"ON COMPLETION OF MEASURE SPACES

By Yu-Lee Lee

The purpose of this paper is to investigate the relationship between the comple
tion of a measure space and the completion derived from Hopf extension.

Let (X, o, ) be a measure space. Define o' = {FUA|E ¢z, A C B for some B
e=or such that 1(B) =0}, and define ¢ on ¢’ by the rule £ (EUA)=u(E). We know
that &” is a g-algebra of subsets of X, and that g is a well-defined complete
measure on ¢z, 'This measure space (X, ¢z, 1) is called the completion of (X, ¢z, 1.

If X is an arbitrary set and ¢z is an algebra of subsets of X, let ¢ be a
countably additive measure on ¢z. Define a set function £ on P(X), the family
of all subsets of X, as follows: for T C X, let E(T)=inf{Sp (4,)|ITCUA, and
A, Ay e, A, -+ =2}, Then by the Hopf extension the()r’;:_lil we know ni?lllat [L 1S

an outer measure on P(X), t is equal to g on the algebra ¢z and ¢z C &7, where

¢ is the family of all g-measurable subsets of X and certainly g is countably
additive on cr.

If ¢z 1s a g-algebra, then (X, o7, 1) is a complete measure space since it is
derived from an outer measure. We wish to show that (Z,o¢, ') =(Z, ¢, 1t) for

any decomposable measure space (Z, ¢z, ().

DEFINITION. Let (X,cz, 1) be a measure space. Suppose that there is a sub-
family % of oz with the following properties:

(i) 0<u(F)<o for all Fe 7,

(ii) the sets in % are pairwise disjoint and U.% =X,

(iii) if Ee oz and pu(E) <oo then p(E) :FEZ.?[#(E NF) where the sum is defined as.

the supremum of the sums > ¢(ENF), where 2 runs through all finite sub-

Fe<
families of # .
(iv) if SC X and SNF <o for all F <. %, then S .

Then (X, oz, 1) and p itself are said to be decomposable and # is called a
decomposition of (X, ¢, lL).

LEMMA. Notation as above. If (X,02, 1) is a decomposable measure space with.
decomposition F , then (X,0¢, ) is also decomposable with decomposition F .
PROOF. The conditions (i) and (ii) are clearly satisfied. If EUA=o", pW'(E
UA)=u(E)<oo and ACBeor with p(B)=0, then p'(EUA)= p(E)z?;;(EﬂF)
'3
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=F%u’((EﬂF)U(Aﬁ'F))' z;Zéu’((EUA)nF). If SCX and SNFE o for all F

—.% then SNF=E;UA; where Epy=0¢ and Ap C By=c and ©(B;)=0, and S
= U SNF= U (BrUAD= UE;U UAp.

Fe% FeF
NOWFUEIA FCFUjBFEO” and by (ii1) p:( U BF) Zﬂ(BF) 0, U E & o, hence SEo7’.
€

THEOREM. Noftations as above. 1f (X, 0, u) is a decomposable measure sbace,
then ot=0¢ and (L= for sels itn Cr.

PROOF. It is clear that 2" C o¢. If A = o7 such that u(4)=0, then we can find
a decreasing sequence {B,} in ¢ such that pu(B,) < % and B, DA for each =
Let B= ﬂ“l B,. Then B& o2, AC B and u(B)=0. Hence 4 &7

9=

For any C & o with y(C) <os, we can also find a decreasing sequence {D } in oz

such that D =5 C and u(D"_\C) <——for each #. Hence p((NDI\C)=u( ﬂ (D.N\C))
=lim p(D\C)=0. By the above argument we have () D )\CEGZ Also ﬂD = o7’

n—>0

Hence C=(N D\N((N D)O\C) € o’. If u(C)=c0 since (X, ¢z, ) is decomposable
with decomposition & . CzFLé[~ (CNF) and CNFeox and u(CNF)<oo for each
€

F. Hence CNF < ¢ and by the lemma, C & ¢7’. Since u(A)=u'(4)=u(A4) for any
A e oz and aZ=c2, hence for any EUA=oz with E & ¢z and A C B < oz with u(B)
=0. Then p(EUA)SU(E) +p(A)<p(E)+u(B)=u(E) = (EUA) =Uu(E)<pu(EUA).

The following example will show that the theorem might be false if (X, o, u)
is not decomposable.

EXAMPLE. Let X=[0,1] and ¢z consists of all subsets A C X such that either A
or X\A4 is countable (including finite sets and the null set), and let ¢ be the
counting measure on ¢¢. Then (X, ¢, 1) is a complete measure space and czr=¢7’ .
Let A be any uncountable stubset of X such that X\A is also uncountable. Then
Ae o\
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