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1. Introduction. 

In this paper two integrals involving Wright’ s hypergeometric function have 

been evaluated in 2. In 3 two key integrals involving the product of Wright’s 

hypergeometric function and H-function of Fox have been obtained by expressing 

H -function as Barnes type integraI, interchanging the order of integrations and 

using integrals of 2. The integrals are very interesting, as on specialising the 

parameters, they yield many known and unkown results for Meijer ’ s G-function, 
MacRobert ’ s E-function, W right’ s hypergeometric, Bessel-Maitland, Legendre, 

Whittaker and other related functions. 

The following formulae will be requÏi-ed. 

We 811a11 denote the W right’ s hypergeometric function [(8) , p. 287J. 

。。 r(al÷αlr) ... r(aó+α γ) (l.1) g P P - -/=0 r(b1十βlr) ... [’ (bq十βqr) . r! 

symbolically as 

CÞa ((ap, αp)) 
pCJ'q I u' ^,,: Z 1, 

’ ((bq• βq)) 

where αj)O， (j=1 , 2, …,P);ßj)O, (j =1 , 2, …, q). 

r((ap, 1)). J _ j'(al관「(%) F [이， .. . ap _1 
(1. 2) 씨 선- r(h)---T(bqYP qlbl, ---bq: zl=E(P;찍;bs : - τ). 

The H -fun:tion introduced by Fox [(3) , p. 408J and its asymptotic expansions 

and analytic continuation studied by Braaksma [(2) , p. 278] will be represented 

and clenoted as follows: 
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(1. 3) H싫" I z 
((lJm, Cm)) 

((5%， d써 
z 강d~ 

where z is not equal to zero and empty product is interpreted as unity; h, 1, m, 1t 

are integers satisfying l -;S;,h -;S;,n, O-;S;, I -;S;, m; Cj)O (j=l, 2, .", m), dj)O (j=l , 2, .. ', n) 

and νj (j=1 , 2, ---, %), ζ (j=l, 2, •.. , n) are complex numbers such that no pole of 
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r(δj-dj 웅) (j=1. 2. "', h) coincides with any pole of [’(1~까+Cjç) (i=l, 2 • ...• 1) 

1. e. , 

Cj(δj+O")~J)j-ρ-1 

where (g, p=0, 1,---; j=1, 2---, k; t=1 , 2,---, l). 

Further the contOt;r runs from ∞-ÙJ1 to ∞+i171. such that the points. 

용 (δ·+g) 
= 「효「(， (j=1, ... , h; o=o, 1, …). 

w hich are poles of r (ζ -dj 0 , lie to the right and the points 

ç= (νz-p-1) 
= ” , (z=1, 2,---, l; ρ"-0， 1 ，"'). 

which are the poles of r(l-νz÷ct 용). lie to the left of the contour L. 

From the equation (6.5) of Braaksma [(2) , p. ~791 we have 

where 

H ” lJL(싸，) 1 \=o( zJk ), 
(( ð~ ， d ‘ ))J 

추찌 -훨(C )>0 and k= ?Jí3 찮 

for small z‘ 

(i =1.2. …• h). 

(1. 4) 

(1. 5) 

(1. 6) 

Hh, l L-1f((a，， α.)!l _ uι h rzr((~-b .. β.)) 
m, "L '" 1 ((b ,., ß.))J -“ η， m L'" I ((l-a., a.))J. 

r(a十 n)=r(a).(a)η 

(α)kn=k썩좋 n 뽑L/n· α+k-1 
k η 

(1. 7) 
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In what folIows. the symbol ((짜• (}r)) represents the set of parameters (α1 ， (h). 

(az. (}z) , ''', (ar• f)r); αl' α2， ..• , α:P' ß1. ßZ' …, βq' C1. CZ' "', C",. d l' dz• …• d" denotes posi-

tive numbers. μ=승ß;-쇼α; and λ=소d，--한d，+노c •. --iSc·--
1 J 1 " 1 .1 h+l" 1 J 1+1 ι 

2. In this section we have evaluated two integrals involving Wright’s hyper. 

geometric function. 

