
ON ADJOINT COMPLEX STRUCTURES 

IN TIIE DIFFERENTIABLE MANIFOLD OF DIMENSION 2n+ 1 

By Jae Koo Ahn 

Introduction. 

ln the present paper, we define a (2n+ 1) -dimensional differentiable manifold 

which is liken to a manifold constituted by the 2n-dimensional complex manifold 

and one-dimensional real manifold adjoining to it, and, we study this manifold 

as an analogue of the complex manifold. 

1n ~ 1, we define an adjoint complex manifold befitting to the complex mani

fold , introduce a Riemannian metric to this and define more an adjoint Hermitian 

manifold. 1n ~ 2, we calculate the Christoffel syrnb:>l and define an adjoint 

K3.ehlerian manifold befitting to the Kaehlerian manifold. And in ~ 3, we 

calculate the curvature tensor in the adjoint Kaehlerian m3.nifold. 1n ~ 4, we 

define an almost adjoint complex manifold introduced by three structure tensors, 

and find the form of the structure tensors when this manifold induces to the 

adjoint complex manifold, and a condition that this manifold admits an adjoint 

complex manifold. 1n ~ 5, and ~ 6, we define an almost adjoint Hermitian mani

fold and an almost adjoint Kaehlerian manifold, and find the condi.tions that 

they admit the adjoint Hermitian manifold and an adjoint Kaehlerian manifold 

respectively. 

~ 1. Adjoint complex manifold. 

Let us consider a (2n+ 1) -dimensional differentiable manifold X2n +1 of class 

c∞’ which is covered by the coordinate neighborhood system (서)， where i , j , k 

is taken by the indices 1, 2, ------, η; I , 2, ------, 상; ∞. For arbitrary point P of 

X2n+l , let P belong to U n U', then it holds 

U 
-

---/ , ‘ 
、

서/=x’/(x) , a:é 
';-I~o， a:é 

where U and U/ are coordinate neighborhoods represented by x, and xl/ and 

x’ (x) is real analytical functions of xi. 

Let us put 
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(1. 2) za=xα+ixll'， za=xα-z·X갖， z∞=x∞， 

where α， ß, r and α， 73, r are taken by the indices 1, 2, ...... , 1z and 1, 2, ..•.. n 
respectively , then (xa, 깐， x∞) assigns to. (zα， za, z∞)， and conversely by the 

equations 

(1. 3) 
λ
ι
 

• 

十-2 
f 
• = a x a 

M 
A 

a _1I' z_. -z 
2i ’ 

。o __0。

x =z , 

Form this. we have à one.to.one correspondence between (상) and (za , Zll. Z∞) , 

and (%, za, z∞) may be considered to be a coordinate of point P in X2n +l. And 

the transformation (1. 1) may be always represented by the eouations 

(1. 4) zi=zt(za, za, z∞) , zt=zδ/(za， za, z∞). 

00' __ 00' l' _a _li 、z-- =z-- <.z-. z- , z -); 

òza ò~ òzα/ 
‘ 

o~ oza oz'∞ 

OZëi' OZëi OZëi ! 노 O. 
OZll oza oz∞ 

ot∞， oz∞， oz∞/ 

òza OZll OZ∞ 

Now , if it is possible to choose a coordinate neighborhood system, in such that , 

in the domain U n U' of two coordinate neighborhoods U (z’), U'(z') , it holds 

(1. 5) za' =za' (za) , z l1' =za' (Zll). z∞/=z∞/(z∞) , 

3옮 .醫 醫울O 
we say that the manifold X야+1 admits an adjoint C01째lex strμctμre and we call 

X2n+l an adjoiηt CQffφlex manifold. 
oza' \ I òzëi' 

From (1. 5) , since ~.뉘 . I~ ~ • 1> 0, the manifold is orientable, if and only 
oza I I OZëi • 

òz∞/ 
if τ.~ >0. 

oz 

We consider the components of a tensor T7, 1. e. , 

T~= (Tß, Tß, ...... , T:). 

