PROJECTIVE MOTIONS IN NON-RIEMANNIAN K*-SPACES 1

By Younki Chae

§1. Introduction,

We consider an N-dimensional analytic space A4y with a symmetric connection

e . Ay is called an AK-space if its curvature tensor

? ] ) o n o
Biy=Ty o= ip v U5l — Ty

satisfies the relation

1. 1 Birtim=BinKm »

J J

where a comma means ordinary partial differentiation with respect to coordi-
nates, a semi-colon denotes covariant differentiation with respect to /° i‘k and K,,
a non-zero vector, In this paper, the author will discuss the projective motion of

torse-forming form, in AKj-space, defined by
(1. 2) x =2+ (x)dt, v’;jzp(x)5§-+¢j(x)vf(x)

where ©0(x) means any function of x and ¢; denotes a certain covariant vector,

In what follows, we assume the existence of projective motion of the torse-forming
form (1,2), that 1s, we assume the condition

(1. 3) £rj'k:5j'wk+5gwj , O ”z;f:sz;kf”!+5;wk+5iwi

which is the necessary and sufficient condition that the vector v'.(x) defines a

projective motion, where the symbol £ means the Lie derivative with respect to

v'(x) and ¥;(x) is a certain non-zero vector,

We introduce a quantity /7, by

(1.4) ?k: N:}_l" (NBjk+Bkj)s B'kZB?kh .

7

Then we can obtain Wyle's projective curvature tensor ij, of the form:

(1.5) Poy=Biu+Qum
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where we have put
(1. 6) Qo = Oy~ 0415~ 05T 3+ 0Ty
If we introduce an other quantity P}, by
(1, 7) =1 — 5 s
the well known equation £B;-k!=(£F _‘;-k): ,——( el j‘z): ,  gives
(1, 8) LI ="M g+ Vo + 0 = it
It is known {1] that the integrability condition of (1,3) is
(1. 9 (i) £P; k1—£B;kz+5z jik 5k _5;wk:l+5;w't:k=0 :

(i) £Pjy= -V P} ki

8§ 2. Projective motion and two cases,

In order to discuss the projective motion of torse-forming form, we recall the
following lemma which has proved by K, Takano [2] :

LEMMA. If an AK i,—space (N=8) admiis an infinitesimal projective motion,
the motion should be of the form:

Fedrddl,  EI=0 404, V= £K,

It follows from the above Lemma that the equation (1.,3) may be rewritten in
the form:

(2.1) ”ij:k:BzHU T N 2 (‘? [0 K g+ 0K +0°K By, |
+0% [0°K ;0 + 0K j+0°K 9] )
Differentiating (1,2) covariantly, we obtain

”i;‘:k = ¢5;':kfff+¢j¢kff’f T fo;ﬁij + p¢j§; .
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Substituting this equation into (2,1), we have

(2. 2) Bfﬁkﬂ’! =@;. '+ j‘ﬁkz”f + 0,0 ; +09;0 i

Ao (01 [ K it 0K+ 0K B, +0% [0°K

+0K ;+v°K ,9.]) .

The identity Bj-k,z;kv’=0 gives the following equation by means of (2,2):

2. 8) bjoa' o+ b p 't + 0"+ 08 0
1 (5I [Kk rqV a_l_lOKkﬂk"l—vﬂKaékvk]

1+ [0°K .+ 0K ;+ 07K 4$;] ) =0

Contraction of /=7 gives
- - | |
(2. 3), ‘?-5;':;;?)}2:’ +¢j¢5,w}v +ijz;}+p¢»jy?

_ N+L (K

o (K. ey “+oK; v +2° B:07) .

Multiplying v to the equation (2,3) and summing over j, we get the following

equation for non-zero vector v

(2. 3) 2 ‘;f)j:kﬂjf)k -+ Qf’j(ﬁsgzvjf)k + p}-v*" + ﬁgﬁjﬂj

= N 5 (K 20K+ K g0 |

Comparing these two equations, we have

(2. 4) (N-2)0" =K ;. ./v* +0K ) +0"K 907 .

Substitution of (2.4) into (2,3) gives, for non-zero .

