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Introduction. If X is a topological space and if K is a chain equipped with 

its oder topology , then we denote by C(X, K) the lattice of all continuous fun­

ctions from X to K. In the paper [IJ R. L. BIair and C. W. Burill provcd following 

theorem. 

THEOREM B. Let X be a toþological sþace, let K be a chain equiþþed with its 

oder toþology. and let L be aη adequate sublattices of C(X, K). If L is isomorþhic 

to the direct ψroduct of two lattices L , and L 2• theη X is tlze union of disjoiηt 

oψeη aηd closed sets X , and X 2 having the þroþerty thαt Li is isomorþhic to LXi 

(i =1 , 2). Moreover , X i is non emþty z1 and only if L .. has only tμ'0 distiηct elem-

eηts. 

And in the paper they defined an adequate sublattice as following. 

DEFINITION. A sublattice L of C(X. K) will be called αdequate in case for 

each X f X there exist fiμηcti01Z S f , g (L sμch that f(x) > g(x). 

In the paper Page.634 they stated following problem. 

PROBLEM. What αre 1Zecessary and sμ:fficiant coηditions on a sublattice L of 

C(X, K) in oder that a direct decomþosition of L be reflected in a corresþonding 

dec01ψositz'on of X? 1 n any case, the hyþothesis of adequacy cannot s까tþly be 

deloted. 

So in this paper 1 modify condition adequate as sub-adequate (dcfined in this 

paper) and prove THEOREM 1 , which is a little expenion of THEOREM B. 

AIso ,. if X ìs a topological space such that for each x (X thcir exists the least 

open and clo~ed E:et containing it, we prove THEOREM 2, in which we use 

hypothesis of r-adequacy which is weeker than sub-adequacy. The technic used 

for thc proof of THEORFM 1 , is similar with the technic which is used in the 

proof of THEOREM B, hence it can bc obtained easily if wc use THEOREM B. 
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but for the convenience of reader 1 prove it independently. 

Theorems. 

For the proof of therems. we include here some properties of lattice which can 

be found in [1] or [2]. By a prime ideal of a lattice L we mean a n~n empty 

proper subset P of L such that (0 if a. b E P then a u b E P and (i i) a n b ( P if 

and only if a E P or b E P. a dual prime ideal is the compJement of a prime 

ideal. If L , and L2 are lattices and P is a prime ideal of the direct product L, 
XL 2. then either P=P1 XL 2 for some prime ideal P1 of L, or P=cL, XP2 for some 

prime ideaJ P2 of L2. If Y is a sub3et of X and if IEC(X. K). then l' y 

denotes the restriction of 1 to Y. If L is a subJatti~c of C(X. K) then we sct 

Ly = (f , Y : 1 E L). It is clear that Ly is a sublatli~e of C(Y. K). We define 

the terminology which is used f01" the proof of theorems. 

DEFINITION. A non void subset M of X will be called as a cutting set 01 X 

if and only if there exist tw .J sub3ets X 1. X 2 of X such that X 1 η X 2=cþ (void). 

1'1 U X2=X. and X 1 n X2=M. (Xj denotes the closurc of X i ). 

DEFINITION. If L is a sublattice of C(X. K) with following two conditions. 

then we call L a sub-adequate sublattice. 

(1) For a dense subset D of X and for cach X E D there exi3t functions 1. g E L 

such that I(x)>g(x). 

(2) Let M be a cutting set of X such that X 1 n X 2=cþ. 1'1 u X2=X and X 1 
n X 2=M. If I(x) =g(x) for each pair (/. g) E L. for cach x E M thcn there 

exi3t two functions fl { LXl and g2 [ Lx ” such that the extension of (fl , g2) 

on X is not contained in L. (Extension of (/1. g2) means the function h(x) 

=/1(x) if XEX 1 and h(X)=g2(X) if XEX 2). 

THEOREM 1. Let X be a tOþological sþace. let K be a chaiη eqμψφed with its 

arder tOþology. and let L b8 a sub-adequate sublattice 01 C(X. K). If L is iso.ηwr­

phic to the direct þrodμct 01 two lattices L, and L2’ then X is the μ찌on 01 oþen 

and closed subsets X 1 and X 2 having the þroþeγty that Lj is isomorþhic to L X j (i = 

1, 2). M oreover. X j is ηon emþty il and only if Lj has two distiηct el，αneηts. 