For coordinatc transformation (1. 5) , they hold 
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n.6) Th/ ~ 고얄、 azt Th 
i'- ß앙 꿇?lz “ 

From this and (1. 5) , (캡， ------, 0) , (0, T& ------, 0) , 

are the components of tensors. And from (1. 6) , we get 

, (0, --- ---, 0, T영) •••••• 

(1. 7) 
TE/ azh/ 8z1 - TR - . 

i/ -김경h- -ò/- 1 Î' 

‘ 

where, if h takes the indices α， a , ∞， Ii takes a, α， ∞ respectively, and thus, 

if T'; are components of tensor, then T~ are the components of the tensor. We 

call T: the adjoint conjugate of T;, and if T;=쉴， we say that T; is adjo껴t 
self-conjμgate. If T; is adjoint seIf-conjugate, then the component T: is reaI. 

Now, Iet us assume that our adjoint complex manifold admits a Riemanian 

metríc 

(1. 8) dS2=gjidzJdi’, 

wh~re symmetric tensor gμ is adjoint seIf-conjugate and satisfies 

(1. g) 0 g 훨
 O 

O 

0 gji • 

1 ggα 

0 

0 

g∞∞ 

Then the metric form (1. 8) can be written in the form 

(1. 10) ds2 = 2g ßαdzβdzã 十 g∞∞dz∞di∞. 

Of cause, this is reaI since ds2 =ds2. We calI this metric satisfying (1. 9) an 

adjo까t Hermitian metric and the adjoint complex manifold with the adjoint 
Hermitian metric an adjoi까 Hermitian manifold. 

~ 2. The ChristoffeI symbol of the adjoint Hermitian manifold. 

In the adjoint Hermitian manifold X21l+l with the metric (1. g) and (1. 10) , )e’ 
us caIculate the contravariant fundamentaI tensor g1'. Then we have the compo 

nents of gJ' as folIows: 

(2. 1) gJ' =1 0 gβa 

gßa 0 

O 

O 

, 

0 0 
。00。

g 
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(2.2) gr"P g-pα = 앵， g'fβ gßæ = 햄， g∞∞ g∞∞ = ~， 

and gJ' is adjoint self-conjugate. 

Next, let us ~culate the Christoffel symbol 

(2.3) 편 = 윷얄 (싫r + 8i 와T - Or 윈 .. ) . 
Then we obtain the components as follows: 

(2. 때 r잃 = 융 ga't (or gßr + 0β grr) , 

• • -

r앓 = 검- gar (af ggf - af gfg) , 

r뽑 =-융 g∞∞ a∞ grß' r융 = 융 gα't 0∞ gß't. 

. -
r~= 숭 gar O't g∞∞’ r∞ =0 

β∞ β log 、/g，∞∞，

r융。 =0∞ log ,v gc륙， r협 = r$g = F젊 = 0, 

and the valu얹 of the other components are given by symmetric and adjoint self. 

conjugate properties. 

From the equation of the coordinate transformation 

h' ozh' (ozj oz’ h , ò2i 
(2. 5) r￠， = - b ( / • , Ill 十 / J 

} l' OZn \ OZJ' 0상 ]1 ' Oz' OZ’ 

If the (κ， i' , j') takes of the indices excepting (a' , β， r') , (a' , 13', γ)and (∞/. 

∞/， ∞')， then, since it holds 

the condition 

OZh' 

OZh 

02Zh 

Oz1" O상 
= 0, 

(2.6) 얀 = o, eX않pting 않， 않 and r ':xx" 
is invariant ~under the coordinate transformation (1. 5). And from (2.4) , (2.6) 

is equivalent to 

(2.7) o r g ß'ã = 0 ß g r'ã' 

a∞ gß't = O. 

Or g∞∞ = O. 

(Or g'ßα = oß gya) , 

(O 't g∞∞ = 0). 

The condition (2.6) or (2.7) is called adjoint K aehlerian coηditioη. and if an 

adjoint Hermitian manifold X2n -t- l admits this adj::>int Kaehlerian condition. we ca l1 

this manifold X211 +l an adjoiηt K aehlerian mal까fold. 

• 

• 

’ 
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From (2. 7) , we obtain the following: 

THEOREM 1. On an adjoiηt Kaelerian mam"fold, 1m’ the metric tensor. it 

holds that gßl:t deþend only μþon za and zr:i and g，∞∞ 0ηly μ:þon z'∞. 