(2.1) 
a一 1 β-1 , f((a"a,)) 

(t -x)" ~~øJ 
pYqL((b" β씨 • 

0 

cxk(t-x)s|dx 

.a+β-1 , f((a" a,)). (α， k), (g. s) ik+s 
-ι p+z'f' q+l L((b" ß,)), (α+ß， k+s) •“ |’ 

where ?Jí3(α) > 0, ?Jí3 (ß) > O. μ+ 1>0, k and s are positive numbers not both zero~ 
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-1 β-1 . f((a ,.a,)) 
(t-x) ￠ | :cx |dx qW .. β씨 

0 

(2.2) 

• f((a,. α，)). (a. k) .k 
P+1<Pq+1l((b껴.)). (a+ß.k) :ct l' =T(ß)tα+β-1 

μ+1>0. 8?(ß)> 0, where D2(α)>0， 

putting x=tv, expres3ing 

integrating term by term 

Proceeding as in (2.1) , 

(2. 1) by putting 

PROOF. The integral (2. 1) can be established by 

Wright’ s hypergeometric function in the form of series, 

the 

from 

(1. 1). 

be obtained 

from 

It can also 

follows by [(5) , p. 18, (I)], the result 

integral (2. 2) can be estabIished. 

s=O. 

I11 this section, two key integrals invoIvin얀 product of Wright’ s hypergeomet­

ric function and H-function have been obtained ,:sing (2. 1) 3nd (?.2). 

3. 

%-1(t-X)β-1쐐않없:cxk(t-X)s]H젝[zx6(t-x)dlirzj]dx (3. 1) 
0 

(ctk+s)1 Irh, l+2 「-‘δ +d I (1 -α-kr， δ) ， (1-β -5r. d) , ((ν. ， C.)) 

44m+2, n+1l“ I((ð'"á.)). (1-α-β-kr-5r. δ +á) J> 
J'Y...L R_l ∞ rrT(α:;+α';r) 

=r냐" ~ L그칸 J J 

r=O l만(bj +gj7) 

larg zl <웅Xπ， λ>0， (z' =I , 2, "', h) , >0, 8? (β+d칸 >0, α+δ찮 where 8? 

μ+ 1;:>0. 
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xa-1(t-x)β-싫%::없 :c싹H싫 z( t~x (3.2) 
0 

’ 

(ctk)r nh+1, l+1 Ll (1-α-kr， δ). μ .. C.)) 
---'-r ! r (a쿠g주강rr μ m+1， n+1 L" 'lcβ， δ) ， ((δ .. á.)) 

α+β-1 ∞ nr(낌+αjγ) 
=t Z그 4r· 

r=O Er(안+ßjr) 

Ã>O. (z'=I, 2, ",,1), (z'=퍼 ", h); 8? (β+0강)>-δ， >0. 
t 

μ+1>0. larg zl <웅λπ， 

PROOF. To Pì'ove (3.1) , substituting H -function as Barne-s integral using (1. 3), 
interchanging the orcler of integrations, the integraI then becomes 

」‘ 야
 

‘ 
+ ρ

 
“ 
「

냉
 

i r ‘ / 
I 
、

, 

「
‘ 
h 
i 

J “ 
아
 

x 
t 

0 

Elr(δj-ζ￡)glr(1-씬+c열) ~ 
.’ - m z 

L rr T(I ~δ-+d.홍) rr T(v.-c.홍) 
j=II+1 J J j=l+l J J 

l 
2πt 



N. C. Jain 40 

hypergeometric Wright’s W 

생
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using (2. 1), 
this becomes 

’ | <a,. α，)):cxk(t -x)s |dx)da 
p't' q l((b" β，)) 

evaluating the inner integral 

function in the form of series, 

(ctk+ s)' 
7! 

α .L R_l ∞ I1 F(o;+α';r) 
F'''' -:E캠 , , 

r=O Elr(bI÷ajf) 

glr(ζ-dj홍)lglr(1-꺼+단용)F(α+rk+δ 웅)F(ß+sr+d 용) a d f 
(zt ð + d )' d~， 

'L ITr (l- δ，+d， 홍) I1 F( lJ;-c‘ ç)F(α+ß+kr+sr+δ 용+d 용) 
j=.':+1 J J j=l+l J J 

X 1 
2πj 

be can the integral (3. 2) 

the result nα，v follows from (1. 3). 

using (2. 2) instead of (2. 1), (3. 1) , Proceeding as in 

cbtained. 

