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The various methods of describing the uniform space have been in
vestigated until now. ln 1937 A. Weil has defined the uniform space by 

means of the uniform neighborhood system in his paper [2J I). After 

that ]. W. Tukey also investigated the same uniform structure using a 

uniform covering systems in his paper [3J in 1940. On the other hand 

]. L. Kelley descirbed the uniformity for a set X in his book [lJ as 

follows: A uniformity for a set X is a non-void family U of subsets of 

X x X such that, (a) each member of U contains the diagonal 6., 
(b) If U ε U , then U-I ξ U , (c) If U ε U , then VoVζU for some V in 

?Æ , (d) , If U and V are members of U , 단len U(\ Vε U , and (e) If 

UE?~ and UζVζXxX， 암len V ξ z,t. 1n this paper 1 have tried to define 

the same uniform structure by a convergence class on the bases of Weit ’s 

uniform neighborhood system and on the unifomity U of Kelley. 
Before stating the theorem, it should be first mentioned that the 

necessary terminology and uniform structures may be found in l( elley [1]. 

And we now define some notations: If the sequence C-{Xn}, n=l, 
2, .. .. is converges to X relative to the uniform topology, then we 

denote it by Cx and C(n) means the set of all elements which fo l1ow 

찌 in C, i. e. C(n)--' {Xi : i> 써 • Now if X is a unifOlIll space, the 

uniformity of which is U--' {U }, then it can be easily seen that the 

fo l1owing lemmas hold. 

LEMMA 1. 1[ øt is a [amily o[ all the sεqμences each o[ them 
conve1'ges to some point in X iη the sence 01 μ껴form topology, then 
we have 

1) Numbers in brackets represent references listed at the end of 야le pa야r. 
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a) If C= {x" XIII •• ", Xm, ., .. }, where Xn+L ;Xn+::- .... =X then 

C E ,1: and C converges to x. 
b) The unifonnity ?--t for X is directed by c. 
(In this case we use a symbol 르 as a binary relation instead of C. ) 

c) If C= {x" 짜 ..... } ε ,1:, then the natural number 1Z(C, U) is 

uniquely determined for each U in U , and if U <V ( ε Z,O, then for 
each C in ,1: 까C， U) 듣 n(C, V). 

PROOF. a) Since X is a uniform space, C={x(,,, ", Xn , X, X," .. } 
converges to X relative to the uniform topology. Hence C ε ,1:. 

b) is c1ear. 

c) Let Cx = {x" X:, .... } converges to X in the sence of uniform 

topology, then for each U ε U there are natural numbers m(Cx, U) such 

that Cx(m(Cx, U))ζU[X J because UC X ] is a neighborhood of X relative 
to the uniforrn topology. Let n(Cx• U) be the minimum of such m(Cx, U) ’s 

for Cx and U, then n(Cx, U) is a natural number and is uniquely deter

mined. And if U드V， then U[x]그V[X J and therefore n(Cx, U) 듣 n(Cx, V). 

Now we denote the set Cx(n(C.x, U))-{Xi: i>n(Cx,U)} by Cx(U) 
and let A(x, U) = V {Cx(U): Cx ε ,1:, and X and U are fixed} and 

B(x, U)={(x , y):y ε A(x, U)} , then we have following lenuna 2 under 

the same conditions as in the case of lemma 1. 

LEMMA 2. d) B(U) = V {B(x, U) : X ε X} is identical with U ε u. 
e) For each U in U and each x in X there is a member V 01 ?-t 

sμch that if x e C,(V) where Cy ε tC, then there is a seqμence Cx in ,1: 
with Cx(U) 3 y. 

1) For each U ξ ?--t and each X in X , there is a member V iη % 

sιch that il x ε Cy(V) and y ε Cz(V) , where Cz , Cy ξ ,1:, then there is 
a sequence Cz’in tC with Cz’(U) 3X. 