On the adjoint Kaehlerian manifold, the Christoffel symbols are represented 

by 

(2.8) 「앓 = gaf òr gßf' r잃 = g ëJ7: òr g "P,' r융。 =Ò∞ log ，，;꿇도， 

and the others are zero. 

S3‘ The curvature tensor in the adjoint Kaehlerian manifold. 

In the adjoint Kaehlerian manifold X2n+l , we calculate the RiemanLlian 

curvature tensor 

(3. 1) 

Form (2.8) , 

(3.2) 

and for 

we obtain 

(3.3) 

AIso 

implies 

(3.4) 

h = ò. r ~ .. - a .. r~; + r~J'~ 一 r~J'~kji _ .... It .l. ;"i """j- ki .1. ks .l. ji .1. is “ 
we have 

Rkj/ = O. 

R α=0 
kj∞ 

R.; __ l1 = 0 kj∞ 

R kjih = Rk/ gsh' 

R kjßa = 0, 

Rkjß∞ = 0, 

R ...... = R kjih - "ihkj 

R ßakj = O. 

RC~μ = 0, 
j.J """-"'" J 

Rkjß
l1 = 0, 

R ∞ = O. kjβ 

Rkjg∞ = 0, 

RÞi7i?i = 0, kjβa 

R kjßOO = O. 

Rßδkj = O. 

Rß∞kj = O. 

And from (2.4) and THEOREM 1, we obtain 

(3.5) Rð∞∞∞ =Òð r:∞ = 0, 
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Ró∞∞∞ = 86「$∞ = o. 
Then. from (3.2)~(3.5). we can see that only the components of the form 

(3.6) Rδ싫， RafRa, Rδfaa， R6rgα， 
and 

(3.7) Rorβlï' Rór7Ja' Rórßα• Rδr7Ja' 
can be different from zero. And they are represented by 

(3.8) Rδr￡ = 8δ r~ß' Ror맑 =åδ I홉 · 
1f r앓 de야nd only upon za. then r옮 

adjoint self-conjugate. and thus we obtain 

following: 

depend only upon zα 
Rkjjh = O. and hence 

e 

e 
따
 m 

a
얘
 m
ι
 

「

따
 

1n 
m 

w 

’ 

THEOREM 2. Iη the adj(>>:nt Kaehlerian manifold. if 따 (or r젊 ) depend 

。nly 1φonzα (or Zlï). theη the mamjold is flat. 

For the Ricci tensor Rj;. from (3.6) , we have 

(3.9) Rrß = 0. Rrß = 0, Rr∞ = 0, Rf∞ = 0, R∞∞ = 0, 

Rfβ = R，써 == Rarß
α = - afr싫 == - àr àß log ，..j강. 

And since it holds that 

(3.10) g = 1 gj;1 = g∞∞ Igßlï 12. 

and g∞∞ depends only upon z∞. we have 

(3. 11) Rfβ = - år å ß log 1 g ßlï 1. 
and the others are all zero. 

~ 4. The structure of almost adjoint complex manifold. 
• 

/ 

In an adjoint complex manifold, there exist three mixed tensor 꽉， G? and Hr 
which have the numerical components 

• 

a 
gP 

M 

0 

」
「

、
l
l
/

h 
·l 

F 
/
.
、

U ·4 
/
l
、

’ 

a 
pu

‘ 냉
 。

/
]
「
1
|
!
L

K
μ
 

G 
/
1‘
、

o 
1 

0 

깨
‘R
 

0 

냉
 

0 

01
’ 

0 

ag· 

o 
m 
o 

o 1. 

0 
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(H~) == a
a
μ
 

M 

。

0 

a
B
μ
 

O 

M 

0 

o 1, (i == ι-1) 

0 

in all coordinate system (1. 5). 

F펀 그 - A?, G? G; = - A?, H?H; = - A; 
und which satisfy 

(4.2) 

(4.3) 

(4.4) 

F? + G? + Hf = 1짜， 

F?G; + G?H; + H? F; = A?, 

where AJ is unit t때e없nso없o야r. F、or야rm 

tensors in (4.0 are given. then another is determined by their two tensors. 

