A REMARK ON NEWMAN ALGEBRAS

By F. M. Sioson

[n several papers [3], [4], [5], the author has exhibited a number of indepen-
dent axiom-systems for Newman and Boolean algebras that consist purely of
natural identities or equational laws. As such, they have been called eguational

bases.

For any equation E involving possibly the binary operations -, -+ and the
unary operation —, denote by E* (£°) the equation obtained by commuting all

additions (multiplications) occurring in E. Similarly, let E be the equation
resulting from £ through an interchange of their multiplications and additions.

For instance, if £ is x+yy=x, then £* is yy+x=x and £ is x(y+5)=x. It is
easily verified that the equational transformations -, +, and-—generate an
abelian group Gz with eight elements which contain the four group G4 generated
by » and +. [t was also shown in [5} that if P,, P -, P,is any independent
axiom-system of Newman (respectively Boolean) algebras, then P, p. .. P;

is also an independent axiom-system of Newman (Boolean) algebras for each
t0G(t0Gy).

Using the results of these previous communications, we can obtain the follo-

wing sharper conclusion:

THEOREM. The only equational bases of Newman algebras out of the following
pool of twelve equations:

N, x(y+2)=xy+xz:

No:x(+7y)=x; N: . x+yj=nx;
N (y+9)x=2x:
N3 yy+x=x:

Ny xy=yx: N x+y=y+ax;
Ni.z(yy)=y¥:
Ny o (9¥)x=y3;
Ni:.xx=x;
Ns: x=x:
Niix+(y+2)=(@x+y) +z:

are



60 F. M. Sioson

Nl N1 N1 N1 Nl
N, | | | | |
/\ N2 N2 NZ N2 Ng
N, N | | | | |
\/ NE N3 N3 N3 N3
N; | | | | |
N3 N4 N4 «; Ni
(I, (I2) (II,) (I1,) (I13) (ITy)
J?fl I?h IIVl 1?71
le?. -Zlvé -IYZ Nz
TT?E Iﬁa‘ !; zlva
N VN N, N,
N3 Na N3 N:ﬁ | ‘
(I11) (I11,) N N
(IV,) (IV )

and their transforms under the members of the group G If to each of these equa-

tion-systems the equation N . x+x=x is added and any member t of Gs is applied,
then an equational basis of Boolean algebras arise.

Proof. The fact that I,, II, are equational bases of Newman algebras has
been demonstrated in article [5], while equation-system IV, has been shown to
be a Newman equational basis in [4]. With the presence of the commutative
law N,, it is clear that I, and I,, II,, Il,, IIs, and Il,, IV, and IV, are
equivalent axiom-systems. In [6], Yuki Wooyenaka also showed that the system

.—i

22—

7\
N3 N,

is an equational basis of Newman algebras. Under the presence of the commu:
tative laws N, and N., then III, and III, are each equivalent to the above
Woovenaka’s basis. Thus to show that each of the systems [I;, I[,, [ls, [l
III,, III,, and IV, forms an equational basis of Newman algebras, it will suffice

to show their independence.



The independence of the system I, is shown by the following models:
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Note that for I.N, :1(1+0)x11+10: for I.N: . (0+0)1=x1: for I.N,.0+11
2=0s and for I,N; . 10201.

The independence-models II.N: and II,N; necessary to prove the independence
of N; and N; from the rest of II, are the same as those of I.N: and I.Nj
respectively. II.,N, is given by

Here observe that @(e¢+1)3xae+eal in the first model and 1(00)x00 in the se-

cond model.

The independence-models II3N,, II3N,, II;N, are exactly the same as II.N,,
I[N, II,N, respectively. The remaining required model I/sN; is given by the

following:
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For II,, the independence-models are precisely the same as those of I/; with
the exception of II,N; which is given by the following model used in [3]}:

Note here that ed>dae. The verification of N, is found in [3].
For III N, we take I;N,. [II,N., we have

Note that 1(y+3¥)=1. For III,N} consider the collection of all finite unions of
open finite, semi-infinite, and infinite intervals on the real line under the oper-
ations of taking unions (denoted by -), intersections (denoted by 4) and the
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complement of the closure of a set (denoted by —). Then note that

2,9)Q 4+ 1,3)=({2, DU D)n{,3)=x,3).
For III,Ns; we take Y. Wooyenaka’s model P found on page 86 of her paper
[6]. III,N; is given by the following model:

In this instance, we have 1400+ 1.

The same models used in proving the independence of [III, may be used in
proving the independence of Il/..

