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Introduction. 

The present auther wishes to study a special conformal transfor

mation which we shall cal1 conharmonic in a Hermitian space H n and 

a Kaehlerian space J( n. The conhalmonic transfonnations in the 

Riemannian spaces were already studied by Ishii [1Jo 

The purpose of the present paper is to find a tensor whose invari

ability under a special conformal transformation is a necessary and 

sufficient condition that Hn and J(n are conhannonic. (Theorem 4) 

1. Conharmonic transformations. 

For the Hermitian space Hn, we denote the metric tensor, 
Christoffel symbols, curvature tensor by the notations G경， E&, Hzitt =) 

respectively, and for the Kaehlerian space 1.상， referred to complex 

analytic coordinates 1.t=(1.'\ ZCX) (zcx=1./}), we denote by notations gtj , 

F갚， Rt j lC l respectively, then gCX (1 =g/}H=O, GCX (1 =Gã- ii=O and gth GtJ 
are the symmetric and self-adjoint tensors. 

We shall cO!1sièer a special conformal transformation 

(1. 1) GCXii =φ2gcxδ 

where φ(z， z) is a real valued function in connection with 

gcHI =--향맏" =ð if θπφ 
-‘ ð1.‘Að Z." > -, 

Let A be a harmonic function which we shall define by 

1) Numbers in brackets refer to the references at the end of the paper. 
2) In the foJ1owing the Latin indices i ,j ,k , …. are suppcsed to run over the range 1, 

2, .. ",n,]'2," ", ñ and the Greek indicies a., ß ,'Y,.... take the values 1,2, •• ",D 

and consequently ã , 홉 , 'ÿ , .,.. run over the range of the symboIs ]，갇，" ",'fJ. 
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(1. 2) grt 1f A ,<X ã=O 

and let seek the condition upon φ in order that the function defined by 
(1. :3) B-φ:m A 

may become a harmonic function with resx:;ect to the tensor G<x 11, i. e. 

Gaã B , CXã=O 

where “, ” and “ I " denote covariant differentiation with re~pect to the 

tensor ga iJ and Grtll respectively, and m is a suitable constant. 

By the relations 

E& =초GCXð(Ô 't G ßð +ôß G"ð) (conj. ) 

(conj. ) 

and Kaehlerian condition, we find the fo l1owing relations 

(1. 4) Eßcx't =rßrt，， +8~ (logφ)， 't + 않 (logcþ), ß (conj. ) 

E짧=8~ (lOgcþ) , 루 -gαð gß '1 (logcþ) , ð (conj. ) (1. 5) 

therefore 

(1. 6) Gag Bl aa =Gg검[Ôã Ôcx B- (ôpB) E싫 - (ô (jB) E릎〕 
-[2m(2m-3+2n)φ2( •. -:) gP (j φp cþ(j + 2mn cþ2m-3JA 

+(2m+n-1)φ2"-3 gCX li (CÞcx A , II +φIIA， CX) 

+cþ2(m-O gCXII A , CXã=O 

where 

φa cþ, a=ôa φ 

If we determine m by 

(1. 7) m-갤쓰 

we have from (1. 2) 

φ-(.+5) [(n-2) gP (jcþp φε +nCÞJA=O 

Hence the required condition upon φ is 

(1. 8) (n-2) gP융 cþp φü+ nφ=0 

(conj. ) 

We shal1 call the conformal transformation(l. 1) 앓tisfying (1. 8) 

conharmonic transformation [lJ. 

Now, let us consider a vector Acx of Kn and suppose that by a con

formal transfonnation (1. 1) Aa be transformed into Bcx defined by 
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(1. 9) 

then 

therefore 

Ba =Aa 一 (lOgrþ), cx 

GagBgl g =￠-aEgagAg， a - ?Zφ-1 + (n-1)rþ-lgC1./J( rþC1.A /J + AcxφiJ) 

+(3-2n) φ-2 g C1. 8φaφi3 J 

GC1.i3 BC1.BiJ =(n-l)φ:-2 g C1. iì[AC1. A i3 _φ-\φαAiJ +Acxφi!) 

+1)-2 gC1. 11φaφ/J J 

GCX /J [BC1. 1 /J +(n-1) Ba B 8J =φ-1 g C1. 8 [Acx, /J +(n-1)AαA/J J 

-φ-4 [(n-2) gCX8 (P C1. 1;8 +nφ〕

thus we have the following theorem which is similar to Lemma in pp. 

77 of [lJ. 