- 1 . . .
(2. 5} bi. 00" =5 (V' Kt 0K j+0 K 1)) — p i — 085 .

Multiplying v/ to the equation (2.5) and summing over j, we have

(2. 5)° t;ﬁj ; kz;j vk = ﬁjz:j — Pﬁf’jvj'— ¢;’Uj¢kvk.
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Differentiating (2.4) convariantly, we have
(N —2)0,, 0%+ (N —2) (00; 4 0°0,) = K 4,4, 00"
-+ ij;bz;b—l-Ka:bvavbéj + ing;jva T Kg;bvﬂquéj +K "0,
+ 0K, °+ 0K ;+ 0K 0"+ 0K ;G0 + V'K aﬂbcﬁbﬁﬁ F -
+ Ka:jv“gzibyb + 'u“Kaqu:jvb +- pKavaqﬁj +- vﬂKaqubbqu .

Multiplying »’ and making use of (2.5)' and (2.4), we obtain
(2. 6) (N—2)0,. 0% —K 4.5. 00"

=2K ,.,0"0° ¢ + 20K . 00"+ 20 0" K y0°,

Now, we are going to classify the projective motion by using above results.
Contraction of z=F£ in the equation (2,2) gives

N+1
B?kzﬂl = ¢j:hvk+ ¢hvk¢j +0;+NOQ; Ni—'z—— (v"Kj:a + 0K ;+ v"I(GgS‘,-) .

Comparing this equation with (2.5), we get

N

h 1 -
(2. 7) Bjk[c') =0+ (N'_l)lo?{’j N —2

(vﬂKj:a—l-ij +° aéf)'
Differentiating (2, 7) covariantly, we have

(K i+ ) By ' + 0By =052+ (N =100+ (N—1)08;..,

N "
_h N——2 ﬂ(‘oKf:m"—QSij:ava-l—v Kj:a:m+mej+ij;m

+0K, @ +v° ﬂgﬁm@jw"lfﬂ:m@+v"Ka¢j;m)_

Multiplying both hand sides of the above by »/»™ and summing over 7 and m,
it follows from (2.5)’ and (2,6) that

2. 8) 0w V™ + (K yi" + 20, +20) (06 " — 0,07) =0
On the other hand, by making use of (2.4) and (2,7), we have

~Bjp’v'=(N—-1)(0p 0’ —oj0") .
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By the general rule of Lie differentiation and (1,2), we get
£Bj-k=B]-kv"Kﬂ+ijk+z;“Bak¢j+ijk+zz”Bja¢k .
Comparing these two equations, we have
— (£B;)v"v* = (N —1) (" K ,+20,0° +20) (0¢ ;0" — 0 7).

Substitution of this equation into (1,4) gives

2. 9 (£1T0,) 00 = (P K 4+ 290"+ 20) (0 157 —0,07).

By using the Lemma of §1, we have

|
wi:k: N—2 (ij:k+Kj:ava¢k+f”aKj:a:k+f0kKj+pKJ':k_F‘OKkaJ'
+”ﬂKa¢j¢k+UﬂKa:k¢f+”gKa¢j:k)-

Multiplying both hand sides of the above by vv*, and summing over 7 and £,
it follows from (2.5)" and (2,6) that

(2, 10) ¢ 5 :kvjf»’k =0 kﬂjvk.

Hence, we have the following equation by combining the equations (1.8),
(2.9), (2,10) and (2,8):

(2. 11) (K "+ 200" +20) (00" —0,0") =0 |

Therefore we have proved

THEOREM 1, If a general AK ;—spczce admits a projective motion of torse-

forming form (1.2) (N=23), then there exist two cases:
@) op' —op =0, (i) K +2¢.0 +20=0

Differentiating pt;é}-yj —pf-z;j =0 covariantly, we obtain

(2.12) Omb iV + 0B + 0= 0 + 00,

in which we have used ;ngijj — pjvj =0,

Multiplying both sides of (2,12) by #” and making use of (2,5)" and
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0, jvj — p;-vj =0 give

(2.13) 0tp v’ =0

Hence, we have

THEOREM 2, The first case of theorem 1 is degenerated into the following
two parts again:

@ =0, (i) ¢/ =0,
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