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indicies to distinguish between different 

(x i ) and Cx,) etc, (i, j , k , ...... =1 , 2, …, n). Moreover, we shall 
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M늘A+B， 
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‘ BC)- B!C!(A-B-C)! 
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A!B! 
M! (A+B-M)! 

was introduced by H. 

n-dimensionaI 
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v. 

By using the relation [2 ] 

(1. 1) X않감=(~)X:(A-B) 

:cespectively, 
gtigi= [%) giI(M-A-B) 

g O: ißj =[ AJ그 gij(A+B-M) 

r앓ßj=( 싫 )r~/C-A-B) 

1n 

ôX(α )i 

(f3 ), ôX 

extensor 

ds잉 =gjkdxidxk 

apply the 

arc an 

X~α)i_ 
(f3 ), 

=0. 

fundamentaI metric 
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Here, .we defjne the 

curvature tensor Rjk/ in V" ’ 
Rg;rYkE I = (ReD ] R;kl(A-R-c-D ]

such that 

C=ry and D=8 B=ß, A=α， 4) 

where 

A>B+C+D -i 
l 
-

-m -C 
! 
--

A 
--A -/ 

l ‘ 
、

-! 
• 

-D -! 
• 

-c i 
l 
-

-B A 
BCD 

A<B+C+D =0 

-、
easily caIculate by using (1. 1) 

(1. 5) R:J이 kS l =rg;깨k1 g I -rg;8 IS 깨k+r없껴kI εiR I - rs;s Irgrsffk 
and for any exvector ~α 1 ， or g ß J 

çai;이k;S l - ￡ @.·:S I;7k = gglR휩껴AIì 1 

we can therefore, 

6) 
흔 fl J :얘 :ö /-ξßj: /i ，:얘 =: - 홍aiRgI7kS l 

’ ; ’ denotes me excovariant derivative with respect to I 휩얘 [3J. 

of fþ(x) is Laplacean 

field. 

the Vn’ 

on the extensor 

manifold Riemannian 

lemma 

above 

Bochner.s 

암le 

where 

2 

In 

defined by 
ô 2 fþ 

ôxjôxk Aφ=gJkφ:':k=glk 1) (2. 

where ’ : ’ denotes the covariant derivative with respect to n, 
we dfine the ex-Laplacean of 'IJ! (x( t)) = ψ(M)(X ‘ t)) such that 

0. 2A .. (λf) 

2뿌-감π--gβ j얘r$t ôx(ß )jôx('Y)k Þ L I 

Here, 
"fþ(M) 

갔폈 
61jJ‘ =gβ1깨kφ(M);gi;얘 =gf3 j~k 2) (2. 

we can easily see the following relation by using (1. 1) 

6 lJ!= (M +l)6.fþ (Mξ0) 

if a exfunction IJ! satisfies 6fJ'늘 0， then 6.φ늘O 

We can aßply the so.called Bochner’s Iemma on the 

and (1. 3) 

satisfied lS 

then, 
(2. 

therefore, 
for a function φ(x). 

above extensor field: 

3) 

manifold 
'!l! (x( t)) = fþ(M) (x(t) ), 

EIJ!늘O 

then we have 
and 

a comφact Riemannian 
exfunction 

with positive ln 1 THEOREM 2. 

satisfies 
(M흐0) t. e. 

manifold , 

if 
6φ(Mj=o 

in the 

a met1’zc, 

everyμJhere 

de jz"nite 

(M늘0) 6 lJ!=0 φ=constant '!J!" = 0, 
[lJ manifold. eve1’ywhere in the 
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Theorem 2. 5 in [1J implies as follows 

THEOREM 2. 2 In a compαct orientable RÙ:. mannian manifold 

V ... for any exscalar field 'lJ! (x(t~)=φlM)(X(t)) ， we have 

(2. 4) Sv .. 장(M)dV=O r 1] 

1n this paper we consider only the exvector such that 

(2. 5) 
g = 

) 
A 

하
 

애
 

-i

‘R
μ
 

/
!
、

---
μ
 

찌
 
꽤
 

.,. 

@ 

，
ζ
 
g 

= 
= 

t 

따
 

p
ζ
‘
 

I
ξ
}
 and we put 

(2. 6) q( =gαi흥t ‘.， ￠ =St흩t 

then we can easily see by (2. 5) 

(2. 7) lJl= L(~JE i( A)흥/M-A)=(~ 띤i)(M)=cþ(M) 
A 

and 

(2. 8) 6.W=(M+1)~φ 

On the otherehand, by a straightforward ca1culation, we find 

6~=2( ξai;aiati;ai +gaiBia’% 깨Hα ;; fJ/) 

where we have put 

(2. 9) 

~ai‘ a i= S ti;-ikgBjτk 

Now 

흩 o: iõ fJ I용0:;; 13 j = (M + 1)Ei:/Ei:/ 

is a positive definite form in 흥 i:j' and 

g O: i fJ j (E "kg"k; O: il fJ/) = (M + l)gil g댄 .:1:1 

T￠iBiaai흩fJ / = (T ile Ç' )<M) 

therefore if g; satisfies 

(2.10) giiSk5k:i:I= 펴갚1 (ToE'Ei)(M) 

and if the quadratic form T l/e e satisfies 

(Tl/E1g')(M)드0 

then we have 

Ú~늘O 

Conseqently, from Theorem 2. 1, we get 

6JJ! =0, w=O 

0: 

g o: l; fJ j =0 
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·m 

따
 

’n 4L 

there 

form TtXi 8j~ α 1 gßJ 

T ai8jg αiS 81느 0 

manifold V n’ 
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conc1ude from 

if 

can 

and 

we 
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and also T ai8iÇ α'~8J=0 ， 

definite, then 

Thus we have 

THEOREM ln 3 2. 

positIve 
￡ tt=0. 

exists no 

(TjJee)(M) 르O 1--(TtIF흥J)(M) , 
M+l ,-- '1 

gllC흥k:t:i= 

unl ess we have 

TtitajaaiEBI=0. 

