ON DEFINITIONS OF A UNIFORM SPACE
BY THE CONVERGENCE CLASS

By Chi Young Kim

The various methods of describing the uniform space have been in-
vestigated until now. In 1937 A. Weil has defined the uniform space by
means of the uniform neighborhood system in his paper [2]1"”. After
that /. W. Tukey also investigated the same uniform structure using a
uniform co#ering systems in his paper [3]in 1940, On the other hand
J. L. Kelley descirbed the uniformity for a set X in his book [1] as
follows: A uniformity for a set X is a non-void family 2¢ of subsets of
X xX such that, (a) each member of 2¢ contains the diagonal A,
(O) T Ue %, then U'e %, (¢c) If Ue 2%, then VoV U for some V in
%, (d), If U and V are members of 2¢, then UNVe 2%, and (e) If
Ue 2 and UCVCX XX, then V& 2¢. In this paper I have tried to define
the same uniform structure by a convergence class on the bases of Weil’s
uniform neighborhood system and on the unifomity 2¢ of Kelley.

Before stating the theorem, it should be first mentioned that the
necessary terminology and uniform structures may be found in Kelley [1..

And we now define some notations: If the sequence C={xn}, n=1,

2, ---- 18 converges to x relative to the uniform topology, then we
denote it by Cx and C(#) means the set of all elements which follow
%2 in C, i,e, C(n)={xi:1>n}. Now if X is a uniform space, the

uniformity of which is 2 ={U}, then it can be easily seen that the
following lemmas hold.

LEMMA 1. If £ is a family of all the sequences each of them

converges to some point in X in the sence of uniform topology, tithen
we have

1) Numbers in brackets represent references listed at the end of the paper.
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DI C=i{x,% -+ ,%m, -- -}, Where Xpi =2%n,..=:'---=% then
Ce £ and C converges to x.

b) The uniformity 2 for X is directed by .

(In this case we use a symbol = as a binary relation instead of . )

)If C=i{x,%., -} € £, then the natural number n(C,U) is

uniquely determined for each U in 2¢, and if U<V (€ 2¢£), then for
each Cin £ »n(C,U) < »n(C,V).

PROOF. ) Since X is a uniform space, C={x, - -, Xn, X, X, - - }
converges to x relative to the uniform topology. Hence Ce¢ £.
b) is clear.
¢c) Let Ci={x,%x; ----} converges to ¥ in the sence of uniform

topology, then for each U € 2¢ there are natural numbers #2(Cx, U) such
that C.(m(C,,U))CUlx] because U x] is a neighborhood of x relative
to the uniform topology. Let #(Cx, U) be the minimum of such m(Cx, U)’s
for Cx and U, then »(CU) is a natural number and is uniquely deter-
mined. And if ULV, then U x]1DV[ x ] and therefore #(C., U) < n(Cx, V).

Now we denote the set Cx(n(Cx,U))={xi::i>n(C,,U)} by Cx(U)
and let A(x,U)=V {Cx(U): Czx¢ £, and x and U are fixed} and

B(x, U)={(x, v):y€ A(x, U)}, then we have following lemma 2 under
the same conditions as in the case of lemma 1,

LEMMA 2. d) B(U)=VU{B(x, U) : xe X} is identical withU € %¢.

e) For each U in % and each x tn X there is a member V of 9%
such that if x€ Cy(V) where Cy€ £, then thereis a sequence Cxin £
with C,(U) >3 »y.

f) For each U 2% and each x in X, there is a member V in 2%

such that if xe Cy(V) and ye C(V), where Cz, Cy€ £, then there is
a sequence Ciin £ with C/(U) dx.

PROOF. d) It is clear that B(U) CU. Let (x, »)eU. Since

Cx={y,y,%,x,%, -+ --} converges to x relative to the uniform topology,
Cz€ 4. And since all the elements of Cx belongto U x5 , #(Cx, U)=1,

therefore ye Cx(U) and (x, ¥)€ B(U), or UCB(U). Hence U=BU).
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e) Let Uc 2% and x€ X, then U™'=Ve 2. If x belongs to Cy(V),
where Cy is in £, then (¥, x) <B(y, V) < B(V)=V, hence (x, ¥) ¢
V-t=U = B(U). And itis clear that C;=1{y,5,%, %, %, ---} converges to z
and ye Cx(U).

f) Let Ue % and x€ X, then there is a member V € 2¢ such that VoV
9 forsomeV in 2. If C2(V) 2y, and Cy(V) 3 x, where C;and Cy
e £, then (z,9), (9,%) €V, therefore (z,x) € VoV U, or (z, x)¢e B(U).
Hence x¢ C,/'(U) for some C;Z in A£.

From the preceding discussion of convergence we know several
properties which must hold for £. So we now consider a family £ = {C}
of sequences in X and directed set(D, =) and a function N on the cart-
esian product 4 XD into the set of all natural numbers, and we shall
say that the triplet (£, D, N) is a convergence class for X if and only
if it satisfies the following conditions. For convenience, we say that
C=1{xx} converges (£) to x or that Iim x»= x () if and only if C¢
£, and when C converges (£) to x ;; denote it by C:.

i) If C={xn} is a sequence such that x»=x for each »#, then C¢ £.

ii) Relation = directs the set D and the range of a function N on
LxD={(C, d)} is the set of natural numbes, and if d'>d, then
N(C, d')=N(C, d).

iii) For each d in D and each x in X, there is a member d' in D
such that if xe Cy(N(Cy d')) for Cyin £, then ye Cx(N(C,, d)) for
some Cx in £.

iv) For each d in D and each x in X there is a member d' in D
such that if x€ Cy(d') and y€ C;(d") for some Cy, C:z in £ then x¢
C.(d) for some C'z in £. (where Cx(d)=Cx(N(Cx, d)), etc. )

We will now proceed to show that a uniform structure is defined

by the convergence class as follows. In order to clear our statements we
describe some notations again.