Let us put 

(4.5) B7=~(A7 十 감)， Cf = a (Ar + tF?)l 

파= 3 어?十 페). 
Br = 웅(A? - tG?) , cf = 웅(A~ - iF7) , 

Df = 웅 (A? - iHf) 
Then their components are represented by 

(4.6) (B7) =í 얘 0 0 (C7) ==( 0 0 o ì. (D;) =( 。 0 o 1. 

0 0 0 0 δß 0 1 0 0 0 

0 0 0 0) ( 0 0 1 

(할) =í 0 0 o 1. (감)= δß 0 o ì. (1)7) =Î δß 0 o 1. 

i 0 δa 0 0 0 0 o δa 0 R R 
、 0 0 1) ~ 0 0 0 0 0 

If. in a (2n+ 1) -dimensional differentiable manifold X2n十 1 of class C∞’ there 

exist three mixed tensors F'i. C; and H~ satisfying 

(4.6) F펀 = - 씩， Gf 작 = - A?, HfH; = - A?, 
(4. 7) FrG; + GfH; 十 HKF = A4 J I ...... , ...... , I ... .L z .. J ... .ß..J ’ 

we say that the manifold admits an almost adjoint complex strμcture and we call 

such a manifold an almost adjoint complex manzlold. 、

” l 
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In the almost adjoint complex malifold, if there exists a coordinate system 

(1. 4) with respect to which the two tensors among 략， G~ and H~ have the com 

ponents as (4.1) , then the manifold is an adjoint complex manifold. In fact, in 

a domain in which two such coordinate systems (zi) , (Z,/) are valid, we have, 

for P: and G~， 

(4.9) 향r rh/ - azh’ L'h 

a상i 
{ 

I ,, -
꿇i一 I 

t ’ 

from which we obtain 

òzβ/ <

òzli -

and thus, it follows that 

8zi/ ph/ 
←ι -

òz’ 
uγ - 한LG?， 

az“ • 

azB/ 
<

òz'∞ 
-

zx' = za' (ZX) , z?Y.' = z?Y.' (z7J.), z∞
2 

= z∞/(z∞) . 

òz'∞ -

òza -, 
òz∞ ‘ 
(}Zli 

= u 

In this case, we say that the almost adjoint comp1ex structure is iηduced by , an 

adjoint comp1ex structure. 

Next, we find a condition that an almost adjoint comp1ex manifold admits an 

adjoint complex structure. 

If an almost adjoint complex manifo1d wità 밤;r따ure tensors F~， G~ ， H~ ad

Inits an adjoint complex structure, then 

(4.10) Brdz’. = 0, cfd상 = 0, D~d상 =0 

are completely integrab1e. Converse1y, 1et us assume that (앉4.10이) are co:np1ete1y 

imrn따1αtegr빼. 

denote the solutions of (4.10이) by 

za/=za/(상i) =const., zli.' =z'J.' (상) =const., z'∞/=z∞/(zi) =COIlst. 

respectively. Solving for 상 , we have 

and thus, 

Zh =zh( za' _ Zli ’ ∞끼 =Z'-~z- , z-- , z--) 

, 꺼 "，h 꺼 _h :J _h 
dzn =쓴-;;;dza 十 g‘?/ dza +딛Eτ，dz∞ • 

OZ"、 dz야 

From dzrX =0, dzët.' =0, dz∞， =0, since dz" satisfies (4.10) respective1y, we get 

(4.11) òz" 
òzil ' 

- ;Ph [?zt azh 1·Il azt 
- - ‘ I .... -•-.,..--- ."-_. • - - ’“ -‘· • ι - … --t azr ’ òz∞r ·)l az∞” 

- ‘ -

1 

• 

• 
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• 

’ òzh 

òz'∞/ 
μ
%
 

-M 밤t 
òzh 

òza 

òzh 

ò;X' 
~" .. h ÒZ' 

- t.n ,. ""\τ7 ， 
òzh 

òza 

from whìch we have 

’ 
0 0 

0 rg 
(얀)=1 쩍 

0 

’ 
、-----n 

U 0 (Jß (4.12) 

0 tδg 

t 0 0 t 0 、 。

• 0 

λ 

0 

0 

iδg 

0 

(Hf) ={ iδa 
i 0 

~ 0 

we obtain 

Â. = - t", - iδg， -a 
a 
μ
 

T 
-gg ~ ·δα 

β = - ZOß' 

From (4.8) , 

(4.13) 

to respect with 

In order that an almost adjoint coηψlex m2nifold admits an 

and sμfJz"cz"eηt that (4. 10) 

afi" 

c7 and H~ have the components (4. 1) 
(zt, za , z∞/) . Thus we have the following ; 

which shows that F~' ， 
the coordinate system 

THEOREM 3. 

complete/y 

such 

are 

0 ,0* 

Zt Zs necessary 

Almost adjoint Hermitian manifold. 

