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1. Introduction 

The properties of harmonic and Ki1ling vector were studied ín 
Riemannian m3.nífold by m3.ny authors, and they were expanded in the 

metric manifold with torsion. 
In this note we shal1 investigate the properties of harmoníc and 

Ki11ing ve:tors in general metric manifolds witb symmetric affine connec
tiO !l, w:-úch are ge~eralize:1 from the fo.rmers. As the result of this study 
we shal1 get some dHferent properties from them in the metric manifolds 

with torsion, and it wil1 be more general than in Riemannian manífoldso 
Let U3 consider the n-dimensional compact manifold Vn 00 which 

there is given a positive definite metric 
dS'-gjkdx' dx' 

an1 symmetric affine connection r화， which satisfies tbe equations 

r':c ax’a -
þc 경￡「 

azxx + a x1 a x" rt \ 
ax’h. 경파;- L 1h} 

for the coordinate transformation. Then we have the relations 

(1) nk=gk}+a~k 

between the connection and the Christoffel symbol, where 끽 .. are the 
components of a symmetric tensor with respect to the subscripts. For this 
tensor a}., we denote as the fo l1owings: 

(2) g.la~:. atO ), gkl g1m a$k atorm, g1k a~lr ....， é. 

If we denote the covariant differentiations with respect to r’~h and g샤 

by comma and semi-colon respectively , we bave the followings for the 

vectors S JJ e; 
(3) EJJk='혼1;k- 홍* 6&, 

￡*， k=감;k +e a5kJ 
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and for the tensor T~kI 

(4) T용， 1 = T~k;l + T '3k a~l Tμ a'Jt' T1;" a과. 

Accordingly, we aware that covariant diHerentiations of the fundamental 
앙nsors gjk and gtj w.ith respect to r~k are Dot zero, but they are 

represented by 

g j.'" 1 = .- g mk μ’'jl-gjm α”;z， 

gz3, z = g ”’3 ι;t + gz m ι￡e . 

2. The app!ications of Theorem of Bochner-Hopf. 

Now, in a compact metric manifold with symmetric affine connection 
r~k whose metric dS 't =gjk dxj dx l is positive definite, we take a scalar 

ψ and set 

、

φ k-걷암， 

φ k- F?이 ‘ gφ r t: 
.. -r." 1.. jk, 

Then we have 
.~k a=φ 3k aφ 

drL프gjk φ， j9 k =gj -7-r-gj 「:갖- r출， 
8X"òX 

and hence, applying theorem of Bochner-Hopf. we obtain 

LEMMA. ln a compact met1강 ??gx,zifold zutth sy??Z??tetyic affi%e 

conneιtion Ok, i/, lor α scdαr cf.{x), μle hιve 

Acf.'프gjκ cþ, j, κ 늘 0 

n evprywhere, then we get 

짜=0. 

For a vector field 장(x)， if we put 

1(x)-st ~t=gtj 흥z 흥j， 

-then we have 

(5) Arþ-2gjk[g"τ흔m ~n’ j+~m ~ø ι:JJ，. 
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=2[g ’ " gJ' E", 흥ø'" ， +2(a"" ‘’ +a~'m’)ξ~ ~"" • 

+ (aJ'~ al',: + a""! ak,:.+ gmø gf’ a:"" ø)~ J e, 
+gJk gn‘’ E n" J E ø, "J 

on the other hand, we have 

gJk 흥nJ， J, ,-gJ'(E ... , J- E J, ".), 11 - gJII E" k, m '~~r~ .. , 
where r‘t ,.=g1% rgκ "，. If the vector 화 satisfies 

(6) gik(혼”’ J-EJ’ 
",), 11 + gJII EJ.'" '" i - gU a:", EJ," 

then it is reduced to 

(7) gJ' E"" J> ， =ξ~ r~"， -2glJ af", EJ, κ， 

and consequently, using of Lemma, we bave 

g‘i 

THEOREM 1. In a compact metric manifold with symmetric aff i1Hl 

CO?1?Zecti0% I、~H if there exists non-zero vectof ξ~ satisfying (6) and 

(8) (P" + aJ',: a".:: + a""; a"파+g"，ø gU atm ’ ")~J 흥i 

+2(ë.m’ +a"'"‘ -a’ ... ~)화 흩!’ ø+gJm g"’ E"" E m. ø 놀O. 

then the equality holds. 

