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Introduction. 

1n the article “seþeratioη axioms betweeη Toand Tl" [1 ], C.E. Aull and W.]. 

Thron introduccd many sepcration axioms bctwccn To and Tl, also studied there 

inclusion relations , and their bchavior under a strcngthcning of topology. 1n the 

section 7 of thc papcr they posed a problcm: 

PROBLEM. [05 there a seþeγation axioms Tα weaker thaη Tl such that a normal 

Tα sþace is T ",. 

1n this paper, we provide an axiom T a which is weaker than T 1 such that a 

normal Ta space i3 T4. We also provc that there exists no seperation axiom 

Tα which is preserved under a strengthcning of the topology and weak than Tl 

such that a normal T a spacc is T ",. 

Through this paper, a1l the terminologies uscd here are same with [1 ], but it 

is denoted the point closure of x in a topological space X by x simply. 

S 1. Seperation axioms preserved under the strengthening of topology. 

1n this section we provc thc problem in the case oi the seperation axioms 

preservecl under a strcngthening of topology. W c state the following theorem 

and prove it. 

THEOREM 1. Thøre exists η{) seþeratio;z axiom Tα which is þreserved ltηder α 

strengthening 01 tOþology aηd weaker than Tl such that a normal Tα sþace is T4. 

To prove the above theorem, we introduce a topologi c:al space , Let X be an 

aggregate with more than two elemcnts. Aftcr havi i1g fixed the elcments (a, b ), 

let a11 the subsets Aα of X and Aa U {a, b} be α. Then wc can dcnote α as 

follow: ‘ 
cι = [Aa, Aa U {a , b} : Aa C X -a , b ( X -a, (a , b) are two lixed elem!mts 01 X] 

1 thank Prof. W. J. THRON for his kind advice in the writing of this paper. 
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DEFINITION. When X is an aggregatc , and C! is the faπlily of the sets 

constructc 1 abovc , we call α a lV~-class 01 1Y. 

N t1 v’ l , we prove two propositions, and then havc THEOREM 1 immediately. 

PROPOSIT10N. 1. Let X be aη aggregate, aηd 0/ be an lV~-class 01 X. Ta

kiJ:g α as the lam:'ll)’ 01 closed sets 01 X , UJe have a topologicα1 sþace (X , ι) . 
Theπ (X , ιY) is α normal space which has {a , b) as the closure 01 a. 

FROOF. We sha11 show that , for each pair of disjoint closed sets A and B , 

thcre exist two disjoint open sets U and V such that A c U and B c V. Then we 

knmv this is provcd by the fo11owing two cases; 

(1) A , B are both contained in X -a. 

(2) A is contained in X -a , α is contined in B , hence (a , b) c B. 

1n case (1) at lcast one of A. B does not contain b, hence we assume A doesnot 

contain b. Denote the complcmentccl set of A by A', then A' contins B and A' 

has the form A' = [Aα u {a , b) : Aα c X -a]. Hcncc , A' is closed and open , there

forc , A is closccl and open. If wc let k=-U, A' =cV , we have two disjoint open 

sets we necd. 

1n case (2) let us dcnote the complement of B by B' ’ then B':) A and B' is 

contained in X -a. Hencc B' is open and closed, therefore , B is open and closed. 

If wc let B'=U, B 二V we have two disjoint open sets we nced. Finally it is 

clcar by the construction of α that thc point closure of a is (a, b). 

DEFINIT10N. If (X , α) is a topological space having α as the familly of 

closed sets, and α is a lV~-class of X , then we cqll (X , ι) T N-space. 

PROPOSITION 2. Let Tα be a seperation axiom zνhich is preserν'ed under a 

strel1gthel1iηg 01 topology al1d weaker than T 1, αnd let (X , L:) be a topological 

space μïhz'ch satislies Tα axiom , bμt does not satisfy T 1• Theη there exists a 

TN-space (X , α) such that L::) α ， heηce (X , 0/) satislies Ta. 

PROOF. Since a seperation axiom which is preserved under a strengthening 

of topology simply inci~ts thc existcnce of Eome clm::cd sets in the topological 
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space, to prove above proposition it is sufficient to show tha t. there is a T N-Space 

(X, α) which contains all of the closed sets the T a -spacc (X , ι) is containing. 

Since (X , 00) does not satisfy T l-axiom , there exists an element a such that 

the point closure of a is not a. Let a dcnote the point closure of a, then we can 

denote α ={a， b ...... }, a 노 b. We fix two elcments {a , b} and let us put α=[Aα’ 

Aa u {a , b} : Aac X-aJ. Thcn α is a N응class of X. Taking α as the familly 

of closed 8CtS of X , we get a topological space (X , 01). We shall show if C E 00 , 

thcn C ({끼/. 

(1) If C j a, then C ( α is clear. 

(2) If C) a then C 그 {a , b }, and we can decompose set C as follow 

C=Aα u {a , b} , where Aα C X-a. By thc dcfinition of 01 wc have Aα u {a , b} E α， 

that is C ( α ， and thus wc havc provcd it. 

From PROPOSITIONS 1 and 2, if (X , oC) is a topological space satisfying T a 

-axiom which is prescrved undcr a strengthening of topology and weaker than 

Tl , and the space docs not satisfy T
" 

thcn we always can construct a TN-space 

(X , ιt) which is normal but not T I and satisfies Tα. Hcnce we proved 

THEOREM 1. 

~ 2. Seperation axioms ", hich is not preserved under a strengthening of 

topology. 

