A CORRESPONDENCE ON LAGUERRE SPACES

By ]éle Koo Ahn

1. Introduction.

We consider the special one parameter families of hyperspheres in two
(1)
Laguerre spaces L” and J,*, which are invariant the hyperspheres V* + pV*
_ (1)
and I/*~pl’™ * respectively. In this parer we shall try to calculate the

condition that these families of hyperspheres correspond to ezch other.
The differential geometric properties on this I aguerre space zre studied
by K. Tomonaga {1]; for this purpose we shall study them.

As the ground of this paper, we begin with the follcwirg theorem by
K. Tomonaga:

THEOREM The necessary and sufficient condition that a hyper-

(1)
sphere of the form V*+pV* is fixed by our conneclion along the curve

x'=x(1), is
(1) '
SV DSV L
(1) s =0  Vie—g—t—.

Form this theorem, the differential equation of special one parameter

families of hyperspheres which are considering expressed by (1).

2. The correspondence of parameter families (1) of
hyperspheres which is invariant between two Laglerre spaces.

Under the assamption 6V*/ds - const., we shall try to calculate the
condition that these iamilies formed by (1) correspcnd to each other,

and discuss this assumption on 3,

The differential equation (1) in L*” under this assumption formed by

d?x™ dx’ dx* dx* dx’
¢) ) _ + A ,u.. _ l A _ _

Taking ds® as metric in 7" and correspondence s= s(Z), 3$=3(¢) for
common parameter ¢, since dx*=0 (A=0) [1], we can cbtain the

®*Greek indices take the values 0, 1, s« , # and Latin 1,ce:- y M.
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following equation as our correspondence

_ dx® -- _ dx’ dx*
(O'—-ﬂ’) d:; +(FﬁfV‘“;;, —1 E.,-V‘“';k —_df “d?—
6 dx’ dx* _
+(r Jk dt dt 0'
Multiplying it by -—fi;; , interchanging ¢ and 7 and subtracting these,
we obtain
3) (4 ax’ —A?—d"i) dx! %
T dt dt /) dt dit
dx® . dx® \dx' dx* _
+ Bji- a " dr)th di =0.

In order that our correspondence may exist, this egation must be satisfied
identically, where
() (45 =TEV e Th
X § _T'6 _ 16
ik~ 1 Jk Jk
And (3) is reduced again to

J j k
(87 AS— 8% AL+ (87 B%— 8B ‘ff; ax f;;_ 0.

Since this must be satisfied identically for all indices, it holds
87 AS+ 8 AL+ 6k Al +0r A+ 87 AL+ 05 A%
+87 B+ 87BS; +8iBY; +8:BS; +8iBS; + 87 BS,
= 8% Ajy+ 87 Ak + 81 AT+ 65 Aji + 87 Af; + 87 Al
+ 8¢ Bjy+ 8% By; + 81 B+ 83 Bj: + 8 By; + 87 Bl
Putting 7 =¢=a and contracting, it is reduced to

1 a a
(5) i+ Bliv=— 585 (Alyny + B3a) + 8594+ 619,
where A%, 1s symﬁ]'étric part of A%, and
1
= e + A2 +2B2).
g)j 2(%_{_ 2) (AJ j+ J
Writting down fully the components of (5), we have
i n+2 ,q; ;-
| ¢sm +Biy=- +1~(3;9)a+3k99f):
(6) \ 7
Ay + B =

Conversely, in cases of 6=7=0;6=0, t=h; G=h, 7=00n (3), it
is satisfied clearly. In case of ¢=1I, z=m, adjusting fcr B:, from (6)
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and substituting it in (3), it is satisfied identically. Hence we have the
following theorem: |
THEOREM On two Laguerre spaces which form SV*/ds= const. and

SV™|ds=const., the necessary and sufficient cowdition that lwo one

(I)
parameier families of hyperspheres fixed V"“+3€>V" and V*+pV

L* and I" respectively are correspondent, is that it holds (4).

3. The Laguerre space with forms 6V*/ds= consli.

We have studied in 2 under the assumption §V?*/ds- const. Now we
discuss for this assumption,

Let us put
_SVh_h . th A dek_h
(7) dS =0 2 Ile-j dS +FP'EV dS c.
Writting down fully the components of this, we can get
k
(8) -‘?S’ FILVIEE e 2,
dVve i dx*
ds ~+F“V ds C.
Now, since I'%.=g&;,[':x[1], the second form of (8) is reduced to
0 k
(8') Cf;; +1 ng; d =’ (Vﬂv:ghﬂ-vh)'

Contracting the first of (8) by V;, multiplying (8') by V° and subtracting
these, we have

. 8V’ 1, dVe - dx'

i 17 J — pd o/

; ds ds “I‘F“V V; ds—-——c V,' CV-_

Since V°=-V, from V,=g,.V*, this is reduced to
dv* . ., dx*
Vh - ds ~ .[ j.ijVl" d:i "h—chvh!

and consequently,

1/ o VA .

(9) ds ChV;\_ \Vh Py +F:,,kV;V )dxk.

From ds*=¢;,dx’dx*, we have

_ 1 , oV V"
(10) g}k— c *{V?\_Vp, axj- - axk-r—

B .
+VF' ( aV “I-‘:uk_l—' ZZ;, 'FLITVIVHI+rng§kVaVchVd}-
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Then, Laguerre space which forms §V*/ds const. is the space whose
foundational Riemannian space is expressed by ($) as its metric tensor.
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