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Introduction 

Generalization of the classical Laplace transform 
00 

Ø(φ)=Þ(e -까f(t)dt， Re p > 0, or 껴(p)늑f(t)， (1. 1) 
o 

provided the integral on the right is convergent, has been given by Meijer [1] as 
c。

rþ(P) =p o e -E Zt)k+ 융. ,1l (Pt) (Pt) -k- ￡ f(t)dt, (:1.. 2) 

where W l1 ,1Jl is Whittaker’ s confluent hypergeometric function. 

Let us denote (1. 2) symbolically by 

k+4 
rþ(p) ←-二 f( t) 

m 

In each of (1. 1) and (1. 2) , f(x) is called the original oÎ rþ(P) , and Ø(P) the image‘ 

of f(x). If in (1. 2) , we put k=rn, then on account of the identity 

e-한: 三(px) - (껑+웅)ww」 w (px) , 
““ 2 ’… 

(1.2) reduces to (1.1). 
In this paper, certain integrals involving products of Legendre functions and 

also the operational representation of a few functions expressed by integrals have 

been given. The results given are believeà to be ne\v. 

THEOREM 1. 

Let (i) Ø(P)늑f(x) , 

(ii) 빼)←뷰 xCμ-1) f(x) 

r+ :2 

Then 

0 

43 

2t dt 「←=ap.-" CÞCa) , (2, 1) 
a aμ12 
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(t+ 1)량-1 Pf C1 +2t) dt 
tμ12 ’ 

(2.2) 

Provided Re μ <1, 0 > Re r> -1 , and f (t) Z"S bounded and absolμtely z'ntegrable z"n 

(0, ∞). 

pROOF. Let Ø(p) 늘f(x). Then 

p쁘얀강 
(þ+a) 

늑 e-ax f(x) (2.3) 

Also we have 

1+푸)τ #(1+3F 
aD 

늘e 2 W μ.r+웅 (φ) ， Reμ<1. (2.4) 

On using the relation(2.3) and (2.4) in Goldstein’s theorem [2] : If h1 (þ)늑gl(X) 

Let t=þt , a=þ, 

then .J h
1 
(x) g /x)뽕 = gl (x) h

2
(x) 강 , 

o 0 

and þ> O. We have from (2. 1) 

we obtain (2. 1). and Iz?CÞ)늑g?(x) ， 

。。

Ø [þ(t+l)] (t +1)풀-1 쩍(1+2t) dt μ-1 
=þ CÞ(P). (2.5) 

o 

Also rþ(행)늑f(좋 

Then we get (2.2) from(2.5). 

ApPLICATIONS. Example 1. Let f(x) = xnJ(m(bx) , Re(1Z ::!:m)>- 1. 

Then we get from (2. 1) 

μ 

。

∞ (t +a) " 

μ 

.) __2 2 
t ‘ [(t +a) - -b-j 

/、m

n+l ‘"n 
2 

(t+a) 
• 2, 1/2 

{(t +a)--bT 
(.. 2t 

P~(l+고~ ldt 
0 

셈뜨j깐±낀) π)2(11+μ-2) 강. 

- (Sin ”π) rCn-m+ l) b( 
3 n , m 
4 2 ~ 2 ’ 

-

42 
× G44 

\i 
j b 

2 

1 - μ 

4 2 ’ 
3 - μ 

4 2 

r , 3 l_r l , r r 11 
-T""" - ...,.... - -

___ 

‘ 2 ’ 4 ’ 4 2 ’ 4 ‘ 2 ’ 2 4 LI’ 

(3.1) 
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be 

we have the following important inte. 
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(3.2) 
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{(t+a)2+b2}1/2 
(t+a) 

(3. 2) 

r 1 i I’ 
2 4 

>0. 

-2n-r+융 

Re m< 0, 

프_ f.J. 
4 2 

of 

r I 3 
-%+1-+그， 

-2n:t (r+웅 

that 

효-표-->> 4 2 .. ’ 

Certain Integγals 01 Legendre Functio1!s 

1 r 
4 2 ’ 

1 - μ 
4 2 ’ 

to 

n :tm-r) >0, 

2t 1+ ~. 

a 

p n 

-1/4 

n :t ηz-r)>O. 

similar 

Re 

.. r 1 -“- -” 2 4 ’ 

1 , r 
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b2”[r(1- ”)] 2 r날-2n-μ) r 츄-21t) 

3 1Z, m 
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and 

dt 

{(t+a)2 +b2} 1/2 
(t +a) 

integrals 
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{ (t+ai+b2}1/2 
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Reμ<1， Re(n:t쩌) > -1, Re(n :t m+r+1 , 

Taking appropriate f(x) and using(2. 1), 

Operational 

Re(n :t m+r+1 , 

Reμ<1 ， 

bx 
t+1 

r I 3 
2 . 4 ’ 

of 

r I 1 -ft+---+--2 . 4 ’ 

r+융 

represen ta tion 

Re 1Z<숭， 
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μ-1 

(t+a)-호-
2 .. 2, 1/2 

[(t+a)- +b-] 

obtained in each case. 