In this section we provide each of follcwing axiom as an axiom wcaker than 

T 1. but with normality that is stronger than T4. A Il of following axioms are 

based on the observation that in a T 1 -spacc thc point closurc of a point x is x 

itself . 

Let X be a topological space. 

AXIOM T a: C:D Let x E X , if x 노 X theη there exists at least a poiηt a Sltch t hat 

a E X -x , α=α. 

(l-I) X contaiηs at least one element x sμch that x=x. 

(μ) If C. D are tωo disjoint closed sets of X. and have disjoint 

neighborhoods. then X =- x for each x ( C u D. 

AXIOM Tβ : c.;n Lεt C be α c!osed set of X , if C 속 X then there exists a nOI1 
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void closed set D such that C Iì D 놓 ø (νoid set) 

(ν) X coηtain at least one element x such that x 노 X. 

(μ) 11 c. D are two disjoiηt closed sets 01 X. aηd hav!! disjoiηt 

neighborho!Jds. then x = x lor each x ι CuD. 

AXIOM T a: (,(") X =, x or x contains at leαst three elemeηts. lor each x E X. 

(ν") X contαins at most one elem!mt x such that x ~ x. 

AXIOM T b: c.:v '" .......................................... 0. is ideniical zμ:ïh À. in Tα). 

(U”) --- --- --- --- --- --- --- --- --------- --- ------ (u” ZS 섭entical with vν 쩌 T a) • 

(μ) ............ '" ... '" ... '" ... '" ... '" ... '" (μ is identicctl with μ in Tα ) . 

It is clear that axioms Tα.Tβ• Ta and Tb are weaker than Tl. Let X bc an 

aggrcgate of three c1cments (a. b. c). wc take t. (a). (b). (a. b). (a. b. c) as 

the familly of closed sets of X , then X is a Tα.Tβ.T“ and T b space but it is 

not T l. 

PROPOSITIO:.J 1. A noηnal Tα space is a T4 space. 

PROOF. Let X bc a normal T a space. We shall show bellow a norm:tl Tα 

-:space i3 a Tl-space hencc T4. 

If X has onc 0 1" two elements then it is clearly a Tl space by (À.. υ). If X 

contains more than two elements then by (,{. v). X contains at least two clcπ1 -

ents α. b such that ã=α. b 二 b. LetB={x:x=x. XEX). We shall slllr.v that 

B=X. Suppose B 노 X. Then there is an element x such th3.t .r 놓 x. We prove 

bellow it leads to a contra띠::tion. We can consider following three cases for x: 

(1) x=X. 
(2) x ~ X. X 그 B. 

(3) x 획 X. X ~ X , x ::þ B. 

(1) Assume x = X. sbce therc exist two elements a. b E B such that ã = a, b = b. 

by normality there exist two open scts Ga and Gb such that Ga Iì Gb = 껴， GQ 3 tz, 

Gb 3 b. Then one of Ga• Gb does not contain x. hence generally ... ve can asSume 

Ga does not contain x. Let Ga/ k complemented set of Ga then Ga/ ls a closed 

set and Ga' 3 X. But x (Ga' implies x c Ga'. it contradicts to x = X. Hen::e casc 

(1) can not arise. 

(2) Assume x ~ X. x :::l B as casc one wc havc a closed set Ga s "Jch that Ga' 
그 x and a f Ga' whcre a ε B. lt contradi.::ts to x 그 B. We have also case (2) can 
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not aríse. 

(3) Assume X ~ X. x :::Þ B. X 노 x. Then therc exists an element a such that 

a; X. and a ε B. Then α and x arc two disjoint closed scts, and by normality II 

and x have disjoint neighborhoods , hencc by (v) wc havc x = x. lt contradicts 

to x ~ x. Hence case (3) aIso can not ari3e. By abovc proof we have B=X that 

is x=x for aIl XEX. Hcnce wc proved a normal Ta - spacc i3 T4-spacc. Under 

normallty (À.'. μ/， ν) implies 0 , v) hencc we havc following proposition. 

PROPOSITION 2. A μormal T ß space is a T 4 spαce. 

In abovc proof of two propositions. it seems that (μ) has a very important 

role. but by the proof of a normal T -spacc is a T4-space. we want to show 
a 

that conditions 0). (À.') and (r) have fundaIT.entai rolc in any axiom. 

PROPOSITI0N 3. A normal T(/ space is a T4 space. 

PROOF. Let X be a normaI Ta space. If X contains only one or two eIements 

then by (γ ， ν，，) it is cleary a Tl-space. Let X have morc than two clements. 

suppose X does not satisfy T l. Then by (À."), X contains only one eIcment a 

such that ã 노 a. Let B=X -a. If there exist open sets Gα such that Gα ) bcp G，α 

~ a for all ba (B then B is an open set hence ã=a. 

If there exists an element b E B such that G is open and G 3 b implies G) a. 

Then by normality ba E B and ba ￥ b implies there is an open set Ga such that 

Ga 3 b and Ga~a. Hence B-b=X-(a, b} is an open set, in other words. (a , b) 

is a closed set. Hence (j =a or ã=( a, b J but by CÆ") II ~ (a , b) that is ll=a. 

We proved there is no element such that α ~ a. It follows a normal T (/-space 

is a T4-space. 

Combinig the proofs of proposition 1 and 3 of this section, we have following 

proposí tíon . 

PROPOSITION 4. A normal Tb space is a T4 space. 
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