Similar1y we obtain 

THEOREM 2. 1η a compact met싸c manifold with symmet서c affine 

connection, if there exists non-zero vector 흥~ satisfying 

(9) gl' (ξm.l+ 흥a， m), i -gjk Sj, i , m =O 

and 

(10) ([1k_a1'': a"',: -a""! ak깅 - g'"" gl1 a;"" ,,)E J E" 
_2(am

,,,Z' +ae'm,,) 흥t 흥m， , -gjm gk” 화， , 흥m.ø 듣0， 

then the ~quality holds. 

3. General harmonic vector and Killing vector. 

We shall cal1 a vector 화 general barmonic vector, if ít satis짚es 

(11) E1. j=흥" Z', g111 흥j， k --'0. 
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Such a vector satisfies evident1y (6) and consequently (7) , for 
f; =gtj ξ'1 g j, we have흩 

d따 =(r(jk) + a(j' 1:;' I αk) ，;:. + a"" (~ ak)':, + g"’n gl(jι성，’ ,,) 흔j ~k 

+2a1'(κn) E '1 흥m ’ ,,+ (gjm g ‘"+g1’ gtm) ~j ， k 흥 m’ ”’ 
thus we have 

THEOREM 3 , 1n a (ompact metric 
(onnectioη ， ijthe symmetric matrix 

manifold with symmetric affine 

(12) r (jk)+a(j' ’ : ! ak>·;十 am. (~ak).，7. + g ’ " g lC1 a잉" • 2ai- ", n 

2at • "''' g1"’ gk" + g1" gkm 

defi11es no,.-negative (]uσdratic lorm in the vat’iables 화 and 흔m"=~nm， 

then eveγ'y general harmonic vector 흥1 must sαtislY so that the quadratic 

form vanishes. 11 the m:drix defines a positive definite lorm , then 

there is no general harmonic vector other than zero. 

Here , when we put a1
'"''' =0, i. e. , a~，，， =0 , then we have r~k = 녕사 

and consequent1y', 

s ... ’ =Sm;, 
and 

the (l , l)-element in matrix (12) .2Rjk. 
Moreover, if we put Rjk-.O, then we have 

AqJ=2g
j
,. gkn ‘확 ;k ~"‘;” =O 

for the general harmonic vector 화， and consequently, 

~ mjn =0, 
or 

펴
’
 

짧
 

A짜
 -짧
 

and thus the general harmonic vector is gradient , Hence we have 

THEOREM 4 , 1f the (2， 1)-elemeηt in the m '1trix (12) vanishes , 
then our mani!old is γeduced to the compact Riemannian manifold , 

••• 

*r、jkJ denotes by r C.1kJ=f‘jk 'l- rkj. 
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an갱 lurthermore , il the (l , l)-elenent vαnishes ， then the generιI 

harmonic vector is gγadieηt. 

Next , we shal1 call a vector 화 general Ki11ing vector, if it satisfies 

(1:3) S t> j+ 흥j， t=O. 

FOl- the gene!"al Killing vector , we have 

gjk 용j ， k=O 

anr] moreover, evidentlv, 
~n • ~ 

gJO ~ 1> k , ~ = u 

Thus it satisfies (9) and is reduced to 

gjk 흔”1 ， 3l k= -흥t [t., 

Eence we have 

THEOREM 5. ln a compact metγic manifold with symmetric affine 

connection, i! the matrix 

(14) r ,j<) - 2a(j' I ~’ I ak) ’져-a”t·(3 ak〕냉 _g'"" glCJa갚， 
’ 

-αc， .tJt 

_a($.tJt _(glm gkn_gjn g""‘) 

defines α non-φositive qWldratic form 싫 the va1’iables 흔t c.nd ç m_ 

= 一 혼1Jm ’ then every geηeγal ]{illing ve r; tor 홍t must s:disfy so 캠 퍼 the 

qWldrαtic lorm vαnishes. 11 the matrix defines α positive dejiJ.ite 

101m, then there is no general lúlling vector otheγ thιn zero. 

