DIRECT DECOMPOSITIONS OF LATTICES OF CONTINUOUS FUNCTIONS

By Sang Moon Kim

Introduction. If X is a topological space and if K is a chain equipped with
its oder topology, then we denote by C(X, K) the lattice of all continuous fun-

ctions from X to K. In the paper [I] R.L. Blair and C. W. Burill proved following

theorem.

THEOREM B. Let X be a topological space, let K be a chain equipped with its
oder topology, and let L be an adequate sublattices of C(X, K). If L is isomorphic
o the direct product of two latitces L, and L, then X 1is the union of disjoint
open and closed sefs X, and X, having the property that L, is isomorphic to LX:-
(z=1, 2). Moreover, X . 15 non empty i1f and only if L:' has only two distinct elem-

enits.

And in the paper they defined an adequate sublattice as following.

DEFINITION. A sublattice L of C(X, K) will be called adequate in case for
each x ¢ X there exist functions f, g ¢ L such that f(x) > g(x).

In the paper Page.634 they stated following problem.

PROBLEM. What are necessary ard sufficiant conditions on a sublaltice L of
C(X, K) in oder that a direct decomposition of L be reflected in a corresponding
decomposition of X ? In any case, the hypothesis of adequacy cannot simply be
delaled .

So in this paper I modify condition adequate as sub-adequate (dcfined in this
paper) and prove THLLOREM I, which is a little expenion of THEOREM B.
Also,  if X is a topological space such that for each x ¢ X their exists the least
open and closed set containing it, we prove THEOREM 2, in which we use
hypothesis of r-adequacy which is weeker than sub-adequacy. The technic used
for the proof of THEOREM 1, is similar with the technic which is used in the
proof of THEOREM B, Lence it can be obtained easily if we use THEOREM B,
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but for the convenience of reader I prove it independently.
Theorems.

For the proof of therems, we include here some properties of lattice which can
be found in [1] or [2]. By a prime ideal of a lattice L we mean a non ecmpty
proper subset P of L such that (i) if @, be¢P then aVbeP and (1) eanbcP if
and only if aeP or beP, a dual prime ideal is the complement of a prime
ideal. If L, and L. are lattices and P is a prime ideal of the direct product L,
X L,, then either P=P, XL, for some prime ideal P, of L, or P=L, X P, for some
prime ideal P, of L,. If Y is a subset of X and if feC(X, K), then f|Y

denotes the restriction of f to Y. If L is a sublattize of C(X, K) then we set
Ly={f1Y :feL). It is clear that Ly is a sublatticze of C(, K). We define
the terminology which is used for the proof of theorems.

DEFINITION. A non void subset M of X will be called as a cuiting set of X
if and only if there exist two subsets X,, X. of X such that X, nX.=¢ (void),

X,uX,=X, and X,n X,=M. (X, denotes the closurc of X;).

DEFINITION. If L is a sublattice of C(X, K) with following two conditions,
then we call L a sub-adequate sublattice.

(1) For a dense subset D of X and for each x ¢ D there exist functions f, ge L

such that f(x) > g(x).
(2) Let M be a cutting set of X such that X, nX.=¢, X, vX,=X and X,

NX,=M. If f(x)=g(x) for each pair (f. g) ¢ L, for each x¢ M then there
exist two functions f, ELXI and g,¢ Ly such that the extension of (f,, g£2)
on X is not contained in L. (Extension of (f,, g,) means the function %2(x)

=f,(x) if xe X, and h(x) =g,(x) if xe X,).

THEOREM I. Let X be a topological space, let K be a chain equipped with its
order topology, and let L bz a sub-adequate sublattice of C(X, K). I_f L is isomor-
phic to the direct product of two latlices L, and L,, then X 15 the union of open

and closed subseis X, and X, having the property that L, is isomorphic o L X, (1=

1,2). Moreover, X; ts non empty if and only if L; has two distinct elements.