PROOF. d) It is c1ear that B(U) ζU. Let (x, y) ε U. Since 

Cx- {y , y , x, X, x, .•.• } converges to x relative to the uniform topology, 
C.x ε ,1:. And since all the elements of Cx belong to U x , n( C.x, U) = 1, 
thereföre y ε C.x(U) and (x, y) ε B(U), or UζB(U). Hence U =B(U). 
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e) Let U ε 1--t and XE X , then U-l-V ε ?~. If X belongs to Cy(V). 

where Cy is in ,L:, then(y, x) CB(y , V) CB(V)=V, hence (x , y) E 

V-l= U = B(U). And it is c1ear that Cx= {y , y , x, x, x, ... } converges to x 

and y E C,,(U). 
f) Let U ε ?,t and x ε X, then there is a member V E U such that Vo V 

ζ?~ for some V in U. If Cz(V) ~ y , and Cy(V) 3 x, where Cz and Cy 

ε ~， then (z, y) , (y , X)E V , therefore (z, x) ε VoVζU， or (z, x) ε B(U). 

Hence X ξ Cz’(U) for some Cz’ in ~. 

From the preceding discussion of convergence we know several 

properties which must hold for cC. So we now consider a fam i1y cc = {C} 

of sequences in X and directed set(D, 르) and a function N on the cart

esian product cc x D into the set of all natural numbers, and we shaU 

say that the triplet (cC, D , N) is a convergence c1ass for X if and only 

if it satisfies the following conditions. For convenience, we say that 

C={X사 converges (CC) to X or that lim Xn드 X (cc) if and only if C ε 

~， and when C converges (CC) to X we denote it by Cx• 

i) If C={Xn} is a sequence such that Xn X for each n, then CE ~. 

ii) Relation 르 directs the set D and the range of a function N on 

cC xD-{(C , d까 is the set of natural numbes, and if d’르d ， then 

N(C , d’) 능 N(C , d). 

iii) For each d in D and each X in X , there is a member d ’ in D 

such that if X ε Cy(N(Cy, d ’)) for Cy in cC, then y ε Cx(N(Cx, d)) for 

some Cx in cC. 
iv) For each d in D and each X in X there is a member d ’ in D 

such that if XE Cy(d ’) and y ξ Cz(d ’) for Some Cy, Cz in cc then X ξ 

Cz’(d) for some C’z in cC. (where Cx(d)=Cx(N(Cx, d)) , etc. ) 

We wi11 now proceed to show that a uniform structure is defined 

by the convergence c1ass as fo l1ows. 1n order to c1ear our statements we 
describe some notations again. 

For X ε X and d E D , let A(x, d)= V {Cx(d):C" ε cC} and B(x , d) 

-{(X, y):yEA(x , d)} , andB(d)=V{B(x, d):XEX}. 

THEOREM 1. Let(cC, D , N) be a convergence class for a set 
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X , and let 9t be the 1ιmily 01 alf sets U each 01 them contains B(d) 

101 some d in D , then ?~ is a unilormity 101 X and eιch C ε "t con

νerges to its limit relative to the μnilorm tOþology. 

PROOF. We now prove that ?--t is a uniformity for X. For this pur

pose we must prove that ?--t satisfies K elley ’s four conditions (α) ， (b) , 
(c) an1 (d) mentioned above. 

(a) lE U ε ?~， then U contains some B(d) = V {B(x , d): x ε X} , and 

because C = {x, x , ... } beløngs to "t, B(x , d) contains (x , x) , therefore 

fo t' each x in X (x , x) ε U , hence U그 ß. 

(b) Let U E U , then U그B(d) for some d in D. By the condition iii) 

there is d ’ in D such that if x E Cy(d ’), then y ε Cx(d) for some Cx in "t. 
Now we show that U-1contains B(d’). Let (y , x) ε B(d’) then by defi

nition 01 B(d’) there is some Cy in "t with x ε Cy (d'). Hence byabove 

condition iii) Cx(d) ~ y for some Cx in "t. That is, (x , y) E B (x , 이 
ζB(d)ζU， or (y , x) ε U-'. Therefore U-l contains B(d’) and U-l ε ?~. 

