MUTANTS IN SEMIGROUPS, A GENERALIZATION

By Joseph S. Cartisano

1. Introduction.

A mutant in a semigroup is defined as follows: a subset M of a semigroup S is

a mutant if and only if MMCS\M, where MM ={ab.: a= M and b= M} and S\M
is the set of all elements in S not in M. In ([2] Iseki made a definition of a

mutant in a semigroup S as follows: a subset M of S is an (m, ») mutant of S if

and only if M"cS\M". Iseki also established in [2] a theorem which states that if
H an L are (m, n) mutants in semigroups S and 7T, respectively, then HXUL is
an (m, n) mutant of SX7I. The main purpose of this paper is to generalize the
concept of mutant by defining a set we choose to call a wniltant, and proving a
theorem similar to Theorem 2 in [3] which Kim has established.

2. Notations and Definitions.

Let S be a semigroup. If HZS, define £ (H)=1es H: ez=ee=e}. For » a posi-
tiv :teger let H,={a;a, - a:. acH, l<i<n} and S\E=e&S: aZ H}.

DEFINITION. Let N be a subset of a semigroup S. If N &S\WN for all positive

integers 7, 1<t<n+4+1 (n is a fixed integer), we then say N is a #n-th order
ntltant in S.

NOTE. A 1-st order niltant is a mutant.

3. Theorems.

We will now state and prove a theorem similar to the theorem established by
Iseki which was stated in our introduction. But first we will need a lemma.

LEMMA. If M and N are n-th order niltants in semigroups S and T, respectively,
then MXN is a n-th order niltant in SXT.

PROOF. Let (x, yp) SMXN, i=1, 2, r, for 1<r=#un+1l. Now suppose
(xll yl) (xZ’ yz) ...... (xr, yr) =(x1x2 ...... xr’ ylyz ...... yr) = MXN.
This implies (%% x,) =M and (¥, :+-++y,) & N which gives a contradiction.

Hence our conclusion holds.
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THEOREM 1. Let M be a m-th order niltant, N a wih order niltant, in semi-
groups S and T respectively. Then M XN is a p-th order niltant in SXT, where p
s the max of m and n. '

PROOF. If m=#, our conclusion follows from the lemma. Suppose then that
m<n. Let(x;, y) E MXN for i=1, 2, 7y where 1 <r=<n-+1. Now if
(xlr y]_)(xzr yz) """ (xf! y?-) — MXN:
then (yy,+--y,) EN. But N "=S\N, hence a contradiction. Dually we get a

contradiction for s> #. This completes our proof.

Before we state the main result of this paper, we reproduce here Theorem 2 of
Kim in [3], without the proof.

THEOREM. Let S be a semigroup.
(1) S has no decomposition S=M,UM,,
(ii) S has no decomposition S=M,UM,UM; into three disjoint
mutanis M., (¢=1, 2, 3) of S.

We shall now state and prove the main theorem of this paper.

THEOREM 2. A semigroup S has no decomposition into the union of three disjoint
n-th order niltanis in S, for n=l.

PROOF. Clearly, .if E(S)#¢, the empty set, then our conclusion foilows quickly.
Thus we will assume E(S)=¢, which also implies S is infinite. Now the combin-
ation of our note at the end of section 2 and Kim’s Theorem 2 stated above, gives

our desired result for z=1.

Consider now N;, N,, N 5 three disjoint 2-nd order niltants in S. The following
symbol borrowed from Kim [3] will be used:
1, 4, )
2s 5 )
G ) ®)
This symbol denotes that if niltant N, contains elements z, %", mniltant N 5 COM-

tains x°, x5, and niltant N4 contains «°. Then there is no niltant N (=1, 2, 3)
contalning 2,
We have the following combinations for #=2.
1, 4 ) &, 4 ) @ 5 ) A4, 6 ) ({, 6, 9, )

@, 95 ) @ ) @ )y @5 ) & 7, 8, )
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(3, () 3, 5 )(6) B, 4 )6 G 4 O G4 5, )(10)
1, 4, 17, 10, 13, ) (1 4, 1, )
(2, 3, 11, 12, ) 2, 3, 10, 11, )
( 5 6, 8 9, )(14) ( 5 6, 8 9, Y(12)
(1, 4, 10, 13,) (1, 4, 11,)
(2, 3, 11, 12, ) (2, 3, 10, )
( 5 6, 7, 8, 9, )(14) ( 5 6, 7,8, 9, )(12).
(1, 4, ) 1, 5, 8, 12, )
(2, 3, 10,11, ) (2, 3, 10, 11, )
( 5 6, 7, 8, 9, Y(12) ( 4, 6, 7, 9, }(13)
a 6) (1, 7)) (L 8,)
(2, 3, ) (2, 3, ) (2, 3, )
( 4,5 7,8 ( 4,5 6, )XB ( 456 7, YO
Our conclusion for z=2.
Consider n#=3. |
(1, 5,) (1, 6,) (1, 6, ) 1, 5, )
(2, ) 2, 5 ) (2, 7,) @, 3 )
3,4, )6 @G 4 XA G 45 X8 ( 4,86 7,0
1,  6,) 1, 7,) 1, 8,)
2, 3 ) 2, 3 ) 2, 3, )
( 45 7)8 ( 456 X8 ( 4 5 6 7, )9
Qur conclusion for #=3.
Consider z=A4.
(1, 6, ) (1, 6, ) (1, 6, )
(2, 5, ) (2, 7,) (2, 8, )
(3, 4, 7 (@3, 4,5 HX@ ( 4,5 7, )H(®
(1: 7:) (1: 8:)
(2, 3, ) (2, 3, )
( 4,5 6, )8 ( 45 6, 7, )O

Our conclusion for #=4,
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Consider #=>5.

(L, ) (1, ) (1, 7,)
2 5) (2, ) 2, 3 )
3, 4 IO @G 4 5)6) ( 4 5 6, )@
(1, 8, )

(2, 3. )

( 4, 5 6, 7, )O)
‘Our conclusion for z=>5.

Consider z=6.

(1, ) (1, ) (1, 8,)

2, 5) (2, ) (2, 3, )
3, 4, )O6 (B 4, 5)6) ( 4, 5 6, 17, )(9)

QOur conclusion for #=6.

Now clearly for any =7 we shall continue to have only three possible combin-
-ations. Suppose we had #=7, then if =N s =N o 2* must be in N 5. Thus -
can be in N, or Na. If =N 0, x° must be in N 3. Lherefore x> cannot be in N,
(i=1, 2, 3. If z°& N; then 2° cannot be in N,(G=1, 2, 3). This completes our

proof.

4. Conjectures.

CONJECTURE 1. No semigroup S has a decomposition into the union of a finite
nnumber of disjoint #-th order niltants in S, for z=1.

CONJECTURE 2. Let S be a topological semigroup. If ¢ =S and d#aq for any
integer 1 <i<z+1, z some positive integer, then there exists an open niltant of
#-th order N(a) in S containing a.
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