PROOF. Since L is sub-adequate, there is a dense subset D such that xeD
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if and only if f(x)> g(x), for some pair (f, g)elL. If xeD and feL, we set
P (f)={gel:gx) =f(x)]
and P'(f)={gel.gx)=f(x) ]}

It is clear that P,(f) (resp P*(f)) is a prime ideal of L provided that it is a
proper subset of L. Since x €D, we have either P (f) is a prime ideal of L or
P*(f) is a dual prime ideal of L. We choose an isomorpltism 0 from L onto L,
XL, and fix an element £e¢ L. Decnote by P, (resp P,) the collection of all prime
ideals of L such that 0(P) is of the form P, XL, (resp L, XF,) with P; a prime
ideal of L;. For 7=1,2, denote by D; the set of all xe¢ D such that cither P_(%)
€eP; or L—Px(k) ¢D;» Then it is casily seen that D, and D, are disjoint and that
D=D,uD, We shall show that D,nD,=D,nD,=¢. For D,nD,=¢, if yeD,
and y¢ D then clearly y¢D,. In the case ye D, and yeD, then

N{P, (k) : xeD;}QPy(k)
and
N{P*(x) : xe D} C PY(k),

from this we have y¢ D,.

Hence we have D, n D,=¢ and similarly D, D,=¢. We know that (1) Disa
dense subset of X, (2) D=D,uD, D nD,=¢, ) DinD,=D nD=¢ and
(4) DiuD,=D=2X. Let us suppose M(M=D,n D,) is not a void sct, then we
have M C X—D and M is a cutting set. Hence by hypothcsis of sub-adequacy there
exist two functions f, g¢L such that fielLp, g,cL D, and thc extension of
(f1, &) on X is not contained in L. Now 7; be the projection of L, XL, onto L;
and consider the mapping ¢;=7;0 from L onto L. Let f, g ¢ L and supposc that
d,(f) = ¢,(g) but f(x)>g(x) for some xc¢D,. Then P, (g) is a prime ideal of L
that contain g but not f. If P (k) = L, then, since P, (g) n P, (k) contains a
prime ideal P (g nk). P,(g) must map onto P, XL, for some prime idcal P; of
L,. But then ¢,(f) ¢ P, so that feP,(g) a contradiction. Moreover, if P (k) =

L, thcen a dual argument again yields a contradiction. Arguing similarly for D,,
we therefore conclude that

and
(2) ¢;(f) = ¢.(g) implies f|D;=g|D,; (i=1, 2).

Now suppose that f|D, = g|D, but that ¢,(f) £ ¢,(g). Since L, is distributive,
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7Zsrn’s lemma provides a prime ideal P, in L, that contains ¢,(7) but not ¢,(f).
et P be the prime ideal! in L that maps onto P, XL,. Then gcP and f¢P.

Let h=0 1 (d,(f), ¢,(g)) so that 2¢ P. Now ¢,(h) =@,(g) and therefore by (L),
h|D,=g|D,. But then fnh =g so that fnkeP, a coarali*tira. Using a
similar argument for ¢, we obtain

(3) fID; = g|D; implies ¢;(f) = ¢,(&) G=1, 2)
and
(4) f'ﬁz = glﬁz 1mphes ‘;ér(f) = ¢’z(g) (-’::11 2)-

We conclude from (2) or (3) that ¢, : fID,—¢,(f) is a well defined map from
LD, onto L,. Moreover by (1) or (2) ¢, is one to one and ¢,”' is also order
preserving. Hence ¢; is an isomorphism. (**) Now we prove M=D,n D, must
be a void set. If M is not a void set, then there exist functions f,, g. such that
f,ELEI, ggELDQ and the extension of (f,, g.) on X is not contained in L.

Where we know ¢, is an isomorphism between L, and L,, and ¢, is an isom-
orphism between LD: and L,. Let ¢, (f))=m, then m,el,, and let ¢, g.)=m,

then m, ¢ L,. Hence if we set h=0"'(s2,, m,) then ke L. It follows that k|D,=f,
and %|D.=g, that is the extension of (f;, £,) on X is contained in L. Thus we
have a contradiction, hence M is a void set. We have proved that D,nD.,=¢

and X=D,uD,. If Lp; has two distinct elements then there exist functions f,
g € L such that f|D. xx g|D;, hence there exists a point x; ¢ D; such that f(x)
¢ g(x;). Thus we have D, 2 ¢. Conversely if D; is not void then D, is not vo-
id, hence there is a point x¢ D; and f(x,)>g(x;) for a pair (f, g L. Thus
we have LJj; contains more than two elements. If we set X,=D, and X,=D,
then wec have the decomposition we nced. We proved THEOREM 1.

Now we define some terminologies which will be used in the proof of
THIEOREM 2.