(c) Let Uε 7,t , then U:>B(d) for some d in D. Let d ’ be an element 

()f D which satisfies the condition iv) for d. And let B(d’)=v and let 

(x , z) ε VoV , then for some y in X (x , y) ε V and (y , z) ε V , 0:;: 

(x , y) ε B(d’) and (y , z) ε B(d’). Hence yE Cx(d’) for some Cx in "t 
and z ε Cy(d’ ) for some Cy in "t. By iv) there is some C’x in "t such 
that z ξ C’x(d); that is, (x, z) ε B(d) ζ U or VoVζU. 

(d) Let U , V ε U , then for some d and d ’ in D , B(d)CU an1 

B(d’)ζV. Since D is a directed set there is d" in D such that d"늘d 

and d"르d’. Hence B(d") C B(d) and B(d") C B(d’) or U (ì V그 

B(d) (\B(d ’) 그 B(d"). That is, U(\V ε u. 
(e) By the definition of ?--t it is c1ear that if U E U and UζVζXxX. 

then V E 9~. Therefore ?--t is a uniformity for X. The last part of the 

theorem foIlows from the following theorem 2. 

If X is a unÏfot'm space whose convergence c1ass is ("t, D , N) , 
then we can also induce a uniform topology CY; in the following way. 

Let 1: be the family of a l1 subsets T of X such that for each x ε T there 

is $ome d in .. D with A(x, d) ζ T. Then 영 is indeed a uIÚfonn topo-
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logy {or .x which is derived from the unifonnity "'~， for '{B( d) : d ε D} 
is a base of ?Æ and A(x, d) =B(d)[xJ. Now we prove the following 

theorem directly' by' means of i }-. iv). 

THEOREM 2. The interior 01 a sμbset M 01 X in the sence 01 
μniform topology is the set 01 Gll φoints x with A(x, d)ζMloγ some 

d iη D. And lor each x in X , the 1ιn서ly {A(x, d) : d ε D} is a base 

foγ the neighborhood system 01 x. 

PROOF. ln order to prove that a set M " = 냐: A(x, d)CM for 

some d in D} is an interior of M , it is sufiicient to show tbat the set 

Mi is ope!l in X relative to the uniform topology because Mi is a max

imal opensubset of M if it is open. If x E Mi , 삼len there is some d in 

D such that A(x, d)CM and by iv) there is d ’ in D such that the 

condition iv) holds for d and d ’ . If y ξ A(x, d ’ ), then there is a sequence 

Cx in cc such that y E Cx (d ’). And if zE A(y , d ’), then there 1S a 

sequcnce Cy in cc such that z ε Cy(d'). By iv) there is some Cx’ in J 
with z ε C ’x(d) ; that is , z ε A(x, d). This means that A(y , d ’) ζ 

A (X , d) C M. Hence y ε Mi , or A(x, d’ )ζMi and Mi is open. Now we 

show that {A(x , d): d ε L} is a base of the neighborhood system of x. 
The interior of A(x , d) is not void since it contains at least x. Hence 
A(x, d) contains an open set to which x belongs, and it is a neighbor

hood 0'( x. Since for each x ε X it is c1ear that every neighborhood of x 
contains some A(x, d) for some d in D , {A(x , d):d ε D} is a base for 
the neighborhood system of x.~) 

lt is easily seen that if the convergence c1ass (øC, D , N) of X satis

fies the following additional condition v) , then the sequence C converges 

to some point of X relative to the topolpgy ~ if and only if C ε cC. 

v) lf C is a sequence such that for each d in D there is n with C(n) 
ζ A(x, d) , then C belongs to cc and it’s 1imit is x. 

Then we have the followings. 

2) The proof of theorem 2 is much due to Kelley [lJ. See Kelley[lJ , chap. 6, theo. 4. 
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THEOREM :~. . lf(øt , D , N) is a coηvergence class for X , theff. 

there is a uniformity U for X sμch that a seqμence C converges rela

tive to the uniform topology if and only if C ε øt. 
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