
IDLBER’I’ TRANSFORM IN SPACES A AND M 

By H. P. Heinig 

1. Introduction. 

Let 1 be a measurable function defined on SOme measure spac o. :J WiLl 
measure m and f￥ the non-increasing equimeasurable rearrangement of lonto 
(0, ∞). (For definitions of these concepts see e. g. [2]). The spaces A(α， p) , 

α>0， M(α， p) ， 0:드α드1， 1드p<∞ are defined to consist of those measurable 
functions lon S for which the respective norms given by 

and 

are finite. 

c。

11/11 A(a, p)={α (xa -
1Cf*(x))P dx ~1φ 

0 

II/IIM(α，p) E짧 [m(E)]-a I/(x) I Þd씨1φ， m(E) <∞， 
E 

For 0<α드 1， A(α， þ) and M(α， p) are Banach spaces and for α=1， 11/11 A(a,p) 

=111내， where the last norm is that of the usual Lebesgue spaces Lþ" 

It is wel1 known (see e. g. [4]) that if 1 E Lp (-∞， ∞)， 1 드p<∞， then 1 
the Hi1bert transform of 1: 

J(x)=lim 초 
e-• 0+ “ 

It-xl>e 

쉰t) dt 
t-x 

exists a. e. and for 1 <p <∞， 11 JII p드Apll/llp • 
In this note we extend the previous result to functions in A(α， p) and M(α， P/ 

Also, extending the definition of the Hi1bert transform to certain singular 

integrals in E n, sim i1ar results are obtained. 

Throughout, A denotes a constant independent of 1 not necessar i1y the same 
each time. 

In the seq uel f웠 denotes the integral mean of 升， that is 
x 

(1) f빼(x)=강 I I*(t )dt, x> O. 
0 

The fo l1owing result due to R. 0 ’Nei1 and G. Weiss [외 w il1 be used fre­

quently. 
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THEOREM 1. 11 

f*(t) sinh커÷ )dt <∞ 
0 

then 1 exists a. e. and lor each s> 0 
。。

r .r~/..1.、 sinh-l(.~ ì dt=lε { 
π s J V / - \ t ) π % (댄+t2)1/2 

A reSUIt simiIar m Theorem 1, with f is rep1aced by a singu1ar integra1 

operator in E n is given in the same paper [2]. This result will be used for 

the operators considered in S 3. 

2. Main Results 

THEOREM 2. 11 1 f A(α， p) ， 10<∞， 0<α0， and q and ß satisly ßp=αq， 

α드β， then 1 exists a. e. and 

(2) 111μ(ß. q) 드A 1/11 A(α.p). 

PROOF. Let P+P'=PP' then Holder's inequality and a special case of 

[3, Theorem 2] yields 
c。

(魔irdt드111핵| A(a P){깐 t(l-a)써)(I+t진 -P'/2dtWP' c: 
0 

R ∞ 

드 pα -
P-α 111 A(a. p) 

t(l-a)/cp-l)dt+ (t(l-a)/φ-1) -P' dt ~1/P' <∞. 

0 R 

The interchange of integration above is justified by Fubini' s theorem, so that 

by Theorem 1, 1. exists a. e.. From (1) we have the obvious inequality 
f용(s) 드f빠(s) ， S> O. and by Theorem 1 

sβ-1 [판(S)] qds}1/q락하: 

드{al sβ-lds 
0 

。。

옳 11*(0 
0 

sinh- 1(훤dt Iq ~1껴 

=1 츄){맥[Jf육(t) t(a-l)φ s(ß-싸 

l/q 

Applying [1 , Theorem 1] with r=q and ν=(ß- l)/q+(I-α)/p we obtain (2). 
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THEOREM 3. 11 1 f A(α， 1) ， 0<α <1, theη 1 exists a. e. aηd 

11111 A(a, 1) 드A 1/11 A(a, 1). 

PROOF. Since 

∞
 

0 
--,a 

-
n
ι
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1, ---‘ 
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t
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∞
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t 

쁘)_ 1 /') /f￥(s)ds 
t(1+t) 4 0 

。o 00. 