THEOREM 1. A necessary and sufficient condition that the con-

formal transjormation (1. 1) be conharmonic is that α vector field Acx 

of Kn is transformed into a vector fiεld B C1. of Hn defined by (1. 9) 

and satisf.ies the condition 
GC1. 8 [Bcxl 8 + (n-1)BC1. B/J J=φ-g gaa [Ag, a 十 (n-l)A C1. A1rJ 

2. Conharmonic invariant tensors. 

By the transformation (1. 1) the non-zero components of curvature 

tensor of Hn are represented by the fo l1owing forms 

(2. 1) H C1.ß1/) =φ-18:; (φß ， 8- 2φ-{ φß rþò) 

(2. 2) 

(2. 3) 

\~. 4) 

-φ-1 8~ (φß， " - 2rþ-Jφßrþ7) (conj. ) 

HgG?a =RdB추8- 2여-1 8~ (gß'1- φ 一! φB 써) 

+2이-2 gß추 (gd (j φs φ(j -8'8 gP (j φp φδ) (conj. ) 

HdiJ 78=2φ-1 않 igSiì -φ-1 rþò φi3 + φ-1 gòiì gPεφpCÞüJ 

-2φ-18~[g7i1- φ-1 rþ7 φiì+φ -1 g ".iì gP (j φP CÞãJ 

+2rþ-2 gα δ [g" iì' φò-gò iJ φ1' J φã (conj.) 

H C1. iì'감 =φ-18; (φiì .s --:- 2φ-1 rþ8 φs) 

- φ-1 g7 iJ [(Ô~gdÜ) rþü+gC1.ëi((ô~ 아ε) 

-2φ-1 rþs ψã)J (conj. ) 
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(2.5) 

Since 

we have 

(2. 6) 

Srmg-Seuþ E“m 

Ht1 IJ '1-g =φ-1 g (I'S [a :r(gaã) 양+ga융 (a :ÿ if>Ü) 
-2φ-Iga융 q;':ÿ φδJ+φ-( gß'1 [a 'S (gaã)φa 

+ga융 (8~ φã)-2φ-Igaã φg φ훌] 

H rI. ß:ÿrl. =R ß:ÿ - 2n(φ- ’gß:ÿ- φ-. φB φ:ÿ) 

+2(1-n)φ-2 gß추 gÞã φp φa 

H 1irß'11ir =2if>-J(1-n) gß추 +2(n-2) φ-: φnφ* 

-2(n-2)if>-'gß:ÿ gÞε cþþ if>융 

Hß추 =Haß추rx+H lS캠a 
=Rß:ÿ +2(1-2n)if>-! gß추 +4(n-1)φ-’φIJ if>" 
+2(3-2n)φ-: g ß':ÿ gÞδφp φε 

and if transformation (1. 1) be conharmonic, then by (1. 8) 

(2. 7) 
φ 

(conL) 

and on multiplying this by G션 =if>-' gß추 and contracting, we get 

(2. 8) H= φ-2 R where R=2grx l1R rxã , H = 2Grx 11 H a 11 

Conversely if (2. 8) hold, then from (2. 6) we can see that (1. 8) 

is satisfied, thus we have 삼le following [lJ 

THEOREM 2. A necessaγ'Y and sμfficient condition thai a conformal 
transformation (1. 1) be conharmonic is that it satisfies the condition 
(2. 8). 

If 단le Ricci tensor is invariant under the conharmonic transformation 

(1. 1), i.e. HIJ:ÿ =R꾀 then from (2. 7) we have 

φ g 13 :;1 + (n-2) φ13 cþ :ÿ =O 

but by the relation 

φ(aÞ gß:ÿ)=(l-n) [(a p φ(3) 와 +φß g Þ'1 J- g 13 '1 if> p 

and Kaehlerian condition, we have Í'a=O (conj.): thus we have the 
following 
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THEOREM 3. There exis.ts no sμch conharnzonic tr ansf orm ation 

1) that the Ricci tensor is invariant. 

If transformation 1) be conharmonic, then froro 

(2. 9) n-

+2φ-~ (8~ φ(Jq:‘ 'Ý + gβ 추 g a. ëi cþ~ cþ융) 

and frαn (2. 7) 

-2φ→8~[강쓸gβ:ÿ -cþ {J 써] 

1 Gn앙 Ga. ëi H 11 ,,=- _/-}•- gG?gdaRsa 2(n-1) β '1 ~ AAöa- 2(n-1) μ 0 

Hence we have 

(2.10) 

=Ra. ,,0;:1'1 - -_/ 1 _, -[8~ Rß추 + g {J'Ý gUδ R 817J 
=2장 -1)' LYo μ 

therefore 

(2.11) 

is invariant under the conhannonic transformation (1. 

Conversely if Cα {J'Ý'S be invariant 
we have from (2. 6) 

under the transformation 

Ha. {J'Ý8 - R a. {J'Ý8 = 2φ-2 「8g ￠a φ'1 +2gβ추 ga17CÞ8φ17J 

1). 

+ %으큐-φ-1 ó~ g{J'Ý [(1-2n)+(3-2n)cþ- ’gP챔pcþ융] -

companng this relation with the relation (2. 2) we have 
2 

n-1 
cþ-l8~ g {J'Ý [n + (n- 2) cþ-l gP17 cþp φδJ=O 

한llS relation is equivalent to 8), thus we have the fo l1owing 
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THEOREM 4. A necessaγy and sufficient condition that the Con-
formal tγansformation (1. 1) be conharmonic is that the tensor Cα꺼S 

is i%Zla?’iant undeγ the tγansformation (1. 1). ‘ 

If C <1 ß'i õ =0, from (2.11) we get bv contraction 

Rß~- ~/뀐，，"\- gß::;=O 
7 2(n-2") μ 

and on multiplying this by gß 'i and contracting, we get R=O, and by 

Theorem 2 we have the following 

THEOREM 5. 1f the transformation (1. 1) be conharmonic and 
C<1 (1'iõ be a zeγo tensor in 1ζn， then R=O and also H=O in H t7. 