PROOF. Since L is sub-adequate. there is a dcnse subset D such that x ε D 

’ ‘ 
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if and only if /(x) > g(x) , for some pair (/, g) E L. If x E D and / E L , we set 

and 

px(f) ={ g f L : g(x) 든 /(x) J 

P X
(/) =( g E L : g(x) 르/(x) ] 

It is clear that P ,,(f) (resp P"'c/)) is a prime ideal of L provided that it is a 

proper subset of L. Since x E D, we have either Px(/) is a primc idcal of L or 

P" (f) is a dual prime ideal of L. W c choose an isomorpt,i ,m δ from L onto 1'1 

XL 2 and fix an elcment k E L. Dcnote by :PI (resp :pz) the collcction of all primc 

ideals of L such that δ (P) is of thc form P 1 XL2 (rcsp LI XP2) with Pi a prime 

ideal of Li' For i = L 2, denote by Di the set 0f all x ε D such that cithcr P ,, (k) 

E :Pi or L-px (k) f :p,' Then it is casily seen that DI and Dz are disjoint and that 

D=D1 uD2• We shall show that D 1 nD 2=D 1 nD 2=rp. For D 1 nD 2=rp , if y(DI 

and y f D then clcarly y f Dz. In the case y E DI and y E D , then 

n{Px(k): xED1 } ζ P yCk) 

and 

n ( P" (x) : x E Dd ζ PY(k) , 

from this we have y f D2• 

Hencc we have DI n D2'-~Ø and similarly DI n D 2=rp. We know that (1) D is a 

dense subset of X , (2) D二 DI U D2' DI n D2 二 rp ， (3) DI n D2 二 DI n D二 rp and 

(4) DI u D2 ccD 二 X. Let us suppose M(M=DI η D2) is not a void sct , then we 

have M C X -D and M is a cutting se t. Hcnce by hypothcsis of sub-adcquacy there 

exist two functions /, g (L such that /1 E L DI' g2 (L D 2 and thc extension of 

(/1' g2) on X is not containcd in L. Now πi be thc projection of LI ><L2 onto L; 

and consider the mapping rpi= πi ·δ from L onto ζ. Let /, g E L and supposc that 

rpl (/) 든 rpl(g) but /(x)>g(x) for some x E DI' Then Px(g) is a prime ideal of L 

that contain g but not /. If Px(k) ~ L , then , since Px(g) n Px(k) contains a 

prime ideal P/g n k). Px(g) must map onto P 1 XL2 for some prime idcal P 1 of 

LI' But then rp 1 (/) E P 1 so that / E P x (g) a con tradiction. Moreover, if P /k) ~ 

L , thcn a dual argument again yields a contradiction. Arguing similarly for Dz. 

we therefore conclude that 

(1) 

and 

(2) 

rpi(/) 르 rp,(g) implics f lDi든glD; (i= l, 2) 

rpi(f) 프 와(g) implies f Di르glδi (i=L 2). 

Now suppose that /ID1 든 g I D1 but that rpl (f) 圭 rþ 1 (g). Since L 1 is distributive. 
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l1m’ s lemma providcs a prime ideal P , in L , that contai:13 rp , (;-ì 1γ1 ‘: not rp , (f) • 

Lct P be the prime ideal in L that maps 0야cl P ， XL~. Thcn gcP and ItP. 

Let h=δ-'(rp ，(/)， rp ,(g)) so that h , P. Now rp2(h) =rp2(g) and thc: refGr~ by (1), 

서D2= g 1 D2 • But then 1 Îl h 르 g so that 1η h E p , a c:n :rali 끼 i );1. Using a 

similar argument for rp2 we obtain 

(3) 

and 

(1) 

I lDi 든 g 1 Di implies rpi (f) 든 Øi(g) (i= 1, 2) 

I JlJi 르 g 115 i implies (/J;(f) 든 Øi(g)(i二1， 2). 

We conclude from (2) or (3) that 까 : liDi- ψi (/) is a well defined map fl'om 

LD, onto Li' Moreover by (1) or (2) Øi is onc to one and 따-， is also order 

preserving. Hencc øi is an isomorphism. (**) Now we prove M=D , Îl 152 must 

bc a void set. If M is not a void set, then thcre exist functions 1,. g2 such that 

1, (L15 ,. g2 E LD2 and the extension of (/" g2) on X is not contained in L. 

Where we know 여， is an isomorphism between LD , and L ,. and Øz is an isom­

orphism between LD‘ 
and L2. Let 이，(/，) =1n, then 11Z, E L" and let (þ/g2) =11Z2 

then 1n2 E L2. Hence if we set h=δ '(1ìZ" 1n2) then h E L. It follow3 that h! Ð , =/, 

and hl152=g2' that is the extension of (/" g2) on X is contained in L. Thus we 

have a contradiction , hence M is a void se t. We have proved that 15, Îl 152 =Ø 

and X=D , UD2. If LD; has two disiinct elements then there exist functions 1, 

g E L such that I1 D, ~ g 1 Di' hence there exists a point X; E D, such that 1 (x) 

노 g(Xi)' Thus we have Di 노 rp. Conversely if D; is not void then D; is not vo­

id, hence there is a point X E D; and I(깐) > g (Xi) for a pair (/, g) (L. Thus 

we have LDi contains more than two elements. If we set X ,=.l), and X 2=D2 
then wc have the dccomp.)sition wc nced. W c proved THEOREM 1. 

Now we define some terminologies which will be used in the proof of 

THEOREM 2. 