4. integration on our metric m3nifold. 、

1n this section, our metric manifold with symmetric affine connection 

I킹k is compact and oriented, and suppose that the tensor 강k satisfies 

the condition 

(15\ α3z=o. 

Then, for any vector vt , we have 

~ ~ 1 v. , t=vι

;t = ,1 '. 
v σ .. 

8ν호 v1f , 
âXι 
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By Theeorem of Green, we have 

(16) fvt ,z- dV=O, 
삼le integral domain being the whole manifold, wher,e dV is the volume 
element. 

First, applying (16) to the vector (gt'" ~ .. ), j gJ" E,. and using of Ricci 
identity, we obtain 

f[(PJ+2am.! a"영 +3ιt·: a’녕+ at' r;: a.1낌 +a'" é녕 

+gtm gJ" ιg，， t +gt”’ g'" ιJ 1m, ,,)E t 흥1 
+ (gtk a.1 + a.1•k, + 2aa" jk + 3ak.tJ)g-, g- j, k + gtm gj" 흥”’ , E"" ~ 

+ gtm gJ" 흥m， i , j g-,,]dV =0. 

Next, applying it to the vector (gtm E ",), t gJ" g-,.. we obtaio 

J[(2ai .: ι’녕+ a' aj + gm" gft ú;"’ 
t)강t g-J 

+ (a .1' kt + ak•ij + 2gjk a‘+ gkt aj)g-~ ~ .1' k 
+gtm gj’ 용m， 

" 
껴 .. +gt", gJ .. ξ”’ t g-

'" 
j]dV =0, 

aod coosequently, from these, we have 

(17) f [(rt.1 + 2a""; a"'!. + 감·: a’ -3 + a” ai·2 + 강· : ai넘 一 a‘a’ 
+gt’ gj" a~"， l + g'’ gm'(ai ... ’ ,,- 01", "，))혼tE， 

+ 2(atj'k + ak•tJ - gJk at ) g-t E h i 

+gt'" gj’ 화，，， E",
’
j_g,m gj’ E.",. t E' ". J]dV =0. 

1f the vector 화 is geoeral harmonic and the matrix (12) defines a noo
negative quadratic fOlln, by virtue of Theorem 3, we have 

(18) 2facm '''lt Em. "g-, dV 

I (g,m g’(J a상‘ ,,,+a"' a(J.성 +aJ ai 一g
"，(j gk)" ι:.， t 

+2a"" 댄 a I "’·성) 강J ~i dV=O. 

If the vector 타 is general Ki11ing and the matrÏx (14) defines a non

positive quadratic form, by virtue of Theorem 5, we have 

(19) J (g"'CJ gk)n a!,"’ t 一
g'mg’%%’ ，， +2a썩 a 1" I ).! + 2a썩 aki·; 

+ a'" a(J.샘 + 2a(j. I 
::' 

I ak )녕 -a(J a~))EJ E" dV=O 
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In Riemannian mainfold apd metric manifold with torsion, the 

theorems corresponding to theorems 3 and 5 can be proved by vjrtue of 
렌le integral(16) , but, in our manifold , they can be proved when , and 

cnly when, (18) and (19) are held respectively. 

5. The conditions that a vector be general harmonic and 

Killing. 