[t remains to consider the independence of IV,. For IV:N, the model I.N,
suffices. IV:Nz may be taken as I[II,N% while IV.N: may be taken as its
dual, that is to say, the same collection of finite unions of open finite, semi-
infinite, and infinite real intervals under union (this time denoted by +), inter-
section (this time denoted by <) and the complement of the closure of a set
(denoted again by —). In this instance,

(CH+CD)AD=(2, DU DN, DX, 3).
For IV.N; we again choose II,N;. Finally, [IV.:N is given by the following
independence-model:

Here 12x1.

After having shown that the above ten equation-systems are indeed equational

bases of Newman algebras, we are now ready to prove that these are the only
possible ones. It is easily seen by direct verification that the following model

satisfies all the twelve equations enumerated above except N, since ¢(b+b)xab +ab.
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This means that N; is independent of the rest of the dozen equations listed in
the beginning.

By exactly the same type of argument, N; 1s independent of the rest of the
twelve equations by virtue of the model P of ¥. Wooyenaka (page 86, [6])
which we took for III,N..

Thus, every equational basis of Newman algebras based on the pool of twelve
equations given in the beginning must necessarily include N, and Ni. On the
other hand, any such basis cannot contain both N, and N3, for then it will
be a dependent system. Without N: (N:), equation N. (N3) would then be
independent of the rest of the remaining eleven equations. This is demonstrated
by the model IV,N5.

This implies then that every equational basis of Newman algebra based on the
given pool must contain all three N,, N, and N, or N,, N3, N.. The equa-
tional bases given above are examples of such bases. In order to seek other
possible equational bases for Newman algebras, the equations N,, N. and N/
should be excluded from our modified pool, thus reducing the original set of
twelve to either one of the following;

1?71 -Z‘VI
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N/ N/
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|
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Since each of these properly contains an equational basis of Newman algebras,
there cannot then be a Newman equational basis out of the original twelve
with eight axioms or equations. The possible equational bases with seven equations
must also exclude Nz or N3 (since III,—III, and IV,—IV, are already known
to be equational bases). The following are then the only possible candidates for
Newman equational bases with seven axioms:

T
N N N N5
AN /\ il |

N: Ns N: N3 N3 N3
N/ \./ | |
R S
I\‘fs I‘Vs 1}75 JIVE
N+ N J|Vs JIVB

. NT N-'?

The third and fourth systems contains respectively IV, and IV, and hence are
dependent, while the first and second are incomplete, since N, is independent
of them. This is shown by the model III,N: used in the proving the inde-
pendence of N3 from the rest of system I/I,.

From the third and fourth systems, the equation-systems with six axioms that
may possibly be bases are

N, N, N, N,
N, V; N, N;
vi V; N, N,
N, N, N, V.
N, N, N, N,
v, v, N, N,

The last two of these systems are incomplete being subsets of incornplete systems
of equations for Newman algebras. The first two are also incomplete, since Nj

or N, cannot be derived from them. The independence of N; or Ng is effected
by model IV.N..

From [2], it is implicit that our original pool of 12 equations N,, N, Na2,
N., Nz, N;s, N;g, N,, Ni, Ny, N;, and N; hold in any Newman algebra.
Moreover, any Newman algebra satisfying the equation N : x+x=x is a Boolean
algebra. To show this, it is sufficient to derive N; ! x+yz=&+y)(x+2z) {from
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the axioms of Newman algebra with Ns adjoined and hence derivet the equational
basis

N,—N,
N, W
N/
Ny
of Boolean algebras (see [3]). This is easily effected as follows:
(a) x+xy=n=.
r=x(y+ ) =2y+2y=(xy+xy) +x¥=xy+ (xy+2¥) =29+ 2(y+ )
=Xy+X=X1TXy (Nz. N11N51N71N1:N2:N3)-
b) x+yz=(+9) (x+2).
@+ E+D=E+yx+E+yz=xx+y) +z(x+y)
=(xx+xy)+ Gx+zy)=&+ay) + xz+vz) =2+ (xz+yz) =(x+x2) +y2
=%+ vz (N, Ngs— N3, N,—N,, N;—N;— N3, (a), N, (a)).

The independence of each of the equation-systems [,, [., II,, II,, II;, Il
IrI, IIl,, IV, IV, with N; adjoined follows from the observation that each
of the models used in proving the independence of I,, [I., II,, [II, [Is, I,
ITI, IIl,, IV, IV, all satisfy the equation N;: x+x=x and that the equation

N itself in independent of Newman algebras as shown by the following example
of a two element Newman algebra.

Here 1+1=51.
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