3. Conharmonic sectional curvatures 

If the sectional curvature L of H n [2J be same for al1 possible 2-

dimensional section, then the curvature tensor must bave tbe following 
form 

HtJκ ~=L(Gj'!G Git Gj~Gtκ) 

but in the present case this reduce to 

(3. 1) 
Hërß 'I õ=L(G 'I ß Gô 'Q G't ër Gõã ) 

Hα i3'1S =LGαs G'I ß 

and On substituting this into H션， we find 

(3. 2) H (1 ::;=HP (1"1 p+HP 13 "1 p=2(n 1) LG ß7 

(conj. ) 

(conj. ) 

lf Kn be a space of constant holcmorphic curvature, we bave (pp. 

162 of [2그) 

(3. 3) R <1 ß'fs - cd그ττ(g<1i3Rγ~+g<1~R't 검 + g 't sR<1 ß + g1ßR<1~) =0 

(3. 4) R R -- “ 

f1'ÿ-검κ응하= 옳φ- l! G f1:ÿ 

and by (2.11) we have 

(~. 5) g (1.i3 Rn;+g'l~ R (1. ß=2(n l)(R(1.i3'f~ C(1. δ 'f~) 

and on substituting this into (3. 3) and using the relations 
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Ra 1!'fs -Ra 7f'f 111 Ca ã 'f s =CaS 'f1! 

we have 
(3. 6) (n-3) Rdã 'f~=2(n -l)Cdã"l~ 

Next, Cã zaS is invariant under the conharmonic transformation (1. 1) 
therefore from (2.10) 

(3. 7) Caã"l7f- 아-2[Hdã 'f S - ‘Jlτ，(Gas H "f1! + G'f1! H dS) ] 

and on substituting (:~. 4) into (2.10) 

1 
Ra 1!'fs=φ一:rHa iJ"Is- 꺼허~ 1) (GdS H "I ã+ G"I1! Has) 

Rφ-2 

‘、 GasG"I ãJ 

(3. 8) 

By substituting (3. 7) and (3. 8) into (3. 6), and using(3. 1), 
(3. 2) and (2. 8) we find 

(3. 9) 
--+ 

-% 
「
싸
 

L 

therefore we obtain the fo l1owing conc1usion. 

THEOREM 6. 11 Hn whose sectional cuγvatU1'e Lis same 101' alf 

possible 2-dimensional sectioηs is transl ormed, by the conlzαy??10%ic 

t1'anslormation (1. l)Jrom l{n μIhich is a space 01 constant holomoγ

Phic cμrvature， then μle have the γelation (3. 9). 

If we assume that at all points of the space Hn , the holomorphic 

sectional curvature is al1 the same, then we must have 

(3.11) 

(3.12) 

(3.13) 

HαB추s=LCG8추 GaiJ-G8íi Ga추) (conL) 

Ha1!'fs= -LGdS G 'fiJ 

H 58 '( 1) =Haã'( 1) =0 

(conL) 

(con j. ) 

If (1. 1) be conharmonic transformation, then by (2. 1), (2. 2).

(2. 3), (2. 5) and (1. 8) we obtain 
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(3_ 14) HO: ß"7~= 쓸n [φgα "7 gß~ -ga."& go :ÿJ+ 2 (ga.;V φo cþ:ÿ 

-g，α; φa φK + g ß"7 CÞa. CÞ~- go~ CÞ a. (þ’"7) (con j. ) 

(3.15) HO: ã.n=φ2Rαiï 'f~ + 2(g'f i} φa. CÞs+ga. s φ"CÞlI) 

-쏟강 φ go:'S g" lI (conj. ) 

(3.16) Hãß 'f '(;=cþ[g'f ã(CÞO' '(;-2φ-1 φB φ'(;) 
- gUr(φß， ,,- 2cþ-l φa φ，， )J (con j. ) 

(3.17) Hαaf8 =φ[g'(; ã(φ0:''1- 2φ-[ φo: CÞ、γ)

-g'1 ã(φ0:， '(;-2φ-1 φ0: cþ'(;)J (conj. ) 

From (3.13) and (:3.16) (or (3.17)) we get by contraction 

CÞa., " - 2rþ-l φa φ'1 =0 (conj. ) 

and, on substituting (3.12) into (3.15), and (3.11) into (3.14), and 

on multiplying by G엉G캠 and GccsGß "7 respectively and contracting, we 

get by (1. 8) 
R 
{ 
짜
 

4

얘
 

-L 
and n(n-1) L-O 

hence we conc1ude the following 

THEOREM 7. T here exists no H eγmitian space H 1z μIhich is tγanS

formed by the conharmonic transformation (1. 1) ffom ](aehle1-ian 
space lζ12 ， α~d zνιose ιolomorphic sectio12al cuγvature is all the same 
,a12d 120t zero at all points. 

April, 1959 
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Kyungpook University 
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