λEA . Ihen X "AX .. is h01lleo 

morPh‘c 10 Ihe reali.alion & ( 11 .. ι A S(X .. ) , rJ "AZ (X .. )) 0/11μAZ(X)) ， 

PROOF. X "AX .. is homeomorphic 10 X씨 9P(S(Xλ) ， Z (X I.))' which is homco~ 

morphic to .9P( rJ""s( X ).) , n씨Z(X .. )) by corollary 1. 
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