In adjoint complex manifold, let us take three operators 

joint comþle:r structμ:re， 

z"ntegrable. 

~ 5. 

that 

0: 떻= ~ l (쩍l 끽 +C?’힐+얄학十 C?B:) (5. 1) 

(GT쉰 + F;’씩) , = A?A; + -Z 
0*: 0*성l 二 • i (C? Dt + 꽉 Cf + 악Dr + D? 아) (5.2) 

=A?t페 

(쩍lB; + B7D; + D?lB: + R?짜) :0썩f=3 (5.ψ 

= A;l 섹 + 융(H?G; + 앙쩌). 
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Then, for any covariant tensor gji' they are oj)erated respectively by the forms 

C5.4} (앙I gml):;= 2gßα 
0 

\ 

0 gβ∞ 
" 

g∞a 

2g13 l'i 

g∞a 

g13∞ 

0 
J 

(5.5) (0썽I gml) =r 0 

g13a 

a 

a 

a
μ
 

꺼
P
 

g 

양
 O 

gß∞ !’ 

0 

g∞a 2g∞∞ 

(5.6) (0쩍lgnd)= 「 2ggα 

gßa 

o 

gßl'i 

o 

0 , 
’ 

g∞a 

g13∞ 

2g，∞∞ • 

from which we have 

(5.7) O.O*.O**(g) = (0). 

If an almost adjoint complex manifold has a Riemannian metric 

satisfying 

(5.8) 0낌Ig싸 = 0, 

ds2 = gj,dz'dz' 

or 

(5~9) 윈i - - gn샌잉 G;) ， 

where the bracket denotes the symmetric part of the indices, then the manifold 

is called an almost adjoiηt Heηldia1'l manzfold and we call this metric an almost 
adjoiηt Heγmitian metrz'c. 

From this definition, we have the following instantly: 

THEOREM 4. ln an adjoint comp!ex manifold X21l+l, if it ad뼈ts an almost 

adjoiηt Hermitian metric, then it is an adjoint Hermitiαn manifold , ιnd conversely. • 

In fact , it follows that, from (5.4) and (5.8) , 

gβa = g1Ji:i = '0, g ß∞ = gß∞ = 0, 

and, since ds2 is real, gj' is adjoint self-ωnjugate. 
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And. we obtain the fo lIowing theorem is valid: 

THEOREM 5. /n an adjoint coηφlex nzanifold. it is αlways þossible lo define 

(m adjoiιt Hernziti，α;z n;etric. 

In fact. let aji be a tensor which defines a Riemannian metric in an adjoint 

complex manifold. and let us put 

(5.10) g =0*mlO**ts a ji -\J ji V - ml "'tsJ 

then gji defines another positive definite Riemannian metric and satisfies (5.8). 

~ 6. Almost adjoint Kaehlerian manifold. 

In an alæost adj이nt Hermitian manifold X2n +1. we define the tensors G j ;. Fji’ 

and HJt as 

(6.1) 상 = gjh 감， FIi = glhFf, Hl, = ￡hHr， 

and Gkj;. F kj; and H kj; as 

(6.2) G kj;= τkGji+ τ1 Gtk + ?, Gkj’ 