Some dedsc!::ons: 

tve get (3. 1), (a) Putting s=O in 

-1 β-1 , f((a" α씨 제 h, l r 0 ,. , dl((u •• c.))l 
(t -x) 띠 I ;;~~Y'~Y;::cx.Îl:l~: ... lzx- (t-x)- ;;: •. : .. ~: Idx 

q l((b" ß.)) .--- J η/. lI L--- ,- --/ !((o"d.써 
il 

(3.3) 

(갤)7 H"'/ 十 2 r ztδ +d (1-α kr， δ)(1-β. d), ((ν •• c')) 
“ ηz÷2， η+ 1l-- 1((δ. ， d ‘)). (1 -α-β-서， δ +d) ’ 

la÷β-l g J딘 l「(αj+αjr) 
-, ι--' " 

r=O 만(bj +βjr) 

I arg z 1<윷Xπ λ>0， >0 (z"=1. 2,"', h) , 
2 

>0, provided 9í? (α+ δ칼 

μ+1>0. 

we have and using (1 .3) (3. 1) , d=O in (b) Setting s=O, 

Xα一l(t_X)β파%[{랐앓:cxk]H;; 샌xa없;따 Idx 
o 

(3.4) 

(c원L ph, l+1 「찌 (낭-/;γ， δ). ((ν.， J C • .)) 

--m+ l,lI+ll-- I ((o"d.l), (l-a-β-kr， o)J 

1Y.J...,q _1 ∞ nF(α;+α;r) 
=r(ß){' ,,- - ε Tl ι J 

r=O Er(인+βjr) 

μ+1>0. 

((lJm, cm)) and ((δ'" d ,,)) by l , h, 

I arg zl <웅Xπ， λ>0， 

replacing h" l , m, n, 

æ(β)>0， >0 (z" =1 , 2, …, h). 

taking s=d=O, 

I 

(3. 1), (c) In 

we get ((l- lJm> cm)) respectively and using (1. 3) and (1. 4) , ((1-δ“， d，z)) and n, ηZ， 
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(3.5) 
β-1 , f((a" α，)) 제 h, I r -1 - δ \ ((ν. ， c.)) 

x- '(t -X) 왜q l((b,, β，)) : cx j Hm, 따 ιx -V /;;δ~: ;:;;J dx 
0 

’ -1.. A_l ∞ n r(α;+α;r) (ctk)7 uI, h+1 LX|(1-α-kr， δ). ((1-δ.' d.)) 

-「--44 a+I, m+1r‘ 1((1-ι• C.)). (1-α-β-kr， δ)J' 
=r(β)t‘ , " ι ζ jrI J J 

r=U 므lr(깐+ß/) 

.‘ · 

where w(α+δ二L
Ci 

>-운(i=펴 ', 1) , W(β)>0， 2>0, larg Z-lJ <웅Xπ， μ+1>0. 

Several other integrals can be obtained by taking different combinations 

arguments and using (1. 4). 

4. PUl'ticulal' cases. Bγ usmg the following known 

fu따mct더io아n. 

(4. 1) 

(4.2) 

(4.3) 

H Iz• 1 r z싱I ((aι’’ι’”’ 
"끼11 ， 1lιn((b.“’ 1)) 

” 
= Clz• 1 (z I ~l' ~" .... ~.) 

m. n \ - i b1, b2• …. b. ’ 

_ , 1. r((a" α，》 -
pq L((b,, β，)) • ‘ ” 

n1.P r !((l-a"a,)) 

ltp,q+llZI (0, 1), ((l-b" βJ 

H。: 2lzl Jl)(-ν， μ) =껴(Z). 

properties of 

of the 

the H. 

.. 

where !/(z) is Bessel-Maitland function [(7) , p. 257]; the integrals (3.1) to (3.5) 

yield as particular cases many known and unknown results. 
here a few interesting known results. 

However we InentIon 

In (2.1) and (2.2) , putting αj=l (j =1, "', P), ßj=l (j =1, "', q) , expressing the 

right hand side as generalised hype!'geometric series using (1. 1), (1 .7) and (1. 5), 
we get [(5) , D.104, (4)] and [(5) , η. 104. (5)] respectively. 

In (2.1) , putting t= 1, αj=l ， (j=l , …, p) , βj= l， (j =1 , …, q) replacing C by 

- 옹÷-， u핍S밍in맹g (1,1), (1. 7η) a때n띠d (1. 2깅)， we 0이b가없때ta p.234, (2)). 

Cho。였sing the parameters su띠1꾀it않ab비ly， usi피ng (α1. 2잉) 2.11년::ì (4. 1),’ the results (떠3.2잉)， (3. 3잉 ) 

and (3, 4) reduce to known results (2.4) , (2.5) and (2.3) of [(1)] respectively. 

Reducing the W right’ s hypergeometric function to Gauss hypergeometic function, 

after little simplification in (3.2) , (3.3) and (3.4) , these reduce to results 

(2.5) , and (2.3) of [(6)]. 
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