ON PROPERTY OF BESSEL TRANSFORM

By M.L. Maheshwari

1. Introduction
We shall denote

o 1
g=[ FIK,(x9)(x9) T dx=M"[f(x)], (LD
0

the Bessel transform of order 7 of f(x), where y may be a real or complex
variagble. This transformation was introduced by Meijer [1]. It was further
investigated by Erdélyi [2] and Boas [4].

1
2 »

Let y=+ (1.1) reduces to the Laplace transform,

p(p)=p[eP'f()dt, Re p>0,
0

then ¢(p) is said to be the image of f(¢#) and f(#) the original of ¢(p), and is
denoted symbolically by

fOo=() or ) =f().
The object of this paper is to establish a new property of this trans-
formation and a generalized result as its application.

2. THEOREM. Let (1) M [f(x)]=g(9),

G M7|x7%g(=- ) |=ng: o, 2.1
then
ol _ L /2 _L
M¥ |2/ ) |=y~ T a0, (2.2)
provided
1 3 -
AT ), x(“Ti’)g(—}-)=o<x‘*>,
Re o> —1 for small x and f(x), g(—%—) are bounded and absolutely integrable in
(0, oo).
Further, let
1
M7|574() =20 .9

13



14 M.L. Maheshwar:

e Y | e X} (2.4
e E T | .Sy} @.5)
- r 3 n0,(3) .
M2 T[x 2 ¢n—1( 222 ﬁ)]= ; t—3/2)" l (2. 6)
Then
Mz-r[x(z-—:_3/2)f( ;22 )]-—_—_ %%( J’2 ) (2.7

1 , Re n>1 and n is an

under the conditions mentioned above and Re 7>
integeyr.

0 1
PROOF - Let [ f(x)K,(xy) (59) 2 dz=g(3).
0

]

Multiplying both sides by y 2 K Tf—f—) and integrating with respect to »

between the limits 0 to oo, we obtain
fy"1/2K< )dyff(x)ffy(xy)(xy) 2dx—fy 2K( )g(y)dy
0

On changing the order of integrations, which is permissible by the
conditions given in the theorem and evaluating the y-integral on both hand
side and using (2.1) on R.H.S., we obtain

1
7 2[ (:c)sz [2(ex) 2] dx=01a).

Hence, we obtain (2.2).

1
We obtain ngsl(-——;E—) from (2.2), substituting it, we have from (2.3)

5T 1y (3) = [ Ky (29) (1) %[x‘%ﬁ(-i—z)ffgr(%)dt]dx-
0 0

On changing the order of integrations and evaluating the x-integral as
before, we obtain
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]= y%gﬁz(JS ) (2.8)

Substituting for 2~ 2 ¢,

T

21[2 ) we obtain from (2.4)

1

TZag y(n)= szzr(xy)(xy) 2 272 ﬁf(—%—) K -L-)dt |ax.

Proceeding as before, we obtain

5 8 3 2
287 2 Nlevoa (Y
M [ﬁf(za )]_y 3 QS3( : ) (2.9)
Proceeding successively, we have the result (2.7).
ol 1 1 p., . 1(y)
2"r S AN n+1
Let M| e ()= REZ= N (2. 10)
LS | e .
We obtain x 2 ¢n( " ) from (2.7), substituting it we obtain from (2. 10)
3 o 1
—_n-1 —_—
2( é )Mf',,ﬂ(y) =fK2nr (xy)(xy) 2
0

On changing the order of integrations and evaluating the x-integral as before,
we obtain

e )(;f:)] =y7¢ /J’g).

We thus find that if (2.7) is true for #, itis also true for (#+1), i.e., for
the next higher order. But we have seen that it is true for #=2 and therefore
it is true for »=3. Since it is true for #=3, so it is true for #=4 and so on.
Hence (2.7) is true for all positive integral values of # except one.

1

COROLLARY. Let r= T

. We obtain from (2.7)

)t

ineorem.

2

), under the conditions mentioned in the
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3. Application.

3 .
Let f(x)=x(” T)ﬂF 0[; ------ 5. —5‘x2],
.
_ow=2pf £E7 )" (50) R
3’(3’)—20&L I -] ¥\ 2 TlpyaFy 2 = ——,
\ 2 ) [g“ Y - IF y2 ]
p<g—1, Rey >0, and Re (g = 7) > 0.
gE#=D) w7y \af utr—1
L O1(y) = —3 =5 )\ =
i) 2 SN2 )
[, oo ses o ”iy-, pt7—1 ; 160
><p+4Fp[a T 2 ~ 20] 3, p.153],
SO IY Y

p<qg—3, Re(t = 7)>1 and Re y>0.
Hence we obtain from (2.2)

MZ?’[x(2#-—%—)JFq{a“ ...... ,a',:; - 5.%'4 }]__. 2(4,'.1—8)

¥ 51 ...... ﬁ 16 o n'y(z __g_)
/ 1ty pty—1 oty oo,y £ET L BETL 65 ,
Iy - I - p+4F{ 2 2 — } (3. 1)
\" 2 ) ( 2 ) g e s e, B ¥
Re(puxy)>1 if p<g—3,
Re y>0 if p+4=agq,

and Re{y+4é‘exp ( ﬂ-gz. '\}_}O for »=0,1,2,3, if p=qg—3.