1 J".JL/ _ '- _,,- 1’ sl-adt 
= I sa- J.f￥(s)dsl ~.τ • m 

。~ t(l+t‘) 

r d t 
드때I A(α， 1)) Jo ta(1+p)1/2 

the existence of f a. & foIIows from Theorem 1. A1so 
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II/IIA(a, 1) 럭에 sa-1혔(s)썩=쭈{sα-2d센션(t)sinh치좋 ldt 

=α I f*(t )dt{ 좀권α-2sinh- 1 휩@ 
。o • 

f 2 r sinh-~u Ã 

= !lfllA(a, :; t -7 「;E=강~ d 
O “ 

=AIIIIIA(a, l) , 
rhich proves the result. 

For the spaces M (α， p) we have the following: 
1 THEOREM 4. 11 If M(α， p) ， o<α< : , 1드p<∞， theη f exists a. e. and p 

1111I M (a,p) 드AII/II M(a,p). 

PROOF. The proof of [3. Theorem 3] shows that 

∞ f웠(t)dt 연 tα-1φdt 
등-. u ... 드 11/11‘”“ 서 I a 1 /9 

Therefore, by Theorem 1, 1 exists, a. e. 
Now let E c S such that m(E)=η<∞. Since f선s) 드f싹(s) ， 

[f* *(x)] Pdx11/P, 
η
 nll 
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히
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E }1/션η-α{l[확(x)]Pdx l/p드η-α{J‘“t캠 Cx2+t2)1/2 
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、

=휴 11/11 M(a.þ)η-싸 (xα'þ-1dx 
0 

∞ μa-l/Þdμ 

~ (1갑젠걷 
þ ll/þ 

‘ 

=AII/II M(a.þ) ’ 
which proves the theorem. 

COROLLARY. 11 ff M(α， p) , 0<α， pα~1 ， 1드p<∞， then J(x) exists a. e. , 
and 

11 JII M(α.þ) 드AII/I/ M(a.Þ)' 

PROOF. For α>움 ， M(α， p) is void ([3, Theorem]) and the corollary reduces 

to Theorem 3. 

3. GeneraIization. 

Let X , Y , ... denote the points (xl, x2' ... , xn) , (Yl'Y2' ... ,Yn) , ... of Euclidean 

n-space E n, and X', Y',... be the points of the surface of the unit sphere I: 

of En
• That is Y'=Y/\Y\ where IY\ =(Y~+ ... 十꿇)1/2. The volume, respec­

tively, surface element in E n and I: is denoted by dYand dY'. We define 1. 
the singular integral operator with odd kernel by 

!(X)=lim I 요lFf(X-Y)dY 
E• 0+lYl> E lYl “ 

where Q satisfies 
(i) Q(Y)=Q(Y') 

(ii) Q(Y')=-Q(-Y') forallY'εE 

(iii) 1 QI 관\Q(Y') \dY' <∞· 
z ‘ 

It is known [5] that 1 (X) exists when f f Lp(E") , 1 <p <∞ and 11 !IIÞ드Apll/llþ. 
Considering now the spaces A(α， p) and M(α， p) corresponding to functions 

in En we obtain with the aid of the theorem [2] analogous to Theorem 1 the 
following. 

THEOREM 5. lf 1 f A(α， p) ， l<p<∞， 1<α <p and α and ß satisly ßp= αq， 

a’드，3 theχ 1 exists a. e. and 

II/ I1A (β• q) 드AI/IIA(a. þ)' 
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PROOF. By [2, Theorem 2] 
。。

11 l I1A(a, p) = ↓α/sα-11 [1육(s) Ipds ~1φ 

c。

드《α("sa-111웠(s) IP ds ~l/P 
0 

。o 0。

되I QII iαr sa-1dsf ~ r f*(t)sinh -1(흔ìdt lP~l/p. 
l \ t 

O 

Using the result of Okikiolu [1 , Theorem 1] , the result is obtained 

the proof of Theorem 2. The result corresponding to the Theorem 4 is : 

T뻐REM 6. 11 If M(α， P) ， 0<α<움 <1 theη 1 exz'싫. e. and 

11 l I1M (a,p) 드A 1111 M(a,p)' 

The proof follows along the lines of that of Theorem 4. 
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