홍a1181=0 

aμtomatically and then 

Harmonic exvectors and K i1ling exvectors. 3. 

conditions exvector if it satisfies the exvector is called harmonic An 

Saiõ β J-~ßj;al=O 

aαilai==CM+l)도 i:t=0 ‘ 

exvector if and Kìlling 

(3. 

/ 

ç a iJf3 j + g ß/:ai 0 

that 

(3. 

We can easily see 

2) 

흥ailßI土 흩fJ j;α'=(:B)[동. :1 土 fj:i?(M-A-B) 

B=ß 

ν 

A=α and 
3) (3. 

~ ô IIß11 '1I'- ( 흥ô08J- 흩 8jlô /)I '1k ÇP/I애k ‘ lil =- 흩gtRaiBIS l깨 
gM t ô / and contracting 

￡Mt ， gI;에 k _gMtli '[흔 S I;a1-gg1;S lDhk-gMtS ’ gßJI얘ijSj 

= -gMtSIEaiRaiaiSl/Yk 

ι 

we obtain From (1. 
4) 

multiplying by 
(3. 

or, 

see that 

gghkgMtS lSgjhk;S l =E〔Rf그gjk( !l.+C-M) (앓 )(gtl흔J:k:l )<M-B-C) 
B.C 

= (M + 1 )gjkg"흥I:k: i '==CM + l)gt 1 e :1:1 

if the exvector s a ‘ be harmonic then it satisfies 
gg1?kgMt BIj에k= -gBlr1kgMtSlgtR@iB’ iihk 

5) be satisfied, by the relaHons 

gg1/1kg Mt;B1;샤 =(M+l)gj쌓 t:j:k 

(3. 

Conversely if (3. 

、

we can easi1y Futhere-more, 

Thus, 
5) 

_g8J '1 k gMtli / SαiRai β i61"1'= (M + l)Rt je 
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we have 

gJke :j:k =RI je 

then, e be harmoníc vector, (l1J, Theorem 2. 15) therefore by (3. 3) 
~ ø: i also be harmonic exvector. 

As to 

(3.6) 

and 

the also the same assertion by using 

-Sô μøJ'얘+ (sô /l/J j+ç /J J ’ Ôl)'얘- Sajhk,S I = -5atRtIBis 싸 

have ‘Ne exvector Kílling 

g/J jτkgMt ;BjFlk= gBl깨gMtô 1흔ciRαfBISl얘 
(3. 

ç 01;‘ai=O 
7) 

ConsequentJy we have the folIowíng: 

orientable Riemannian 

condition that an 

harmonic one 01' 

THEOREM 3. 1 In a compact 

V" , a .1Ilecessary and sμfjicient 

derived from gl by (2. 5) be a 

manifold 
exvector sαi μJhich 

a lúlling one is that 

it satisfies (3. 5) and (3. respectivel y. 

then from 

‘or 

Let 흩øl be a harmonic exvector, (3. 4) we have 

( 혼ι';ßj; "tk- 흥fJ J; '1 kjrti)ηtt = - 흥KtRKtgiαi애kηg ‘ 

mUltíplying . by gfl nk and contracting 

(3. 
gflj~k(흔tr; IfI Jhkηø:;)=_gflhk(흩K tRKtgJ@i7Aηti 

= (M+l)gjk흥IRI m 7J' = (M + l)Rtis 1ηi 

Further-more Iet ηø: i be a KíIling exvector, then from (3. 6) 

ηtI ;gI’이，+ ηβj;τk:ô ，gα iôl =(ηKtRKtBjS lqk)g@iS I 

we have 

or 

흔ai(ηtri ‘fI j'깨k+ ηfljlok:ô /gα iÔI)= 톨a;CηatRK tBiS l깨kgαiô ') 

or multiplying by gfl hk and contracting, 

(3. 9) 

Here, let us 

gB i7k 〔 etiηa ‘ ;glVYk) =ggl?k〔 Sti;ηKtRA tBjS l얘gaiô ') 

=(M+l)gjkg끽tR1 jlkgil =- - (M + l)Rus 1깎 

call ç aiηa i the exIinear product of Sa‘ and ηαI. If we 

apply the 

obtain 

operator 6 to the exlinear product of these two exvectors, we 

but, on the 

6.Uaiηα ‘')=g13 i'Y k (ξa ‘ ‘ ßj; "t kηα')+2흔ai 얘 jηαi : 131 

+gf3 MCSaiηαi ;B1;1k) 

other hand, we have 

ξai ;fJjηα ;; /J j=O 
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then, from (3. 8) and (3. 9) we get 

6C흔αiη<<i)=O 

Therefore , by Theorem 2. 1, f 

eαtηa‘ =0 

and consequently we have the foIlowing 

THEOREM 3. 2 ln a comþact Riemannian manifold V n’ 
the 

exlinear þrodμct of a harmonic exvectof and a I(illing exvector is 
zero. [lJ 
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