DEFINITION. A topological space X will be called as a L.0.C.-space if for

each x ¢ X there cxists the least open and closed set containing x, and if N is the
least closed and open set containing a point x, then we call N a /.o0.c. -set.

We can see a discrete space or a topological space which has only finite number
of open and closed sets is a L.0.C. -space.

DEFINITION. If L is a sublattice of C(X, K) with following two conditions,
then we call it a r-adequate sublattice.
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(1) If N is a l.o.c.-set of X then L contains some functions f, g such that
f(x)>g(x) fore some xc N.

(2) Let M be a cutting set of X such that X, nX,=¢, X, UX,=X and X,n
X.=M. If f(x)=g(x) for each pair f, g¢L and for each x¢ M, and if LX,
and LX’E both have more than two elements, then there exist two functions

fieLyx and g; ELXE such that the extension of (f,, £:) on X is not contal-
ned in L.

THEOREM 2. Let X be @ L.O.C.-space, let K be a chain equipped with its
order topology, and let L be a r-adequate sublatiice of C(X, K). If L is isonorphic
to the direct product of L, and L, (both have more than two elements), then X 1is

the union of open and closed subsets X, and X, having the property that L, is
1soinorphic to LXI-. Moreover, X z. 1S non empty.

PROOF. Let D={xe¢X : f(x)>g(x)}for some {f.gc¢L)}). Then we know D is
not void set, we consider D as a topological space equipped with relative topol-
ogy. Clearly L, is a sub-adequate sublattice of C(X, K). We denot eisomorphism
by =. Then L = Lp, suppose L=L, XL, then we have Lp = L, XL,. By THE-
OREM [, D is decomposed into D,, D, such that D=D, uD, D, are open and
closed in the space D and L,, = L..

We set |

ot={N_ . Ny=l.o.c.-set of X},

oy={Ny: N, nD,=9, Naeaz},
and

%={N_: N,nDyx¢, Nyeor).
Let

N,={x:x¢X—D, xec¢N_ for some Nﬁec:zl},
and

N,={x:x¢X—D,xe¢ N, for some N,¢€cz;}.
Let X, =D UN,, and X.,=N,UD,.

We shall show X,V X,=X and X (=1, 2) are two disjoint open and closed scts

of X. By the construction it is clear that X; U X,=X and X, n X ,=¢. By the
definition of D, for cach x¢ D, there exist two functions f.g ¢ L such that f(x)
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> g(x). Since f, g are continuous functions, there is an open set », of x, such
that for each x,¢cv,, f(a)>g(xa), hence we have v, CD. Thus D is an open set
of X, and hence D, :nl D, are open sets of X. Now let x¢ X,, if x¢ D, then D,
1s an open ncighborhood of x In X, and if xe¢ N,, then by the construction of

N, there is an l.o.c.-set N, which contains x, and N, is contained in X,, and
this N, is an open set of X. Hence we have X, is an open set of X. Since D,
1S an open sct in X, we have D, (complement of D, in X) is a closed set.
Where by construction N, CD,” hence NynD,=¢@, and since D, and D, are dis-
joint closed sets in the relative topology, we have also D, nD,=¢. (D, denotes
the closure of D, in X, in this paper if A is a subset of X, then by A we denote
the closure of 4 in X). Since X, is an open set, we can see X, is a closed set,

and hence X, n X,=¢. Let M=X,n X,, then
X nX, =X nX,=(N\uD)n(N,uUD,)

=(N\NnNUWN,nDYU D NnD,) LD, NN,

=(N,n N, U (D;nN,), (other terms are void set see above)

=MCcX-—-D (X —D denotes the complement of D).
Thus if M is not void then it is a cutting set, and for each x¢AM, for all pairs
(f. g) eL, we have f(x)=g(x). Since x¢ X, and xf‘D!, implies f(x)=g(x) for
all pair (f. g) ¢ L, we have LX, =Lp =L, and sz =Ly =L, If werecall the
(**) part of THEOREM 1, we see that M must be a void set. And also in a

similar method as THEOREM 1, we have X, is not empty, since L; has two
elements. We conclude X (z=1, 2) are two disjoint open and closed sets. We

proved THEOREM 2.

We can see that all of the two characters of which one is used in THEOREM

1, and the other used in THEOREM 2, are not the necessary conditions of the
of the PROBLEM needs.
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