We obtain ¢,(») from (2.3}, on using (3.1). Let z=2. We obtain from (2.7)

_9 )4\ e
ﬂ.3y(4ﬂ - 2 2 / Z 4
...... pry  px¥r-—-1l pry 1 ol6 5
>< F {a'u ap 2 2 2 — 4 H }’ (3. 2)
b+8 q .S" e evs, ﬁq; yB

Re y>0 if p+8=<g4, Re (u+y)>1 if p<q—1,

Re {y+236‘ exp( ngz‘ )}>0, for »=0,1,2, ., 7 if p=q—7.

Similarly, we get ¢;(y) from (2.4), on using (3.2). Let =3, we get from
(2.7)

* ( #iz-r_);F(_ﬂ;r ‘)r(_#z-_—r )

e N e E)mr( s D D b )
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19 16
87 Bt — Olpy sor oo &y X
M [x( ° ):qu{ﬁh ...... Y S }]
_ oG- (#_7’ (u_?'-——-l nty | 1,2,3\
- _1751* > )F 5 )F( ARE )
175737 2
______ gty pxr—-1  pt+r  1,2,3 0185
X F{““ e e R } (3.8)
AL . I 10
Re y>0 if p+16 < g, Re {y+216§exp( TL‘;Z )}>O for r=0,1,2, <+ , 15 if p
=g—15, and Re (uxy)>1 if p<g—15.
Proceeding successively we obtain
3 2N
(Ny) Nﬂ—N-—-———-) Oy »oooee, (X p; - _;E_‘) }
M ["( ° qu{ﬁ’“ ...... 8. 5( 2 ]
{((n+DNp—(n+2)N = (n+1)}
2 (L2 (L _Lyp(#Er
~(N—1) ((u—DN—-1/2) 2 2 2
Y
(N
1:2: 3: '":( 2 1) )
n N
N
1,2,3, -, [——1
pt?  prr—1  pxr OO ( 2 ) _ 2N
s SRLTIRTUI; % 5’ . d 2 — N _'r_a(i_) (3-4)
X p+2N F"‘. By, sesene A, y ]

where N=2", Re »>1 and # is an integer. Re(ux3)>1, Re y>0 if p+2N =g,

Re{y—l-Zth?exp( n'gz' )}>0 for r=0,1, -, 2N—1) if p=g— Q2N —1)

Equation (3.4) can be proved by Mathematical Induction as the theorem.
Particular cases :

(i) Let =2, (N=4), p=0, ¢=8, and

_uty  opxr 1 pEr 1
B By e Bs=Sg s g Tt

We obtain from (3.4)
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(S (g (7)e 1) e (-4 @

nSy(d‘u_"z‘
Re(u+7)> 1.
Let 7=-1-, we obtain from (3.5)
11
Qpp-- = v 1,3,579 o x\8
A2 )OFB{_Q_"' 6 5( 2)}
A 4
oo exn( =05 )
(ii) Let p=3, ¢=8, 0=108, n=2, (N=4),
1
Clys Qo a3=%(01+,02—1), 5 (011 02), —;T-(p1+p2+l), and
— 1 L L o+, Lo, +1, Lo +0,—1)
181: """ , 183'—-101, 0o, 701: _2_'692: T(ﬂl‘!' ’ —2—(p2+ ’ 7((01 Po—1),

—-;——(01+02).

We obtain from (8.4)

A1
M* T[x(4ﬂ ) of 20015 102:-"4)0F 2(1011102?""4)]

_ o oUEmm ey /_uir—l) pty ,hl)
‘nsy(4ﬁ__g_)“r\’ > )2 F(‘ 2 — 4

e 1 1 1 +y uty—1 puxr 1 .
?(101“'102—1),‘3—(P1+Pz):T(01+102+1),—92 ’ 5 ; !12 T

X11F8 L i q 4 { . 1
015 02 =501 ~5 09 —5 (01 F1), 5-(0p+1), 5-(0, +0,— 1), 5-(0; +05):
394
—g— |,

S

provided one of the parameters in the numerator is a negative integer and
Re (u+7)> 1.

In the end I wish to record my respectful thanks to Dr. S. C. Mitra, Emeritus
Research Professor in Mathematics, B.I.T.S., Pilani, for his help and

guidance in the preparation of this paper.
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