DEFINITION. A topological space X will be called as a L. O.C.-sþace if for 

each X f. X there exists the least 때en and closed set containing x, and if N is the 

least closed and open set containing a point x. then we call N a 1. o. c. -set. 

We can see a discretc space or a topological space which has ouly finite number 

of open and closed sets is a L. O.C. -space. 

DEFINITION. If L is a sublattice of C(X , K) with following two conditions , 
then we call it a r-adeqμαte sublattz'ce. 
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(1) If N is a 1. o. c. -set of X then L contains some functions /. g such that 

/(x)> g(x) fore some x (N. 

(2) Lct M be a cutting set of X such that X 1 n X 2=rþ. X 1 U X 2=X and X 1 n 

X 2=M. lf /(x) =g(x) for each pair /, g ε L and for cach x E M’, and if LX 1 

and LXn both have more than two elements, then there exist two functions 

/1 E LX1 and g2 E LX2 such that the extension of (/1' g2) on X is not contai­

ned in L. 

THEOREM 2. Let X be a L. O. C. -space. let K be a chairt equiPped with its 

order topology, and let L be a r-adequate sublaltice 0/ C(X , K). 1/ L is isomorPhic 

to the direct prodμct 0/ L, and L2 (both haoe more thaη two elemeηts). theμ X is 

the union 0/ open and closed subsets X 1 aηd X 2 having the property tlzat Li is 

isomorphic to LXj' Moreover. X i is lzon eηψ>ty. 

PROOF. Let D= (x E X : /(x) > g(x)) for some {f. g ( L). Then we know D is 

not void sct, we consider D as a topological spacc equipped with relative topol-

ogy. Clearly LD is a sub-adequatc sublattice of C(X , K). We denot cisomorphism 

by 츠 • Then L 르 LD' suppose L=L, XL 2, then we havc LD 르 L, XL 2. By THE­

OREM I , D is decomposed into Dl , D2 SUch that D二D， U D2• Di are open and 

closed in thc space D and LDi 는 Li' 

We set 

and 

Let 

and 

Let 

α={Na : Na= l. o.c.-set of Xj. 

Ot l =( Nα :Nα n D2=rþ. NEα)， 
a 

α2={Nα :Nα nD2흑rþ. N a ~ α ). 

N 1 = {x : x E X - D. x ( N" for some N E α1 ). 
“ 3 

N2={x:x ε X-D， XENa for some NaE α2 ). 

X 1 =D1 U N l> and X 2=N2 U D2. 

We shall show Xl U X2= X and Xt (i= 1, 2) are two disjoint open 때d cl03Cd scts 

of X. By the construction i t is clear that X 1 U X 2 二X and X 1 n X 2=rþ. By the 

definition of D, for cach H D. there cxist two functions /. g E L such that /(x) 
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> g(x). Since J, g are continuous functions, there is an open set Vx of x, such 

that for each XaEVx' J("a)>g(Xa) , hence we have vxcD. Thu3 D is an open set 

of X , and hence D, ,n 1 D2 are open sets of X. Now let X E X" if X E D, then D, 
is an φen ncighborhood of X in X , and if X E N" then by the construction of 

N , there is an l. o.c. -set N x which contains x , and N x is contained in X" and 

this N x is an φen set of X. Hence we have X , is an open set of X. Sincc D2 

is an opcn sct in X , we have Dι (complement of D2 in X) is a closed set. 

Wherc by construction N , c Dι hence π， íì D2=cþ , and since D, and D~ are dis­

joint closed sets in the relative topology, we have also lJ, íì D 2=cþ. (lJ, denotes 

thc closure of D, in X , in this paper if A is a subset of X , then by A we de::1ote 

thc closure of A in X). Since X , is an open set, we can see X 2 is a closed set, 

and hencc X , íì X 2=rp. Let M=X , íì X 2’ 
then 

X , íì X 2=X , íì X 2 = (N , u lJ,) íì (N 2 u D2) 

= (N , íì N 2) u (N , íì D2) u (Ð , íì D2) l.J (lJ, íì N 2) 

= CN , íì N 2) u (lJ, íì N 2) , (other terms are void set see above) 

= M c X - D (X - D denotes the complement of D). 

Thus if M is not void then it is a cutting set, and for each X ε M , for all pairs 

(f. g) f L , we have f(x) =g(x) . Sin% x e Xl aI1d x t D, irnp1ie3 f(x) =g(x) for 

all pair (f. g) E L , we have Lx , 르 LD, 르 L , and Lx, 즌 LD•는Lz. If wc recall the 

(*'*") part of THEOREM 1, we see that M must be a void set. And also in a 

similar mcth01 as THEOREM 1, we have X i is not empty, since Li has two 

elcments. We conclude Xi (i = 1, 2) are twù disjoint 때en and closed sets. We 

proved THEOREM 2. 

We can see that all of the two characters of which one is uscd in THEOREM 

1, and the other used in THEOREM 2, are not the necessary conditions of the 

of the PROBLEM needs. 
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