Under the same assumptions in 4, for any vector 칠， it satisfies 

ftgJk (g'" ~，.)， .1], k dV =0, 

and calculating this, we have 

f[ [ aR aI:+aj·잊 al냉 +am·g a쐐+ g"'" gJl a~"" ，，)흥쇄i 
+ (2a"" ‘+g‘'" a" + 2aZ'.m，，)~ z' ~ 

"'. " 

+gJk g ’”’ ~ m. 
" 

k ~，，+ gJk g"''' 흥 "'.J 흥'" .]dV=O. 

Subtracting this from (17) , we have 

JCg'" 양k 흥 .... .1,. ~.- (r tJ +2a""! a"';. - at aJ + gtm gJ’ ag,, g 

_ glm gt" a~"，’ ")~S ~.1+ (2a"""‘ - 2a"''''S + gtma" + 2g"'''at)~ t~ m,,, 

’‘ 

+. : gJ* g"'’(g"'>J-f" ,. )(E"’ 
.-흥k’ ")+gJ'" E ... 

’ J gk"~". l JdV -0. 

This equa1ity holds always under the given assumptions. Hence, if t뾰 

vector ç
'l satisfies 

(20) gJk 흥 "'.1> k-I’Z ，，， Sg+ [ gaEl,, a ”·f- am al+gi” ag,, g- gkt agt, m)51 

- (2aJ.~-2ak념+8.1，. a k+2gJk a"')~J’ .. 
then we have 

(21) 흥 ~i. J=E .1’ 
.. ’ 

gJ'" ~""J=O， 

and consequently, the vector E'I is general harmonic. Furthellnore, if E. 
is general harmonic, then (7) is satisfied, and in order that (20) is 
held , ít ís necessary to satisfy 

(22) (8J... ak -2aJ'~) 화， i=<2aE
‘"
a"~ - a m aJ + 2gJ" a~，，，’ t 

_gkZ at,
“ ", )EJ, 

;md thus we have 
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THEOREM 6. 1n a rompad and ofÌεnted manifold wz"th symmetric 
affine connection, if the vectoγ 흔t satisfies (20) , th{n it is g(nι ral 

harmonic, and convεrsely ， μ，hcn the gε%εral harmonic vector satisfiεs 

(22) , it holds (20). 

In Riemannian manifold and the metric manifold with torsion , the 

equation corresponding to (20) is necessary and sufficient in order that a 

vector . be harmonic. 

Similarly we find 

f[g”” gjk S”’ j, k g-n+(rt.1 +2at'딩 aj . 앙 +2az : ￠·，?+2a’ ·g a ” 3 

+2a.’ aZ·%, +gZm g ”j a:”’ , l + gtl gn n(2a{. ’ ”一 at”’ z))f z' f .1 

+ (4at"jk +2aj•kz' +2ako t.1 + gz'j ak - 2gjk at)f z' 흔j， k 

and if the vector ξz' satisfies 

(23) gjk 흩”” 1, k= -I; 흔z- (2a
” 
.: a3·; +2an--g aj·; +2at

” 
an·g 

十 2a" a"， "~+gj. α5 ”l z + gr”(2agι , n - Gg
’‘’ 

.,) )강 

- [ 4anl·ik +2aj·$+ ak·2 -8t aft)fi, k =O 

and 
(24) g z'm 흥 m ， ι=0 

then we have 

감， m+ 톨." .1 =0, 
and thus, the vector gz' is general Killing. Furthermore , if r z' is general 

K i11ing, then (24) is evidently satisfied , and in order that (23) is helc1, 
it is necessary to satisfy 

(2 ,')) o~， ak gjJk +[2(an，'~ ajoï +a~n ajoï+ αg ” a’‘"f + a" a"‘，~) 

+ gjn a~， n ， l + g씬2ιfl 
’ ” 

αgn’ n，)그μ=0. 
Hence we have 

THEOREM 7. 1n a conψact and oriented manifold μlith symm( tric 

a!!ine connection, i! th~ vector gt satis!ies (23) a1 d (24), thι% it is 
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g'3nεral ](illing, and ronveγsely ， wehn the Zúlling V3CtOγ satisfies (25) 

it holds (23) and (24). 
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