For xe X and de D, let A(x, d)= \JU{Cx(d):Cx€ £} and B(x, d)
={(x, ¥):ye A(x, d)}, and B(d)=VU{B(x, d):x¢e X}.

THEOREM 1. Let( £, D, N) be a convergence class for a set
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X, and let 2 be the family of all sets U each of them contains B(d)
Jor some d in D, then 20 is a uniformity for X and ecch C€ £ con-
verges to its limit relative to the uniform topology.

PROOF. We now prove that 2¢ is a uniformity for X. For this pur-
pose we must prove that 2¢ satisfies Kelley’s four conditions (a), (b),
(¢) and (d) mentioned above.

(@) It Ue 9¢, then U contains some B(d)=VU{B(x, d): x€ X}, and
because C={x, x,---}belongs to £, B(x, d) contains (x, x), therefore
for each % in X (%, x)€ U, hence UDA.

(b)) Let Ue %, then UDB(d) for some d in D. By the condition 1iii)
there is d' in D such that if x€ Cy(d'), then ye Cx(d) for some Cx in £'.
Now we show that U~'contains B(d'). Let (y, x)¢€ B(d') then by defi-
nition of B(d') there is some Cy in £ with x€ Cy(d’'). Hence by above
condition iii) Cx(d) 3y for some C; in 4. That is, (x, y)e B (x, d)
CB(d)cU, or (¥, x)e U™'. Therefore U~' contains B(d' ) and U~'¢€ 2%.

(c) Let Ue 9¢, then UDB(d) for somed in D. Let d' be an element
of D which satisfies the condition iv) for d. And let B(d')=V and let
(x, 2)€ VoV, then for some y in X (x, »)eV and (y, 2)eV, or
(x, )€ B(d')and (y, 2)é B(d'). Hence y€ Cx(d') for some C; in £
and z€ Cy(d') for some Cy in £ . By iv) there is some C'; in £ such
that ze€ C'x(d); that is, (x, 2)e€ B(d) c U or VoVcU.

(d) Let U, V€ %, then for some d and d' in D, B(d)cU and
B(d')ZV. Since D is a directed set there is d'' in D such that d''>d
and d''>d'. Hence B(d") < B(d) and B(d") < B(d') or UNVD
B(d)NB(d') > B(d'"). That is, UNV e 2.

(e) By the definition of 2Z itisclearthat if Ue 9% and Uc VX x X.
then V€ 2¢. Therefore 2 is a uniformity for X. The last part of the
theorem follows from the following theorem 2.

If X is a uniform space whose convergence class is (£, D, N),
then we can also induce a uniform topology % in the following way..
Let ¢ be the family of all subsets 77 of X such that for each x¢ 7T there
is some d in-D with A(x, d) C T. Then ¢ is indeed a uniform topo-
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logy for X which is derived from the uniformity 2¢, for {B(d):d € D}
is a base of % and A(x, d)=B(d)[x]. Now we prove the following
theorem directly by means of i)~iv).

THEOREM 2. The interior of a subset M of X in the sence of
untform topology s the sei of cll points x with A(x, d)TM for some
d in D. And for each x in X, the family {A(x,d):dée D} is a base
for the neighborhood system of x.

PROOF. In order to prove that a set Mf—={x: A(x, d)CM for
some d in D} is an interior of M, it is sufficient to show that the set
Mt is open in X relative to the uniform topology because M: is a max-
imal open subset of M if it is open. If x€ M3%, then there is some d in
D such that A(x, d)CM and by iv) there is d' in D such that the
condition iv) holds for d and d'. If ye A(x, d'), then there is a sequence
Cxin £ such that ye C;(d'). And if ze A(y, d'), then there is a
sequence Cy in £ such that z€ Cy(d'). By iv) there is some C, in
with z€ C'x(d) ; that is, z€ A(x, d). This means that A(y, d') C
A(x, d) < M. Hence ye Mi, or A(x, d')CM:i and M: is open., Now we
show that {A(x, d):de L} is a base of the neighborhood system of x,
The interior of A(x, d) is not void since it contains at least x. Hence
A(x, d) contains an open set to which x belongs, and it is a neighbor-
hood of x. Since for each xe X it is clear that every neighborhood of %
contains some A(zx, d) for some d in D, {A(x, d):d€ D} is a base for
the neighborhood system of x. *

It is easily seen that if the convergence class (£, D, N) of X satis-

fies the following additional condition v), then the sequence C converges
to some point of X relative to the topolpgy ¢/ if and only if Ce .

v) 1f C is a sequence such that for each d in D there is # with C(»)
C A(x, d), then C belongs to £ and it’s limit is x.

Then we have the followings.

2) The procf of theorem 2 is much due to Kelley (1]. See Kelley( 1], chap, 6, theo, 4,
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THEOREM 8.  If(L£, D, N) is a convergence class for X, Llhen
there is a uniformity % for X such that a sequence C converges rela-
tive to the untform topology tf and only if Ce L.
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