
HOMOMORPHICALLY CLOSED PARTITIONS 

By R. E. Propcs 

J. Introduction. 

The partitioning problem for classes of rings is conccrned with the following: 

For which classes A of r ings arc thc following two conditions satisfied? 

(1) For any radical class P and for each ring REA. we have P ( R)=O or 

P (R) = R. 

(2) Given any part띠on (Al' A2) of A. therc exists a radical class which induces 

thc partition (A l' A2) of A. 

By partition ( A,. A2) of a class A of rings we mean a pair of subclasses A, and 

A2 of A such that A, UA2=A and A,nA2C {이 . Given any partition (A l' A2) of 

a class A of rings. we say that a radical T induces this partition if TnA =A, 
and S(T) nA=A2 or if TnA =A2 and S(T) nA=Al' where S(T ) dcnotes thc scmi 

simple class determined by T. lt is clcar that if A is the class of all simplc rings. 

then condition (1) abovc is satisficd by A. Not immediately obvious is thc fact 
that thc class of all simplc rings also satisfies condition (2) when isomorphic ring& 

arc takcn to bclong to the same class of thc partition. This fact is proved in [1]. 

We wish to find conditions on a class A of rings which solve the partitioning 

problem when homomorphic rings belong to the same class of a given partition 
of A. 

In what follows aU rings will be takcn from somc universal c1ass W of ring& 

which has the class of all simple rings (incl uding simple rings with zerO multi. 

plication) as a subclass. We shall employ the following notation throughout. 

R~R' denotes the rings R and R' are isomorphic. 

I드R denotes J is an idcal of the ring R. 

I융R denotes J s R. but J옴R. 

O. depending 때on the context in which it appears. denotes the ring O. the 

ideal O. or the class (이 • 

H (A ) denotes the class of a1l homomorphic images of rings in A. 

L(A ) denotes the Jower radicaJ class in W dctermined by the class A. 

U(A) denotcs the ulψer radicaJ class in W dctermined by the class A. 
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2. Theorems 

For isomorphically CIαlCd partitions ‘,ve ha ve thc following theorcm. 

THEOREM 1 [4] . Let A be a class 0/ r i1!gs sOlis/yi1!g the /ollowing 1100 condilions. 

(i) 1/ REA ond O= I s R. then I =R 

( ii) 1/ REA OI!d R / h #< R . the’‘ R / I * K /or coch KEA. 

T hen /or OI!Y radical closs P. eoclz non-zero ring in A is either P -rodicol or P

semi-sùnple. Moreover. given ony portition ( A l' A2) 0/ A witl! is01l!0rphic rillgs in 

the some class; i/ P = U(A1) or P = L(A2) . tllcn eacl! ring ill Al ;s P -semi-simple 

.00zd each ri1zg in A? is P.radical. 

REMARK. In order that a c1ass A of rings solve t he partitioning problem. the 

c1ass A must satisfy condition ( 1) of ~ 1. There are very many ordinary rings 

which cannot belong to a c1ass satisfying condition ( 1). 

EXAMPLE. Let R be a ring with a non-zcro ideal 1 such that R / I is simple 
and such that 1 cannot be mapped homomorphica lly onto R / I. Let M = [l} . \Ve 

c1a im that R / IEL(M ). By 、，vay of contradiction assumc R / JEL(M ). Thcn . since 

R / J is simplc. 、，ve wou ld havc R / IEH(M ). But this is contrary to the assumption 

that J cannot be mapped homomorphically onto R / I. Thus R / I종L(M) and 

hence REL(M ). However, OyfIEL(M ) and so 0낯IζL(M)(R)yfR . Thus if a 

class A of rings is to satisfy condition ( 1) of ~ 1. thcn A can contain no ring of 

this typc. In particula r. A cannot contaÎn the direct sum of two non.jsomorphic 

s implc rings. For examplc. R = Z 2( + )Z 3’ ‘;\'here Z i is thc ring of in tcgcrs mαlulo 

i for i = 2. 3. 
Using the sa mc form of argumcnt as above. 、，ve can conclude that thc class A 

<:annot conta in any ring R with a non-zerO ideal 1 such that the idcal 1 cannot 

be mapped homomorphically onto any non-zero subideal of R / I . 

RE~IARK‘ ln vie \V of the prcccding cxample. for a class A to solve the par

titioning problem. it is neccssary that each ring R of A be contained in each of 

the 10\Ver radical classes determin여 by each of the non-zerO ideals of R. 

THEOREM 2. Let A be 0 homolllorPhicolly closed closs 0/ rings sllcl! that REA 

ond 0옹IsR ;,’‘,plics that 1 can be mapped hOlllolllorphically onto R / I. Then /or a’‘y 

rodicol closs P we hove P (R )=O on P ( R )=R. COllversely ony partition (At. A 2) 

-0/ A with hOlllolllorplzic rings in the somc class is illduced by U(A‘) /or i=l . 2 
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PROOF. Let P bc an)' radical class. and let REA. If P (R ) Y'O. then P(R ) can 

be mappcd homomorphica11)' onto R/ P (R). Then R / p (R )EPnS(p )=o. i. e .. 

R = P (R ). Hencc. cithcr P(R) = 0 or P (R ) = R for cach REA. Next let (A l' A2) 

be any partition of A with homomorphic rings in the same class. Now RE Al 

and 0낯I드R implics 1 can be mapped homomorphica11)' onto R/ IEA1. Thus from 

Kurosh [낌 • wc have U( A1) = [REA:R/ IEA1 for a 11 1둘R). Lct REU(A1). Thcn 

REAl and so REA2• Thcrcfore U(Al)C~. If REA2• then R/IE~ for each 

ideal 1 of R. Hence R / IEA1 for each idea l 1 of R such that l Y' R. Thus REU 

(Aj) ' It fo11ows that A2=U(A1) and hcnce that U(A1) induccs the partition (A l' 

~) of A. SimiJarJy U(A2) induces thc partitions (A1• A2) of A. 

NOTE. A' denote the class of a11 simple rings. and let B denote the class of all 

simplc rings with unity. SctC=[R(+)R: REB}. Then A ’ UC is a class A satis. 

fying the cond itions of Theorem 2. 

THEOREM 3. Lel A be a homomorphically closed and heredilary class 01 rings such 

Ihal REA and 0Y'1드R implies lha! 1 call be mapped homolllorplzically 01110 R. Tlzetl 

lor aη'y radical class P we Izave P ( R )=O on P (R)=R ιor eaclz REA. Com;ersely, 

α"y par!ilion (A l' Az) 01 A wilh h011l0morphic rings in Ihe samc class is illdnced by 

L (Aj) lor i = 1. 2. 

PROOF. Let P bc any radical and let REA. If P(R ) Y' O. thcn P (R ) can bc 

mapped homomorphically onto R and so REP. Ncxt let (A1• A2) bc an)' partition 

of A with homomorphic rings in the same class. We sha11 use the lower radical 

construction of Lcc [3J . Let REL(A1) and let 1훌R. Thcn D(R ) nA1 Y' 0. i.e .• 

、.ve have a finitc chain of subideals: 

OY'/.드1' -1드… " s /I= R. with J . EAI' 

But A is hereditary and REA. Whcnce J. 다n 양 mapped homomorphica11y 

onto /• 1 for k =2. 3 ..... π. Since ιEAl and sincc Al is homomorphicall)' closcd. 

we havc R =/IEAI' Thus REAl and 50 L(A1)=A1. Similarly L(A2)=Az. 
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