Fι. = 〈긴 F t+ t7 Fb+ 17 FL , RJI -- V k - Jl I .. J - tH' "t'" ki 

H ‘ = τ‘H;;+ \l ,H i1. + '\l,H ‘;. R}I • II~~}I' • J ’R' .. ,--. RJ~ 

In an adjoint Hermitian manifold. let us calculate the above tcnsor8. Form 

(1. 9) and (4. 1). we have 

(6.3) (Gjj ) =[ 0 zg껴i 

jgga O 

o 0 

(Hll) =| 0 

zg13a 

\0 

zgßã 

o 
0 

o 1. (F ji ) 二 I 0 

0 

zg，∞∞ j 

O 

O 

zg∞∞ 

zg13a 

0 

• 

-tgβlf 

O 

O 

O 

O 

zg∞∞ 

’ 

Anù we can see that for the tensors G kj;. F kj; and Hkj;' their essential compo

nents are 
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(6.4) Grβa' Grβα • Grß∞• Grβä' Gr"ß∞’ 

G ..... rY"IfV"\, G .".. R I'~' G y R (Y"')' G V fV'"\fV"\' G rßα iß∞ 

and F kji and Hkji are similar. 1.11 consequcncc that Gkji are represented hy 

(6.5) Gkjt = ak Gjt + 이 Gik + Òi Gkj 

- 「x짜j(Gm싸zi + G끼m써t) - 「?깐:CG"…싸l찌k + Gk，서때11…，，) - r끼17떠: 
a없II떠d the others a없1'e s잉ih피m찌]끼ilar. Using of (2.4) and (6.3) we obtain th뼈e fo이llo아、w씨nngs힐 : 

(6.7) Grβg = 0, Grβã = i(òrgβã- Òβ grα) 

(6.8) 

(6.9) 

Grβ∞ = O. Grßα = i(òα grR ag grα) • 

Grß∞ = 2i Ò∞ gr"ß ’ Gr∞∞ = - i òrg∞∞’ 

Gr"ß ã = O. Gr "8∞ = O. 

Gf∞∞ = - i òr g∞∞’ G∞∞∞ = O. 

F rßa 
二 O. F rßli = - icòr gßa - Ò ß grα) , 

Frß∞ = 0, Frßα = - iCòagrß - ò"ß grα). 

FrB∞ = 2iò∞ gr"ß ’ Fr∞∞ = - i òrg∞∞’ 

Fr"ßa = 0, Fr"ß∞ = 0, 

Ff∞∞ = - i af g∞∞’ F∞∞∞ = 0, 

Hrβa 二 O. 

H rßã = O. 

Hrßα = 0, 

H∞∞∞ = O. 

H rßa = O. 

Hrß∞ = O. 

Hrß∞ = O. 

Hrβ∞ = O. 

Hr∞∞ = iòrg∞∞’ 

Hf∞∞ 二 t af g∞∞’ 

Form these and the adjoint Kaehlerian condition (2.7) , we can see that Gkji =0 

0 1' Fkμ =0 is necessary and sufficient in o1'der that an adjoint Hermitian manifold 

be an adjoint Kaehlerian. 

If, in an almost adjoint Hermitian manifold, it satisfies 

(6.10) Gkji 
二 O. FkJio-O. 

we say that the manifold a :l.mits an almJSt adjoint J( aehleriaη structure and we 
call it an alm'JSt adjoint K.aehlerian manifold. And thus we have thc following; 

’ 

• 

• 



Oκ Adjoint Complex Structures 19 

THEOREM 6. !f ι’1 adjoint H치7%;·tiaa ?lZZκzfold admits aμ alil;ηst adjoillt 

Ka깅hlerian stYttcture, theμ it Z"S αII αdjoiκtKαeMerian 11t ólη!fold ， α1ld cO!1v::rsely. 

!ì 7. Diagram. 

Summerizing the theorems in the pre3ent pap3r, we obtain the following 

diagram: 

Almost adjoint 
complex manifold 

i Adjoint complex 
manifold B?d상 =0 , Cldz’ =0, 

Dldz' =0 are completely 

integrable. 

0%lgml=0 0?;l gml=0 

Almost adjoint 
Hermi tianmanifold 

- . Adjoint Hermitian 
manifold 

y l 
p
ν
 

괴
 빼
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G‘- =0, F =0 kji -v, ~. kji Gkj, = 0, Fkjl = 0 

Almost adjoint 
Kaehler‘ ian manifold 

} Adjoint Kaehlerian 
manifold Bfd상 = 0, cfdzt = 0, 

Dfdzt : 0 are completely 

integrable. 
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