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A congruence relation in a lattice is a binary relation satisfying reflexivity. 

symmetry. transitivity and substitution. 

Let φ be the lattice of congruence relations of a modular lattice. In this pa야r， 

we shall consider a nec않sary and sufficient conditions in order that a congruence 

relation has its complemented element in φ. 

Let L be a lattice. The set N of quotients of L is caIIed qμotient iáeal if and 

only if N satisfies the followings. 
(i) For any a ε L. [a. a] E N. 

(ii) For any [a. b] E N. [x. y] <[a, b] implies [x, y] ε N. 

(iiO If [a, b] E N and [a, bJ, [x, y] are projective then (x, y] E N. and 

(iv) [a, bJ, [b , c] E N implies [a, c] E N. 

For any congruence relation (), a quotient [a, b] is called nuIIized by () jf a 

三 b(()). 

Mayeda [2] has proved that given a congruence relation () on a lattice, let Nφ) 

be the set of all quotients nulIized by (), then N (()) is a quotient ideal. and 

conversely given any quotient ideal N , a congruence relation ()(N) is defined 

by writing a 三 b(()(N)) if and only if [a n b. a u b] E N. It foIlows clearly that 

N(()(N)) =N and N(()) <N(rþ) if and only if f} <rþ in φ. 

Let L be a lattice. L is said to be alternate for () if. for each proper quotient 

[a, b], there exists a finite chain a=xo<xl< ...... <xn=b such that Xj_1 三 Xj(()) and 

μ 좋 v(()) for any distinct elements u. V E [잔， 깐+1] aIternatively. 

The following lemma wiIl be needed. 

LEMMA. Let L be a lattice and f}, rþ t，ψo congruence relations o.κ L. X 프 y(f} u rþ) 

if aηd 0ηly if thee ext·sts a h-at-te chaix x n y=ao< al <--- --- < a.=x U y suck that 아· 
三 ai +1(() or rþ). 

PROOF. The sufficiency is trivìal. we shall prove the nec않sity. Suppose x 
드y(() u rþ). Then cIearly x n y 드 x u y (() u rþ) , i.e. , we can find a finite sequence 

X 0 y=bo, bl, ......• bn=x ν y such that 아三 bj+ 1 (() or rþ). Setting 져= [(x n y) u-b; J 

• 
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(j [x U y] (;=0. 1. ...• n). clearly bj 三 bj+ 1 ((}). φ) implies Xj 르 Xj+l((}). (Ø). 

respectively. And we see x n Y=XO<Xl' But since x 1 = x U y(() u Ø) and Xl 드 XUy. 

taking Xl instead of x (j y in x n y 三 x U y(() 니 rp) we can repeat the above process. 

Now we prove the main theorem. 

THEOREM. Let L be a 1nodμlar latHce and () a congrμønce relaHon on L. () has 

its coηtplement θ if and only if L is alternatiηg for (). 

PROOF. We first prove the sufficiency. Let N' be the set of a11 quotients 

[a, b] such that either a=b or [c , d ]FN(()) for any [c, d] 드 [a, b]. Then N' is 

a quotient ideal. In fact , (i) and (ii) conditions are trivial. For (iii) , suppose 

[a, b] E N' and [a, bJ, [x, y] are transpose. If [x , Y]fN' ’ then we can find a 

prφer quotient [μ， V] EN(()) such that [u , V] < [x, y]. Since [a, b] , [x. y] are 

transpose, we have either any=x and auy=b or xnb=a and xub=y. Say 

a n y=x and a u y=b. By modularity [u , vJ, [μ u a, V u a] are transpose. It follows 

[u u a, V u a] ‘ N({}). But [μ ua, vua] 드 [a , b] and [a , b] E N' which is contrary. 

Hence [x , Y]EN'. For (iv) , suppose [a, bJ, [b , c] E N'. If [a , c] E N' then we can 

also find a proper quotient [μ， ν] E N (()) such that [μ， V] 드 [a, c]. Setting w=v n 

(μ n b) we have [w , v] 드 [μ， v] which follows [w, V] E N(()). It is easily seen that 

[w, v] , [uub, vub] are transpose. Therefore [μ ub, VUb]EN({}). But [μ ub, vub] 

드 [b , c] and [b , c] E N' which is contrary. Hence [a , c] E N'. 

From this quotient ideal N' of L , we can have the congruence relation ()(N') 

on L. Now we see ()(N') is a complement of (). In fact, for x ~ y in L if x 三

y(()) then [xny, xuy]EN , i.e. , [xny, xuy]FN'. Therefore x 줌 y(()(N')) • 

Hence () n ()(N') =0. Since L is alternating, for any two distinct elements x, y E L 

there exists a finite chain xny=ao <a1< ...... <an=xuy such that aj-l 프찌(()) and 

μ 쏠 v(()) for any distinct elements μ， V E 따， a,'+ 1] alternatively. It easily follows 

that xn y三xuy(()u()(N')). Hence ()U()(N') =1. 

Now we prove the necessity. Suppose there exists a complcment θ of (). For 

each proper quotient [a, b] a 드 b(() u θ). By lemma, there exists a finite chain 

a=ao < al < ...... <an=b such that 와 드 와+1 (() or θ). By cancellation of repeating 

terms we can choose that a=xO<xl < ...... xn=b sO that Xj-l 三 짜(()) and Xj 三 Xμ. 1 

(θ) alternatively. And for any distinct elements u. v E [x,‘’ Xj+l] we can easily see 
that μ 훌 V(()). Hence L is alternating for (). 
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COROLLARY. Let L be a modular 1αüice， φ is a Boolean algebra if and only 

if L is alternating for any f) ε φ. 

COROLLARY. I! L is a modular latlice iη which any bounded chain is fi쩌te， 

thøn φ is a Boolean al~ebra. 
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