(2.2) 
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Rem-1<Re η<-Ec m, Re μ <1， Re(m+r+n) <1, Re( -m+r+n)> -1, 
Re( 一 m+r-n)>O， and Re (-m-7+n)>O.) 

THEOREM 2. Let (i) Ø(x)늑ØCb) ， 
}.-3 1 

(ii) x 
2 

Ø(X 
2 )늑G(P). 

(iii) FCz) bc thc Hι~1Z!zel transform 01 

(-μ+추) 2/ -1_/1 \ 

(4.1) 

(4.2) 

(4.3) 



Certaiη Integrals 01 Legendre Fμηctions 47 

Then 

∞ - μ 
λ-1 r 승 24 2- 경- • r 2 2 4 2 1 、

r(μ+ il. )t “ ι f z" (a-t~ +z-) “ P;;:!-l {at‘ (aγ+z-)-차 

3-À 

XF(z) dz늑 pa G(-용 
p 

, (4.4) 

2μ -ì.-3 
proψided Ø(X) Gnd x-~ .- - rþ(X) are conUnuoμs and absolμtely z'ntegrable in (0 , ∞). 

Ref흉 -μ+샤>-흉， R빠-흉， il. > 0, Re r > -윷 
These conditions can be subsequently relaxed. It is sufficient if the definition 

integral exists as an absolutely convergent integraL 

PROOF. Let øCt)늑cþ(p) and f(at)늑g( ~). Using Goldstein’ s theorem, and a 

interpreting, we get 

00 c。

껴(x) f(숭 뿔쉰f 좋)cþ(x)강 ’ ι 
(4.5) 

O 

Let f(t) =tl l e-at2. 1Ve get from (4. 5) 

∞ '_1 
X-1 (-aF/x2) dx • f x -rþ (x) t - ~ e' --, _. / ... τ콕:1 -"À. -="'-1 

x Õ P 

( -ax'jP') 
e 이(x) dx (4.6) 

R. H. S. of (4. 6) = 

3-À 
p 

2a 
G 

a 
-2b

‘ 

λ 3 

, where G(p)늑X 2 2 cþ(-.! x ). 

We have the integral [5-p.45] 
。。

r(μ+r)/ z(a%4+z2)-풍 P감1 
0 

9Ag￡--| L(4 
(a-t~+z-)-'- • ’ ‘ x-

dz 

4-2μ (-at'jx') 
= x -, e' -, .. /, Re r > - 1 and Re μ>τr· 

L. H. S. of (4. 6) = r (μ+r) tx-y #(X)다광맙4 
o x 

× 

00 

24 2 μ γ 
z(a-t+z-)-τ P~d‘ at I T 

(a2t4+z2)1/2 」 ’ r 
-증← )dz 

x 0 
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1 1-1。。 l ? 4 ? --E ‘ 
2 

at 
=융r(μ+r)t

A "J Z2 (aγ+z-) 2 P;;.!..1 "2 '4-'2'_ -'1/--';;2-
(a-t- +z-)-' 

using (4. 3). 

Hence we get C 4. 4). 

À. 7 ~_ .L. L_ .，. 1_~ ，...._~___ ..............1 
APPLICATION. Let μ=τf+ .4 in the theorem a :J.d 

q; Ct) = (2b t) - ~ e( -옳) 
Then we get from (4. 4) 

∞ I λ 7 

F(z)dz, 

: 4 2. \ - ? 
t 、 '1 z(a t + z )' - -, P i" 3 

at 1 T ( Z 
1 
2 

-• L o 2 ~ 4 
4 , 2, 1/2 I J 시 4b 

rα t - -1- z-) -, - J ‘ 

‘ , 、÷ 1 • πrcλ)p 융 ax-; 
XKJ ;h) dz'"등 / λ 7\ , ,,( 

\ 40 I . T( ~. +1'+ ~ ) ,). ’ 
\2"'4)2 

Re r > -1, Re λ>0. 
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