ON THE CONFORMAL CORRESPONDENCE BETWEEN
THE FIRST AND SECOND PARAMETER-GROUP SPACES

By Jae Koo Ahn

1. Introduction.

On a continuous transformation group with »# independent variables and
r essential parameters a, let the equation of the parameter-groulj be
(1. 1) a%=¥*(a,, a,) (=1, 2, «---ee , 7).
For this equation. the fundamental differential equatious of the first and
second parametér-gi‘oups of the givén contintious transformation group:
are represented by

f

045 _ A2(a,) Ab(ay),

oas
(1. 2) ¢
LIRS - — g ,
—-=A(as) Ab(a), (b @ B=1; 2,y 7)
~ [
Furthérmore, We define the group-spaces with connections
o 9.A% 8 AY
LB'r= % aa&g—z—"A;‘ 8&: ’
(1. 3) Jy 1
Fa o _ 7, .
LEH—'A.? aaf "—H% aa‘:': | :
and
(1. 4) [ =L +I8)=—5 (L& +L5),

and we have been denoted by S, S and S¢® respectively .

Now we introduce the metric tensors £q.s and Z,, as the following in
S and S respectively; |

Bas=Ag A, Zas=A% db; |

and want to seek a necessary and sufficient condition in order that there
exists a conformal correspondence between the giroup-spaces S¢*? and
S,

The fundamental quantities for these spaces were studied by Nobuo
Horie[1]. Here, we use of his results in the paper[1].
" The Christoffel Symbol with réspéct to gus is represented by
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(1. 5) (&} =T +—(cio+cs) AT Ap ALy
where ¢,5 are the constants of structure of S¢’. -

2. The conforma!l correspondence between S’ and S,

Let g4s and g,z denote the metric tensors of S¢*’ and S, then the
conformal correspondence between the group-spaces S and S is
defined by

Cap=€""gus-
1f there exists the conformal correspondence between S’ and S, then
it satisfies the equations '

(2- 1) {ﬂa%}z{sﬁ}*]‘é_go_m +5$6—:B+gﬂﬂgah6_: A?
and conversely, if this differential equations are completely integrable,
then there exists the correspondence.

From (1. 5) and I'gh =[g%, (2. 1) is reduced to

1 o
5 Coh+Cl) AS ﬂaﬁq

Cclb +C ) AaAB g+5é‘6m+536—: 8 +gﬂﬂg¢h61 Ase

In order to adjust for 6, contracting with respect to o and 8, since
¢t =ct,=0, we have

(2- 2) Cyn =

0(%“"0)(’6 nbﬂd c:bAPr)'
From Maurer-Cartan equation, i. e.,
b—'(LBq""I )A ABA

we obtain ¢i,=(L%,— L% ) A, and consequently, . substituting it in
(2. 2), (2, 2) is reduced to

O,n= {(7 I'm:) (Lgft—l‘ )}

2(n+2)
Since 7%,=L1%,, we have |
0yq= ?Z+2F(L Lgd):
and furthermore, from Maurer-Cartan equation, it is reduced to
| . |
2. 3 = ci.AL.
( ) ' 6- s | n+ 2

From the completely integrable condition &6¢,./2a" =86,s/8a", it must
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satisfy the form

1 (._aAf - )cd,—o.
72+ 2 oa aa ;
Using of the Mauw er-Cartan equation, i. e.,
0Ap __ 04y _ . b A
Y Y oe ’
we have
C4Coclp A7=0,

and since [A| =0, then we obtain the condition
c,.co,=0,
Hence, we have the following theorem:
THEOREM A mnesessary and sujficient condition that there exists
a conformal corvespondence between the first and second parameter-
group spaces, ts that

(2. 4) C3:Coe=0.
Next, we consider the path with respect to affine connection, 1. e. ,
d?a” da® da
, —()
ds® +Ls- ds ds

and in order to coincide it with the geodesic in group-space S, i. e.,

d*aq® Ly da® da

ds? ds ds
it must satisfy identically that .
@ N A da’
({BT}“FB’I’) ds > ds =0,

Since {g%} —I's, 1S symmetric with respect to 8 and v, it must vanish,
and consequently, from (1. 5), we have

—L(c,,,+c VAZAS AL =

Since | A% | =0, we get
_ co, 4t =0,
i. e.,

(2. 5) Cor=—C>,.
Conversely, if (2. 5) are held, the path with respect to ', and
geodesic in S’ are coincide with each other. Hence we have the following
result:
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COROLLARY If the path with respect to I'S, and the geodesic in

S™M are coincide with each other, then S and S are correspond
conformally each other.
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